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PREFACE. 



I HAVE in this treatise endeavored to arrange a course of 
trigonometrical study sufficiently extensive to enable the 
student to comprehend readily any applications of trig- 
onometry he. may meet mth in the works of the best modem 
mathematicians. "With this object, some topics have been 
introduced which are not usually found in works devoted 
specially to this subject. 

Among those topics, the most important is the solution 
of the general spherical triangle, or the triangle whose sides 
and angles are not limited, according to the usual practice, 
to values less than. 180°. The advantage of introducing 
such triangles into astronomical investigations is sufficiently 
shown in the applications made of them in the works of 
Bessel and other German mathematicians ; and especially 
in the Theoria Motus Gorporvm Ccdestivm of Gauss, who 
was the first to suggest their employment. 

The subject of Finite Differences of triangles, plane and 
spherical, occupies a large space in Cagnoli's treatise, but. 
has not been admitted into more recent works. It here 
occupies only a few pages, but no important result of 
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4 PREFACE, 

Cagnoli's Table has been omitted, while a number of the 
formuldB are much simpler than the corresponding ones 
given by him. 

Although my plan embraces a much more extensive 
course than is contained in the text-books commonly used, 
I have studiously kept in view the wants of academic and 
collegiate classes ; and have so arranged the work that a 
selection of subjects of immediate importance may be readily 
made. The more elementary portions are printed in a larger 
type, and are intended to form, independently of the matter 
in the smaller type, a.coimected treatise which may be 
studied as though it were in a separate volume. 

Those who may afterwards wish to extend their know- 
ledge wiU appreciate the advantage of having the higher 
departments of the subject treated in connection with those 
fundamental ones to which they are most intimately re- 
lated. W. C. 

U. S. Naval Academy, 

AnnapoUsy Md., May 1, 1850. 



NOTE TO THE THIRD EDITION. 

In this edition several changes have been made ; chiefl j; however^ simpli- 
fications for the benefit of the elementary student. 

W. C. 

U. S. Naval Academy, October 1, 1852. 
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PLANE TRIGONOMETRY. 




Kg. L in Pig. 1. the triangles ABC, A!B Q\ 

&;c. In this ease, all these triangles 
are similar, and their sides are pro- 
portional ; or the ratio ^i AB io AQ 
is equal to the ratio of A'jB'to A! 0\ 
— c"' &c. ; so that the ratio% of the sides to 
each other are fixed or determinate, although the absolute lengths 
of these sides are indeterminate. 

4. Now, in order to subject a triangle to computation, we must 
first express the sides and angles by numbers. For this purpose 
proper units of measure must be adopted. 

The unit of measure for the sides of plane triangles is a straight 
line, as an inch, a foot, a mile, &c. ; and the number expressing a 
side is the number of units of the adopted kind that the side con- 
tains. 

6. The units by which angles are expressed are, the degree, 
minute, and second; distinguished by the characters ® ' ''. 

A degree is an angle equal to ^V of a right angle ; or a degree is 
ilji of the whole angular space about a point, or ^J^ of four right 
angles. Thus, Fig. 2, if the angular space about 
is divided into 360 equal parts, of which AOB 
is one, then AOBia one degree. The right angle 
will be expressed by 90°; two right angles by 
180°, and the whole angular space about a point 
by 360°. 

A minute is an angle equal to ^ of a degree. 
Therefore, 1° = 60'; and a right ,angle =90 X 60'= 5400'. 

A second is an angle equal to g*^ of a minute. Therefore, 1' = 
60"; 1° = 60x60" = 3600"; and a right angle = 90 x 60 x 60" 
= 324000". 

Angles less than seconds are sometimes expressed by thirds, 
fourths, fifths, &c., marked '" ^ ^, &c. ; a third being j^ of a second ; 
a fourth, g^y of a third; &c. But the more convenient method is to 
express them as decimal parts of a second ; thus 4 of a right angle 
will be either 



Fig. 2. 
A' 



A" 



B 
-A 



12° 51' 25" 42'" 51^ &c. 



or more conveniently 



12° 51' 25".714, &c. 



6. The above division of angles is called sexoffesimaly from the divisor 60 employed 
in the subdivision of the degree. The centesimal division, however, wonld be prefer- 
able in aU cases, but cannot now.be generally introduced without, at the same time, 
changing the arrangement of all our tables, the graduation of astronomical and 



MEASURES OF ARCS. . 11 

otJier iiuitmments, charts, &o. Neyertheless, the attempt has been made in France, 
and several standard works exist in the French language, in which it is employed 
throughout. 

In the centesimal or French diyision, the right angle is diyided into 100 degrees ; 
the degree into 100 minutes ; the minute into 100 seconds, &o. The reduction of 
these denominations from one to the . other requires only a change in the position 
of the decimal point ; thus, in this system 60° 75' 84" -S is the same as 607584" -8 
or 60° -75848 or 0« -6075848, the symbol q denoting a quadrant or right angle. 

To convert centuvmal into aexagesimdl degreeSj since 100° dec. ss 90° sex. deduct one 
tenth from the number of centesimal degrees. 
ExAMPLS. Required the number of sex. degrees in^85° 47' 43" dec. 
85°-4748 cent. 
Deduct iV » ^ '^^^^^ 

76°-92687 sex. degrees and dec. parts. 
55'-6122 
86"-732 
or 76° 66' 86"-732 sexagesimal. 

To convert aexttgetimal into centesimal degrees, since we must take ^ of the sex., 
divide by 9 and move the decimal point one place to the right. 
Example. Required the number of centesimal degrees in 76° 55' 86"'732 sex. 
Reducing the minutes and seconds to the decimal of a degree, we have 

76°-92687 sex. 
V of which is 85°-4748 cent, 

or 85° 47' 43" centesimal. 

To distinguish the degrees of the centesimal from those of the sexagesimal diyi- 
sion, the former are frequently called grades, and are denoted by the character « 
instead of °; thus the preceding angle would be 85* 47' 48". 

Measures of Arcs. 

7. Since the angles at the center of a circle are proportional to 
the arcs of the circumference intercepted between their sides, these 
arcs maybe taken as the measures of the angles, and we may express 
both the arc and the angle by the number of uniti of are intercepted 
on the circumference. 

The units of arc are also the degree, minute, and second. They 
are the arcs which subtend angles of a degree, a minute, and a 
second, respectively, at the center. A degree of arc is thus always 
i\ji of the circumference, whatever the radius of the circle may be ; 
and we obtain the same numerical expression of 
an angle, whether we refer it directly to the angu- 
lar unit, or to the corresponding unit of arc. The 
right angle A 0A\ Fig. 3, and its measure, the 
quadrant AA\ are therefore both expressed by 
90®; the semicircumference by 180°, and the 
whole circumference by 360°. ^„, 

8. The radius of the circle employed in measuring angles is then 




12 PLANE TRIGONOMETRT. 

arbitrary, and we may assume for it such a value as will most sim** 
plify our calculations. This value is unity ; that is, the linear unit 
employed in expressing the sides of our triangles, or other lines 
considered. This value will be generally used throughout this 
treatise. 

9. To find the length of an arc of a given number of degrees, 
minutesj &c. 

The semi-circumference of a circle whose radius is unity is known 
to be 3*14159265 ; or, the radius being My the semi-circumference 
is 3.141592655. Hence 

When 5 = 1 
Arc 180° = 3.14159265 E = 3-14159265 
« 1° ==0.0174532935 =0.017453293 
« 1' =0.00029088825 =0.0002908882 
« r =0.0000048481375 =0-000004848137 

An arc x therefore, in the circle whose radius is unity, being ex- 
pressed in degrees, or minutes, or seconds, we find its length by the 
formulae 

Arc a: = 0.017453293 x° 
= 0.0002908882 a:' 
= 0.000004848137 a/'. 

As these factors for finding the length of an arc are often used, 
it is convenient to have their logarithms prepared.* Thus 

Arc a: = [8.2418774] a;° 
= [64637261] a;' 
= [4-6855749] a;" 

in which the rectangular brackets are used to express that the logar- 
ithm of the factor is given instead of the factor itself. 

Example. What is the length of the arc a; = 38° 17' 48", the 
radius being = 1. 

380 17/ 48// ^ 137868" log. 6.1394635 

Log. factor for seconds 4.6855749 

X = 0.6684031 log. x 9.8250384 

10. To find the number of degrees, ^c, in an arc equal to the 
radius. 

We have, from the preceding article. 



* The logarithms in the examples of this work will be taken from Stanley*^ Tahlet^ 
(published in New Haven, by Dorrie and Peck,) the best tables of seven-figure 
logarithms yet published in this country. 
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^ = 344159265 -^^^•^^^"^^ 
= 3437'.74677 =206264".806 

11. The angle at the center measured by an arc eqnal to the radius, is often 
taken as the unit of angular measure, as this angle will be of an inyariable magni- 
tude, whatever is the length of th« radios. If x is the number of suoh units in a 
given angle, the number of degrees, &c., in it will be found by multiplying by the 
value of the radius in degrees, &c., found in the preceding article. Thus, 

2:° == a; J20 == 67°-2967796 x » [1-7681226] x 
X' = xi2' = 8487'-74677 x as [3-6362789] x 
X" =5 X R" = 206264"-806 x s [6-8144261] x 

Reciprocally, the angle being given in degrees, &o., we reduce it to the unit ra- 
dius, by dividing by -B®, iZ', or R'\ thus, 

— ^ — il _x^' 

which is evidently the same as multiplying by the factors of Art. 9. 

It appears, then, that an angle is expressed In the unit of this article by the 
length of the arc which measures the angle in the circle whose radius is unity. 
Hence, an angle thus expressed is said to be given m are. If we put (as is usual) 

ir = 814169265 • * • 

r is the circular measure of two right angles, or it is the expression of two right 
angles in arc. In trigonometry it is therefore common to employ ir to denote an 

If 
angular magnitude of 180^ ; -r a right angle ; 2 v four right angles, &c. 

12. The complement of an angle or arc is the remainder obtained 
by subtracting the angle or aro from 90°. 

The 9upplement of an angle or arc is the remainder obtained by 
subtracting the angle or arc from 180°. 

Thus the complement of 30° is 60° ; the supplement of 80° is 
150°. 

Two angles or arcs are complements of each other when their 
sum is 90°. They are supplements of each other when their sum is 
180°. 

13. According to these definitions, the complement of an arc 
that exceeds 90° is negative. Thus the complement of 120° is 
90° — 120° == — 80°. In like manner the supplement of 200° is 
180° ^200° = -20°. 



B 



14 



PLANE TBIGONOMETBT. 



CHAPTER IL 



SINES, TANGENTS, AND SECANTS. FUNDAMENTAL FORMTILJB. 

14. Haying expressed the sides and angles of triangles by num- 
bers, we are next to find such relations between them as shall enable 
us to combine these two different species of quantity in compu- 
tation. 

As every oblique triangle may be resolved into two right triangles 
by dropping a perpendicular from one of the angles upon the oppo- 
site side, the solution of all triangles is readily made to depend upon 
Fig. 4. that of right triangles. Let us therefore 

consider a series of right triangles, ABOj 
AB'C, AB''0% &c.. Fig. 4, which have 
a common angle A, The angles at B, 
B\ B'\ being also equal, the triangles are 
similar; and by geometry 

BOiAB'^ BV : AB « B''0" : AB" 

or by the definitions of ratio and proportion, 

BC BC J?"(7" 




c> C" 



AB AB' 

In like manner it follows that 



AB' 



and 



BQ _B'G' _B'0" 
AQ^A^'^ AQ^ 

AB_AB'_AB'' 

AC AO' AQ" 



Hence it appears that the ratios of the sides to each other are the 
same in all right triangles having the same acute angle; and, 
therefore, if these ratios are known in any one of these triangles, 
they will be known in all of them. 

These ratios, then, depending on the value of the angle alone, 
without regard to the absolute lengths of the sides, may be considered 
as indices of the angle, and have received special names, as follows : 

15. The SINE of the angle is the quotient of the opposite side 
divided by the hypotenuse. 
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ThuB, in the right triangle ABG^ Pig. 5, "«•*• 

f we designate the sides by the small letters 
a, by Cy we shall have, (whatever the absolute 
length of the sides) 

Sin A «s — , sin jB =» — 
e e 

16. 2%e TANGENT of the angle is the quotient of the opposite side 
divided by the adjacent side. 

Thus tan A = —, tan 5 = — 

b a 

17. The SECANT of the angle is the quotient of the hypotenwe 
divided by the adjacent side. 

Thus secA^-^j sec5 = - 

a 

18. The COSINE, COTANGENT, and COSECANT of an angUy are re- 
spectively the SINE, TANGENT, and SECANT of the complement of the 
angle. 

Since the sum of the two acute angles of a right triangle is one 
right angle, or 90°, they are, by Art. 12, complements of each other ; 
therefore, according to the preceding definitions, we shall have 



(1) 



19. Since— is the reciprocal of — , it follows from the first and 
a c 

last of these equations, that the sine and cosecant of the same angle 

are reciprocals ; and from the other equations, also, that the cosine 

and secant, the tangent and cotangent are reciprocals. That is, 

sm A = cosec A »- — - 

cosec A sin A 

cos A = sec A « . 



siiiA= cosjB = - 
c 


cos -4 = sin JB = — 




tan A^ cot £ « 4 
b 


cot^=-tan5 = - 
a 


sec A = cosec -B = -^ 
6 


cosec A = sec -B =» — 
a 



sec A cos A 

tan A « cot A • 



m 



cot A tanJL 

OP more briefly, 

sin A cosec -4 «= cos-4 sec^ » tan J. cot J. =- 1 (3) 
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Sines, &c. of Arcs. 

^^'^' 20* 27ie sincj tangentj and secant of 

^' an arc are respectively the sine^ tangent^ 
and secant of the angle at the center 
measured hy that arc* Thus, Fig. 6, 

sin J. JB == sin A 05 « -— - 
OB 



r- 


Nv2 




o 




B' 



A"f 



The sine of an arc, therefore, does not depend upon the absolute 
length of the arc, but upon the ratio of the arc to the whole circum- 
ference, (Art. 7.) It follows that the relations (2) and (3) are also 
applicable when A expresses an arc. 

21. If the radius = 1, all the trigonometric functions above de- 
fined may be represented in or about the circle by straight lines. 
Kepresenting the arc AB^ or angle AOB^ by x^ we have, when OA 
= 05 = 1, 



sinx 


BC 
-OB' 


BO 

' 1 - 


• BO 


tana; 


AT 
~0A~ 


AT 
1 ~ 


•AT 


sec X 


OT 
~0A~ 


OT 

1 


■OT 



and from the arc A^B = 90° — a; we find in the same way 

cos a; = 52) =00 
cotx = A'T' 
cosecar== OT' 

Therefore, in the circle whose radius is unity, the sine of an arcj 
or of the angle at the center measured hy that arc, is the perpen- 
dicular let fall from one extremity of the arc upon the diameter 
passing through the other e^remity. 

The tangent is the line that touches the circle at one extremity of 
the arcy and is limited by the diameter (produced) passing through 
the other extremity. 

The secant is that part of the produced diameter which is inter- 
cepted between the center and the tangent* 

The cosine is the distance from the center to the foot of the sine. 

In a circle of any other radius than unity, the trigonometric 



FUNDAMENTAL FORMUIl®. 17 

functions of an arc will be equal to the lines drawn as above, divided 
by that radius. 

The properties here stated have -heretofore been used by most 
writers upon trigonometry as definitions, but without limiting the ra- 
dius to unity ; and it is evidently from this mode of viewing these 
functions that they have derived their names. 

22. Besides the functions already defined, others have been occasionally employed 
to facilitate particular calculations, as the versed sine, which in the circle is the 
portion of the diameter intercepted between the extremity of the arc and the foot 
of the sine ; thus, Fig. 6, the yersed sine of A Bis AC, or the radius being ^ 1, 

yersin x =« 1 — cos z (4) 

by means of which formula we may always substitute yersed sines for cosines, and 
reciprocally. 

The covereed sine (coyers.) is the yersed sine of the complement^ and wverted me 
(suyers.) is the yersed sine of the supplement. 

The chords of arcs haye also been, used, and may be substituted for sines by the 
formula 

oh z ss: 2 sin J X (5) 

which is eyident from Fig. 6, where if the arc BB'sss x, we haye chord BB* =s 
2BC^2BmAB. 

23. From what has now been stated, the student will perceive that 
angles are to be subjected to computation by means of the quanti- 
ties sine, cosine, &c., commonly designated by the comprehensive 
term trigonometric functions,* It becomes necessary, therefore, for 
the computer to know the values of these functions for any given 
value of the angle. The trigonometric tables contain these values 
for every minute, and sometimes for every second, from 0° to 90° ; 
and with these tables all the numerical computations of trigonometry 
are carried on. In practice, then, we are not required to compute 
the functions themselves, and we shall therefore defer the methods 
for that purpose to a subsequent part of this work, and proceed 
at once with the investigation of the formulae and methods by which 
these tables are rendered available. 

Fundamental Formula. 

24. Q-iven the sine of an angle, to find the cosine. 

. From the right triangle ABC, Fig. 7, we ««-^- 

have by geometry a* + 6* = c^ 
Dividing by (?*, this equation becomes 
a^ P 

(T C* 

* Also trigonometric lines, from the properties explained in Art. 21. 
3 b2 
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or, by the definitions of sine and cosine (1), 

sin* A + cos* A =s 1 (6) 

in which the notation sin* A signifies « the square of the sine of J.." 
From this formula, if the sine is given, we find 

cos* J. = 1 — sin* -4 = (1 + sin J.) (1 — sin A) 
cos ^ = x/ (1 - sin* A)^^/ [(1 + sin-1) (1 - sin A)] (7) 
and if the cosine is given, vre find 

sin A « x/ (1 - cos* A)^y/ [(1 + cos A) (1 - cos A)] (8) 

25. Oiven the sine and cosine of an angUy to find the tangent. 
By (1) we have 



tanA ass -7- 



also 



therefore 



sinA 
cosA ' 

tan^ ! 



a h 

— i — 
c e 

sinA 



a 

b 



(9) 



cosA 
And since the cotangent is the reciprocal of the tangent, 

A COB A ,^^^ 

cot -4 = -7— 2 (10) 

sin J. ^ ^ 

26. Given the tangent of an angle, to find the secant. 

The right triangle ABCj Fig. 7, gives 

c3 = 6» + a* 

Dividing by (*, this becomes 

(?* a* 

—- = 1 4- — 
6* ^^6* 

or, by the definitions of secant and tangent (1), 

sec*JL = l + tan*^ (11) 

This formula applied to the complement of A gives 

cosec* ^ = 1 + cot* -4 (12) 

^'^ 27. The preceding formulae are also 

directly obtained from Fig. 8. If the 
angle AOB, or the arc AB, be denoted 
by Xy the right triangle OBOy gives 

B(7* + 0C*=05* 




A"f 



or remembering that the radius is unity, 
by Art. 21, 
sin* X + cos* X — 1 (13) 
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The triangle OBQ gives by the definition, Art. 16, 

BO 

sin a; ,. ^. 

or **^^^^^ ^14) 

Since the angle BOD ia the complement of BOO, tan BOD » 
cot X, and the triangle BOD gives 

„^„ 52) 00 
tf^nBOD^-^^^ 

COS a: ,^ _. 

or cot a? = -: — (lo) 

sina; ^ ^ 

In a sinular manner the triangles AOT^ A! OT' give 

8ec'a; = l + tan«a: (16) 

cosec^a; « 1 + cot' x (17) 

28. The following equations are easily demonstrated by combining (18), (14), 
(15), (16), (17), and employing the property of the reciprocals (2). They are of 
frequent use. 

1 . tanx cosx 

tanXCOSXass ass C\%\ 



sinx: 



oosecx sec X ootx 



1 . . cotx sinx 

OOSXas SB COtXSinXs 



(19) 



secx coseox tanx 

sin X =: ^ (1 — cos* x), cos X 8s ^ (1 — sin^x) (20) 

sec X =s ^ (1 4- tan* x), oosec x a= ^ (1 -f cot*x) (21) 

tanx ==s^ (sec* x—1), ootxsB^(co8ec*x— 1) (22) 

tanx 1 

V(l + tan*x)"'v'(l + cofx) ^^^ 

cotx 1 



sinxcBB- 



v^ (1 4- cot* X) ""^ (1 + tan* x) 

tanr-r ^°^ ^ ^(l--cos*x) 

^(1 — 8in*x) cosx 

cotx= ??^^ ^/(l~sin*x) 



(24) 
(26) 
(26) 



^(1 — coB*x) sinx 

29. To find the siney ^c. of 80° and 60°. 

In Fig. 8, let the arc AB = 30°, and BB' = 2 ^5 = 60°. By 
Art. 21, sin AB = J? (7, and by geometry the chord of 60°, or of one- 
sixth of the circumference, is equal to the radius = 1 ; therefore 

2Bin30°«25(7=:jB5' = l 

whence 

8in30° = J=cos60° (27) 
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and by (7) 

CO8 30° = ^[(l + J)(l-J)] = %/(|Xj) 

whence cos 30° = i %/ 3 = sin 60** 

Then, by (9) and (2), 

8in30<^ I _ 1 



tan 30° = 



: cot 60° 



cot 30° = 

sec 30°' 

cosec 30° ' 



'taTSO^^^ ^* 



cos 30° 

1 



x/3 

2 = sec 60° 



« tan 60° 



= cosec 60° 



(28) 

(29) 
(30) 
(31) 
(32) 



' sin 30° 

30. To find the siney ^o. o/45° Since 45° is the complement of 
45°, we have 

sin 45° = cos 45° 

whence by (13), putting x = 45°, 

sin^ 45° + cos* 45° = 2 sin» 45° = 2 cos« 45° = 1 
sinH5° = cos»45° = i 
sin45° = cos45° = v'i = J%/2 



sin 45° 
tan 45° = cot 45° = -— r^ = 1 
cos 4o 



sec 45° s= cosec 45° = - 



= ^2 



(33) 
(34) 

(35) 



sin 45° 
^r These values are readily verified in the circle, 

Fig. 9, where OATA^ is a square described upon 

the radius. The diagonal OT bisects the right 
A angle, whence ^Or = 45°, and tan 45° =^r 

= OJL = 1 ; cot 45° =^' r= 1; sin 45° = BO 

= 0(7 = cos 45°, &c. 



31. The 817168 and cosines of two angles being given, to find 
the sine and cosine of the sum, and the sine and cosine of the differ- 
ence of those angles. 

Rg 10. Fig. 11. I^®^ *^^® ^wo angles heAOB 

c/' \y miBO (7, Figs. 10 and 11. 

At any point B in the line 





J) A 



B draw B perp. to OB. 
Draw BA and CI) perp. to 
OA, and BE perp. to OB. 



FUNDAMENTAL FORMULiE. 21 

Then the triangles BOE and BOA^re mutoally eqoiangulary 
the three sides of the one being perp. to the three sides of the other 
respectively; therefore the angle BOE^ AOB. 



Let x = AOB = BGE 
y^BOG 




^en, Fig. 10, a? + y = GOD 
Fig. 11, x-y^GOB 
and in 




17- -.n w . X ^-0 BA^-QE BA^ 
F,g.lO, sm(a;+y)-^^= 6^0 =(70 + 


GE 
GO 


Tn- .-, • . X C© BA-GE BA 
Fig. 11, Bin (a; y)= (70= (7(? = (7(? - 

and in both figures • 


GE 
■ GO 


BA BA BO . 
GO-BO'^GO''^"''"^^ 




GE. GE GB 
CO-GB''GO^'''^''^'^y 





which being substituted in the aboTe expressions of sin (a? + y) and 

sin {x — y) give 

sin (re + y) =» sin a: cos y + cos a; sin y (36) 

sin (a? — y) = sin a: cos y — cos x sin y (37) 



Agai 

Fig. 


in in 
10, 


cos (a; + y) = ^^ = ■ 


OA-EB 
OG = 


OA 

0G~ 


EB 

■OG 


Fig. 


11, 


cos {x — 


, OD ( 


OA + EB 

OG ~ 


OA 
OG^ 


EB 

OG 


and in 


both 


figures, 
OA 
00" 
EB 
OG 


0^ (?5 
~ OB ^.OG 

EB BG 
~BG^ OG 


= cos z cosy 
= sinxsiny 







therefore 

cos {x + y) = cos a; cos y — sin a; sin y (38) 

cos {x—y) = cos a: cos y + sin x sin y (39) 

and (36), (37), (38), and (39) are the required formulae. 

These may be considered as the fundamental formulae of the trigo- 
nometric analysis, and will form the basis of our subsequent inves- 
tigations. They are equally applicable to arcs represented by x and 
y (Art. 20). 
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CHAPTER m. 

TRIGONOMETRIC FTTNCTIONS OP ANGULAR MAGNITUDE IN GENERAL. 

32. The definitions of sine, &c. given in the preceding chapter 
apply only to acute angles, since the angle is there assumed to be one 
of the oblique angles of a right triangle. But we shall now take a 
more general vien of angular magnitude and of the functions by 
means of which it is subjected to computation. 

If, Fig. 12, we suppose the line OA to revolve 
from the position OA to OA' in the direction of 
the arc AA! (or from right to left), it will describe 
an angular magnitude of 90^; when it arrives at 
OA" it will have described an angular magnitude 
of 180° ; at 0A"\ 270° ; and at OA again, 360°. 
"jjiT^ If it now continue its revolution, when it arrives 
at OA' again, it will have described an angular magnitude of 
360° + 90°, or 450° ; and thus we may readily conceive of an angular 
magnitude of any number of degrees. In like manner we may have 
arcs equal to or greater than one, two, or more circumferences. 

To obtain trigonometric functions for angles and arcs thus gene- 
rally considered, we shall avail ourselves of the fundamental formu- 
lae established in the preceding chapter ; first deducing their values 
analytically, and then explaining their geometrical signification. 

33. To find the sine, ^c. of 0° and 90°. In (37) and (39) 
let X ^ y; the first members become sin (a; — a?) == sin 0°, and 
cos (re — 2;) = cos 0° ; and by (13) they are reduced to 

sin 0° = sin 2; cos a: — cos a; sin a; = 
cos 0° = cos* X + sin* x =1 

and since 0° and 90° are complements of each other. Art. 12, 

sin 0° = cos 90° = (40) 

cos 0° = sin 90° =« 1 (41) 

from which by (9) and (2) 

sinO° 

tan0°-cot90°=-^— 7co=r = (42) 

cos 0° 1 ^ ^ 



tanO" 


~0 


= 00 


1 

CO8 0° 


1 
~1 


-1 


1 

sinO° 


1 

"0 


= 00 
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- ««to°= ^•'^^o''^ Jiro = F-«> (48) 



secO» = co8ec90» = ^3^-Qo = i -1 (44) 

cosecO"- sec 90°--^. J. = 00 (45) 

84. To find the tine, ^e. of 180°. In (36) and (38) let 
x = y — 90° ; these equations become by means of the preceding 
values 

sin 180° = 1x0 + 0x1 = (46) 

cos 180° = 0x0-lxl--l (47) 

whence by (9) and (2) 

tanl80°«3j--0 cotl80° = ^=oo (48) 

secl80° = ;:^--l cosecl80° = g-=oo (49) 

85. To find the sine, fe. of 270°. In (36) and (88) let 
X =180°, y = 90°, then 

8in270°=0x0 + (-l)xl = -l (60) 

cos270° = (-l)x0-0xl = (51) 

tan270°-^ = oo cot270°= — =0 (52) 

sec 270°- ^=00 co8ec270° = -i^ = -l (68) 

86. To find the tine, ^e. of 360°. In (86) and (88) let 
^ =. y .: 180° ; then 

8in360° = 0x(-l) + (-l)x0 = (54) 

cos860°=(-l)x(-l)-0 xO = l (55) 

the same values as for 0°, irhence it foUovra that all the trig, func- 
tions of 360° are the same as those of 0°. 

The same process continued will give for 450° ( = 360° + 90°), 
the same trig, functions as those of 90° ; for 540° the same fuaotiona 
as for 180°, &c. 
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87. The preceding values now famish us at once with the values 
of the functions for all possible values of the angle. In (36) and 
(38) let X = 0°, they are reduced to 

sin y = sin 0° cos y + cos 0° sin y = sin y 

cosy = cos 0° cosy — sinO° siny = cosy 

which are simply identical equations, and reveal no new property. 
But if in (37) and (39) we put x = 0°, we have, after substituting 
the functions of 0°, 

sin ( — y) = — sin y cos ( — y) = cos y (56) 

whence by (9) and (2) 

, . sin (— v) "~ sin y ,^^^ 

cot(-y) = ?^::^=-^^eiL = _ooty (58) 

^ ^^ sin( — y) — smy ^ ^ ' 

«eo(-3') = ^^y)= ^y =«e«y (59) 

cosec ( - y) = ,i^ ( _ y) = ^ri^ = - c°«ecy (60) 

or, the sin.y tan.y cotj and cosec, of the negative of an angle are the 
negative of the sin.y tan.y coty and cosec, of the angle itself; and the 
cos, and sec, are the same as those of the angle itself 

38. In (37) and (89) let a: = 90° ; we find after reduction 

sin (90° — y) = cos y cos (90° — y) = sin y 

which agree with the definition of cosine, but give no new relations. 
But in (36) and (38) let x = 90°, we find 

sin(90°+y) = cosy, ' cos (90° + y) « - sin y (61) 
whence by (9) and (2), 

tan (90° + y) = — cot y cot (90° + y) = - tan y (62) 

sec (90° + y) = — cosec y cosec (90° + y) = sec y (63) 

or, the sin, and cosec, of an angle are equal to the cos, and sec, of the 
excess of the angle above 90° ; and the cos,y tan,, cot., and sec, are 
equal to the negatives of the sin.j coty tan,, and cosec. of the excess 
of the angle ahove 90°, 
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' 89. In (87) and (89) let x = ISO** ; we find 

sin (180° - y) = sin y cos (180° - y) = - cos y (64) 

tan (180° — y) = — tan y cot (180° — y) = — cot y (65) 

sec (180° — y) = — sec y cosec (180° — y) = cosec y (66) 

or, the sin. and cosec. of the supplement of an angle are the same as 
those of the angle itself; and the cos.y tan,j cot,y and sec. are the 
negative of ^those of the angle itself. 

40. If y is acate (that is, less than 90°), all its trig, fanctions are 
positiye ; and since its supplement 180° — y is obtuse (that is, great- 
er than 90°), it follows from the preceding article, that the sin. and 
cosec. of an obtuse angle are positive^ while its cos.j tan., cot.j and 
sec. are negative. 

41. In (36) and (38) let x = 180° ; we find 

sin (180° + y) = - sin y cos (180° + y) = - cos y (67) 

tan (180° + y) =. tan y cot (180° + y) = cot y (68) 

sec (180° + y) = — sec y cosec (180° + y) = — cosec y (69) 

by means of which, if y is acute, we obtain the values of the sines, 
&c. of angles between 180° and 270°. 

42. In (37) and (39) let z - 270° ; we find 

sin (270° - y) = - cos y cos (270° - y) = - sin y (70) 

tan (270° - y) = cot y cot (270° - y) = tan y (71) 

sec (270° - y) « - cosec y cosec (270° — y) = - secy (72) 

43. In (36) and (38) let x - 270° ; we find 

sin (270° + y) = - cos y cos (270° + y) = sin y (73) 

tan (270° + y) = - cot y cot (270° + y) = - tan y. (74) 

sec (270° + y) « oisec y cosec (270° + y) = — sec y (75) 

44. In (37) and (39) let x = 360° ; we find 

sin (860° - y) = - sin y cos (360° - y) = cos y (76) 

tan (360° - y) = - tan y cot (360° - y) = - cot y (77) 

sec (360° — y) = sec y cosec (360° - y) = - cosecy (78) 

or the functions of 360° — y are the same as those of — y (Art. 37). 

45. In (36) and (38) let x « 360° ; we find 

sin (360° + y) = sin y cos (360° + y) =» cos y (79) 

or, the functions of an angle which exceeds 360° are the same as 
those of the excess above 360°. 
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It follows that the functions of 720^ + y are the same as those 
of 360^ + y, and therefore the same as those of y ; and in like 
manner for an angle which exceeds any multiple of 860^. 

46. Since y — 90® is the negative of 90° — y, we obtain from 
Art. 87i 



} 



(80) 



Kg. 18. 
A* 



sin (y — 90°) = - 8in(90*' - y) = - cosy 
cos (y — 90°) = cos (90° — y) = sin y 

whence also tan., &;q. ; and in the same manner we may find the func- 
tions of y - 180°, y - 270°, y - 860°, &c. 

47. We shall now give the geometrical interpretation of the pre- 
ceding results. 

In Fig. 18, let the radius revolve from the 
position OA to 0-4.', OA"^ &c., as in Art. 32, 
thus describing a continuously increasing an- 
gular magnitude; or, which is equivalent, let 
the arc commencing at A increase continuous- 
ly to AB^ AA\ AB\ &c. Then the changes 
in the values of the several trigonometric lines 
may be traced as follows. 
1st. 2%ewwe being, by Art. 21, the perpendicular from one extre- 
mity of the arc upon the diameter drawn through the other extremity, 
we shall have sin -45 ^BO.f^AB^B Q\ ^ysiAAI'B" - B' G\ 
sin AA!'B"' = B'"0, and if we make 



-4" 



/i 


y^ 


~-^ 


S 


CM — 


Sit 


\ 


f 


C> 


c 


1 


i 







/ 


\ 


•iB- 
C0« — 


•IB- 
C0.+ 


/ 


Bf^ 


"^^^.^ 


^ 


B'" 



we have 



AB = A"B = ^"-B" « AB'' = y 



Any =*BC 
sin (180° -y)^B' C 
8in(180°+y)=jB"(7' 
8in(360°-y)«J5'"(7 

The lines BQ, B 0\ B" C\ B" (7, however, represent only the 
numerical values of the sines, and are here equal. But the results 
above obtained from our formulae enable us to distinguish between 
them by means of their algebraic signs. Thus, by (64), (67), (76), 

sin(180°— y) = siny 
sin(180°+y) = -siny 
sin(360° — y) = -siny 

so that the sines from 0° to 180°^are positive, while those from 180° 
to 860° are negative ; or the sines which are ahovt the diameter 
A A!' are positive, while those which are hdow this diameter are 
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negative; or still more generally, the sines that have opponte di- 
reetionsj irith reference to the fixed diameter from which they are 
measured, have opposite signs. 

2d. The cosine being, by Art. 21, the distance from the center to 
the foot of the sine, we have 

cos y « (7 

cos (180° -y) = 0(7' 

cos(180°+y)«O(7' 

cos(360°--y)« 00 

but .by (64), (67), (76), 

cos (180° — y) » — cos y 

cos (180° +y) = — cosy 

cos (360° — y) = cos y 

so that the cosines on the right of the diameter A! A!" are positive, 
while those on the left of this diameter are negative ; or rather the 
cosines that have opposite direetionsy with reference to the diameter 
from which they are measured, have opposite signs. 

We have here only exhibited a well-known principle in the appli- 
cation of analysis to geometry, viz. : that alt lines measured in op- 
posite directions from a fixed line have opposite signs. 

To interpret the results (56), it is only necessary to observe that 
a negative arc will be one reckoned from A towards jB% or in the 
opposite direction to that of the positive arc, so that 

sin AB"' = sin (- y) = J?'"(7= - 5(7= - siny 

cos-AjB'" = cos( — y)= 0(7= cosy 

as in (56). 

The same principle applies to the tangents, but it will be simpler 
'iXK practice to obtain their signs (as also those of the secants), ana- 
lytically, from those of the sine and cosine, as has been already shown. 
It will be sufficient to bear in mind the following table, which is also 
expressed by Fig. 13. 



Sine 
Cosine 


1st Quad. 


2d Quad. 


3d Quad. 


4th Quad. 


+ 
+ 


+ 


— 


+ 
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48. The particular valaes of the sine and 
cosme at A^ A!^ A!\ jcc, or sin. and cos. of 
0°, 90°, 180°, &c., may also he found by 
Fig. 13, upon the same principles ; bat this 
we leave to the student. 

49. General Remark. — In the demon- 
stration of the fundamental formulas for 
sin (a:dby)> and cos {x-^y\ Art. 81, the 
angles x^ y and x-^y were all taken less than 90° and positive. 
In this chapter these formulse have been applied to angles of any 
magnitude, and the resulting functions have been shown to take 
opposite signs when the lines representing them take opposite direc- 
tions. It follows that, in deducing trigonometric formulae from 
geometrical figures, we need not embarrass our demonstrations with 
the consideration of the various cases of the problem, or of the 
various values of the angles of the figure. The formula deduced 
from any supposed position of the lines of the figure will be of 
general application, provided in the practical application of this for- 
mula to the particular cases, we observe those values and signs of the 
trigonometric functions which have now been determined. 

60. The results of this chapter may be expressed by a few general formnlse. 
From (79) it appears that all the trigonometric functions return to the same values 
after one or more complete rcTolutions of 860^. If we represent the semi-circum- 
ference, or two right angles, by ?r (Art. 11), and let n = any whole number or zero, 
we shall have 



whence 



sin 4 f> Y = 


008 4 n Y ^ 1 


(81) 


8in(4n + l)|: = l 


oo8(4n+l)|. = 


(82) 


sm(4n+2)|. = 


C08(4n+2)^ = -l 


(88) 


sin(4«+8)|. = _l 


C08(4«+8)^ = 


(84) 


tan 4 n y = 


tan(4n+l)|l = Q0 




t»'i(4« + 2)|- = 


tan(4n+8)|.=.c» 





or the tan. of the even multiples of ~ = 0, and of the odd multiples = oo , so that 

M 

we may write more simply 



tan 2 n ■-- ss 



tan (2»+ 1)^ = 00 



(86) 
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In these formulsB we hare only to giye n one of the yalnes 0, 1, 2, 8, 4, fto., to 
obtain the functions of any giyen multiple of the right angle. Thus, we find 

sin 450° = sin 6 ^ = sin (4 + 1) -^ = 1 by making n = 1, in (82). 

Since the subtraction of 8 n •-- from the arc will not change the functions, the 

aboTe formulae are also true when n is a negative whole number. 

51. In a similar manner we obtain 

sin j 4 n — + y = sin y cos [4 n -^ + y | = C08 y (^6) 

sin[^(4n+l)~ + yJ=»cosy cos [^(4n+ 1) y + yj = — siny (87) 

8in[(4n + 2)~ + y]=-siny cos [(4 «+ 2) ^l + y] =-co8y (88) 

sin[(4n+3)|. + y]«-cosy cos [(4 n + 3) |. + y] = siny (89) 

tan ("2 « 1^ + yl =r tan y tan ("(2 n + 1) ^ + yT =s — cot y (90) 

in which n may be any whole number, positive or negative, and y any angle, positive 
or negative. 

52. A still more concise form may be given to the formulse of the two preceding 
articles, as follows : n being, as before, any whole number, positive or negative. 

Bin2n-^ = cos2n^ = (— 1)» (91) 

sin (2 » + 1) ^=(-1)- cos (2 n + 1) ^ = (92) 

sin [2 n |- + y Jr=(— l)»8iny cos [2 « |- + y]= (— l)»cosy (98) 

sin[(2n+l)^+y]=(-l)"co8y cos[(2H-l) y+y] = -(-l)''siny (94) 

and from these (85) and (90) may be directly deduced. 

53. We have seen that an angle being given, there is but one corresponding sine. 
On the other hand, a sine being given, there is an indefinite number of angles cor- 
responding ; for if a denote the given sine, and y any corresponding angle, then a is 
also the sine of all the angles 

jT — y, 2 ?r + y, 8 »• — y, &c. 

— jr — y, — 2 »• + y, — 3 jr — y, &c. 

or in general 

fl sss sin y =s sin [ n a- + ( — 1)" y] (96) 

o2 
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In like manner if a is a giren ooaine, and y any oorresponding an|^e, 

a = COB y » 008 (2 fi r db y) (96) 

and if a is a given tangent corresponding to the angle y, 

as3tany«Btan(fir+y) (97} 

Sine and Tangent of a Small Angle or Arc. 

54. When the angle AOB^x^ Fig. 14, is 
very small, the sine and tangent are very nearly 
eqaal to the arc AB^ irhich measores the angle^ 
\b the radius being unity ; and the oosine and secant 
I are nearly equal to OA^l (Art. 21). There- 
fore, to find the sine or tangent of a very small 
angle approximately^ we have only to find the 
length of the arc by Art. 9 ; thus 

sin 1" « arc V = 0.000004848187 

log. sin r = 4.6855749 

and X being a small angle, or arc, expressed in seconds, 

sin a; =i tan a; = a: sin 1" (98) 

If a; is expressed in minutes, 

sin X = tan a: = a: sin 1' (99) 

If X expresses the length of the arc, the radius being unity, 

sin a; = tan a; a= a; (100) 

The employment of these approximate values must be governed by 
the degree of accuracy required in a particular application. It is 
found, for example, that they are sufficiently accurate when the 
nearest second only is required in our results, provided the angle 
does not much exceed 1°. 

55. If X and y are any two small angles, it follows from the pre- 
ceding article that 

sin a: : siny = a? sin 1": y sin 1" = a; : y 
that is, the sines {or tangents) of small angles are proportional to the 
angles themselves. The* application of this theorem, however, like 
that of the preceding, must depend upon the accuracy required in 
the problem in which it is employed.* 

* For a full discassion of the limits under which this theorem may be employed, 
see a paper, by the author of this work, in the Astronomical Journal, (Cambridge, 
Mass.) Vol. i. p. 84. 
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CHAPTER IV. 

GENERAL FORMULA. 

56. We have already obtained four fundamental equations, (36), 
(37), (38), and (39), involving two angles, x and y. From these we 
shall now deduce a number of formulae, either required in the sub- 
sequent parts of this work, or of general utility in the applications 
of trigonometry. 

57. The sum and difference of the equations (36) and (37) are 

sin (a: + y) + sin (a; — y) = 2 sin a? cos y (1^1) 

sin (a? + y) — sin (a; — y) = 2 cos a; sin y (102) 

and the sum and difference of (38) and (39) are 

cos {x + y) + cos [x — y) = 2 cos x cos y (10^) 

cos {x + y)^ cos (a; — y) = — 2 sin a: siny (104) 

68. If we put 

x + y^xf 
x — y^yf 
whence 2 a: == a/ + y', ^ = J (a?' + y') 

^y^^^y^^ y^W-^y') 

equation (101) will become 

sin a/ + siny' = 2 sin J (a/ + yQ cos J (a/ — y') 

and (102), (103), and (104) admit of a similar transformation. But 
since x' and yf admit of all varieties of value, we may omit the 
accents and apply the formulae to any two angles x and y ; we have 
thus 

sin a; + sin y = 2 sm J (a; + y) cos \{x'-y^ - (105) 

sin a; — sin y = 2 cos J (a? + y) sin \{x'-y^ (106) 

cos a; + cos y = 2 cos J (a? + y) cos \(x'-y) (107) 

cos a? — cosy = — 2 sin \{^ -^^ y) sin J (a; — y). (108) 

Each of these equations may be enunciated as a theorem ; thus 
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(105) expresses that <tthe sum of the sines of any two angles is 
eqoal to twice the sine of half the sum of the angles multiplied by 
the cosine of half their difference." 

These formulae are of frequent use (especiaUy in computations 
performed by logarithms), in transforming a sum or difference into 
a product. 

59. Dividing (105) by (106), we have by (14) and (15) 

sina? + siny x i / • \ i.i / \ 

-. ^ = tan J (aj + y) cot J (a; —y) 

smo?— smy 

or by (2) 

Bina? + 8iny __ tan J (a: + y) 
sin X •— siny "~ tan J (a; — y) 

and from (107) and (108) we find in the same manner 



(109) 



Z + cosy — ^n^+y)tanH^-y) (HO) 



We find also 

sina? + 



co8a; + cosy 
sin a;— sinyt 



= tanj(a: + y) (HI) 



cos. + cosy **^H^-y) (112) 

sina; + 8iny ^^ 

cos a; — cosy ^^ ^^ ^ ^ 

sin X — sin v 

t^^ 1 ^ « cot J(a; +y) (114) 

cos a; — cosy a \ ^f/ \ j 

60. Divide the equations (86), (37), (88) and (89) by cos a; cosy; 
then by (14) we have 

sin (x 4* v) 

— L-ZJy -. tan a: + tan y (115) 

cos a: cos y ^ ^ ^ 

^^) = tan.-tany (116) 

^^'-^-^^^^If (117) 

cos X cos y ^ ^ ' 

cos (x — iA 

^^ ^ = 1 + tan ajtany (118) 

cos a; cosy • j^ \ / 
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61. Divide (86), (37), (38) and (39) by sin a; sin y; and by sin x 
cosy; then 

sin (x::hv) ,^^^ 

. ^ . ^^ = cot y db cot X (119) 

sin a; sm y ^ ^ ' 

""^^("^^y) = cot X coty =F 1 (120) 

sin a; sin y ^ ^ ^ ^ 

sin(a:d=y) ^ 

sin a: cos y ^ ^ ^ 

cos(a;±y) ,^.-. 

;^-^^ ^ = cot a: =F tan y (122) 

sin a; cosy -r if \ / 

62. Divide (115) by (117), and (116) by (118) ; then by (14) 

. . tana; + tany .^^^. 

tan (x+y)=^ = -—^ (123) 

^ ^^ 1 — tan a? tan y ^ ' 

. . . tana? — tany .^o-. 

*"°(^-y)'' l+tanxtany (^^4) 

by which, when the tangents of two angles are given, we may com- 
pute the tangent of their sum or difference. To find the cotangent 

of the sum or difference when the cotangents of the angles are given, 
divide (120) by (119), 

cot(a;d=y) = ?^^f^g^ (125) 

^ ^^ cot y =1= cot a; ^ ' 

63. Dividing (115) by (116), and (117) by (118), (or from the 
equations of Art. 61), we have 



sin (x + i/) tana; + tany coty + cot a; 

sin (a^ — y) "" tanaj— tany coty ■;p cota; 

C08(a;+y) 1 — tana^tany cota;coty— 1 
cos (a; — y) "" 1 + tan x tan y cot x coty +1 



(126) 



(127) 



64. FormulflB for secants are obtained from those for cosines by means of (2) ; 
thus we find 

sec(a:±y) «- 



cos z cos y =^ sin z smy 
and multiplying numerator and denominator by sec x sec y, 

/ . \ sec X secy .-^ox 

sec (z ifc y) = -^ — (128) 

^ '^"''^ lip tan z tany ^ ^ 
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AIbo since 

11 COB y d= cos g 
cosz cosy COB z cosy 

we find by (107) uid (108) 

, 2co8 J (x+ y) cos J (x — y) /,«>«> 

sec z + sec y s ^ \ ^ ^/ h_\ i/ (129) 

COB Z GOB y * 

2 sin } (z 4- y) sin * (z — y) y^««.^ 

sec z — sec y =s ' ^ ^ ^^ 5-^ ^ (180) 

COB Z cos y ^ -^ 

In the same manner from (105) and (106) 

2sin J (z + y) cos} (z — y) ,,„,^ 

cosec z + cosec y as * ^ .' '^ . — ^-^ ^ (131) 

' * Bin z sin y ^ ^ 

2 cos J (z + y) sin i(X'-'y) 
cosec z - cosec y ^ Binzsiny ^ (l^^) 

These formnlfls, although generally omitted in treatises on trigonometry, will be 
found useful in a subsequent part of this work. 

65. The product of (86) and (37), and of (38) and (39), are 

sin {z + y) sin (a? — y) = flin* x cos'y — cos' x sin'y 
cos {x + y) cos (a? — y) = cos* a; cos'y — sin' x sia^y 

. By (13) we have cos* a; = 1 — sin* x and cos* y = 1 — sin* y, 
which substituted in the preceding equations, give 

sin {x + y) sin (a? •— y) = sin* x — sin* y = cos*y — cos* x (133) 
cos {x + y) cos (a: — y) = cos* x — sin*y = cos*y •— sin* x (134) 

66. In (36), (38) and (123), let y = a:, we find 

sin 2 a; = 2 sin 2; cos x (1^^) 

cos 2 a; = cos* x — sin* x (1^6) 

^ 2 tan X ,^ ^^. 

by which the functions of the double angle may be found from those 
of the simple angle. 

67. To find the functions of the half angle from those of the 
whole angle, we have, from (13) and (136), 

cos* X + sin* a; = 1 
, cos* X — sin* a; = cos 2 a? 

the sum and difference of which are 

2 cos* a; == 1 + cos 2 a; 
2 sin* a? = 1 — cos 2 a; 
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As these express the relations of an angle 2 x and its half x, their 
meaning will not be changed by writing x and ^ x instead oi 2 x 
and a;; whence 

2cos'Ja; = l + cosa; (138) 

2sin*Ja; = l-cosa; , (139) 
^he quotient of which is 

tan^rr^l-^^^ (140) 

* 1 + COSa: ^ ' 

68. The following may be proposed as exercises. 

2tan}x 2 

«^* = T+l^^x = cot^x + tanix ^^^^^ 

2 tan J X 2 „.., 

**^ ^ = l-tan«Jx = cot^x-tan^x ^^^^^ 

tan* J X + 2 cot X tan } X — 1 3= ' (143) 

tan* } x~ 2 oosec xtan}x+l =0 (144) 

1 — tan* i X 



1 + tan* J X 



(145) 



tan i X ^ cosec x — cot x =& — ; (146) 

^ sinx ^ ' 

XI IX 1 + COSX ' /^^Pfx 

cot } X ^ cosec X 4- oot X ^ — (1^* ) 

. , l + sinx — cos X ,-.ox 
1 -f- sin X -f- cos X 

69. Several useful formulae result from the preceding, by intro- 
ducing 45° or 30°. If X = 45° in (36), (37), (38), and (39), we 
have, by (33), 

cosvdbsin V 

sin (45° ± y) = cos (45° zpy) = "^ ^ ^ (149) 

whence 

cos y zb sin v 

tan (45° ±y)^ cot (45° =f y) = ■ (150) 

V ^if) \ -rjfy cosy=Fsmy ^ ' 

in which either the upper signs must be taken throughout, or the 
lower signs throughout. 

If we divide the numerator and denominator of (150) by cos y or 
siny, 

. fAKo N ^±^^^y cotydzl .^-.. 

tan (45° ± y) = ^^^^^ = ^^^^^^ (151) 
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Prom this, by (57), 

tan V "- 1 

70. Again, let z — 90» ± y in (188), (189) (140), tad (146), 

•ia(46»=tJy)-co.(46»=pi,)-J(^^21) (i68) 

Un(46o^Jy)-J(>^-|) (154) 

Un(45o=tJy,-l^^^.,-^^- (156) 

From Uie lut we find 

t8n(46» + Jy) + t«i(46»-iy) = j;|^=2 8ecy (166) 

tan(46» + }y)-tan(46»-}y)-i^ = 2tany (167) 

the quotient of wUoh is 

tan(46o+^y).>tan(460-iy) _ 

tan (460 + } y) + tan (46« - Jy) ™*^ ^^''*'^ 

71. In (101), (102), (108) and (104), let a: = 30° ; then by (27) 
and (28) 

sin (80° + y) + sin (80° - y) == cos y (159) 

sin. (30° +y)- sin (30° - y) = sin y v^ 3 (160) 

cos (30° +y) + cos (80° - y) =» cos y v^ 8 (161) 

cos (30° + y) - cos (80° - y) == - sin y (162) 

and in a similar manner we may introduce 60° ; but it is unneces- 
sary to extend these substitutions, as they involve no difficulty, and 
can be made as occasion demands. 

FoAMULji FOE MuitinPLB Anoubs. 

72. From (101) and (102) ve have 

sin (y + ar) sss 2 sin y cos « — sin (y — «) 
sin (y + a;) = 2 cos y sin a; + sin (y — x) 
in which let y ss {m — 1) k ; then 

sin fwa; = 2 sin (m — \) x cos x — sin («i — 2) a; (168) 

sin Twj; sBs 2 cos (m — 1) x sin a; + sin (m — 2) a; (164) 

which are the general formulaD for computing the sine of any multiple mx^ from the 
lower multiples {m — 1) a; and {m — 2) a;, and the simple angle x. 
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If we make m successiyely 1, 2, 8, 4, &c.| these formuliB give 
sin a; as sin 2 as nnz 

sin 2 2 ss 2 sin 2 ooa x ss 2 cos x sin x 

sin 3 X ss 2 sin 2 X cos X — sin z an 2 cos 2 x sin x -|- sin x 
sin 4 X s=s 2 sin 8 X cos X — sin 2 x sa 2 cos 8 x sin x -{- sin 2 x 
&o. &c. 

73. From (108) and (104) 

cos (y + x) = 2 COS y cos X — cos (y — x) 
cos (y + x) sss — 2 sin y sin X + cos (y — x) 
whichy if we put y ^ (m — 1) x, become 

cos mx SB 2 cos (m — 1) x cos x — cos (m — 2) x (^^) 

cos mx ss — 2 sin (m — 1) x sin x + cos (m — 2) x (166) 

If m is taken successiTely equal to 1, 2, 8, 4, &c. 

cos X as cos X ^ COS X 

COS 2 X as 2 COS X COS X — 1 ss — 2 sin X sin x 4- 1 

cos 8 X ss 2 cos 2 X cos x — cosx = — 2sin2xsinx-4- cos x 
cos 4 X =s 2 cos 8 X cos x — cos 2xas — 2sin8xsinx-|- cos 2 x 
&c. &c. 

74. In (123) let y = (« — 1) x; then 

tan (»i — 1) X + tan x /inf\ 

tan mx ss . ^ — -. — ^ ,7 * (1^^) 

1 — tan (w — 1) X tan x 

whence 

tan 2 X + tan x 

tan xsstanx tanSxss^ — ^ — 

1 — tan 2 X tanx 

^ rt 2 tan X . . tan 8 X 4. tan X 

tan 2 X aes :j ■ , ■ tan 4 X S3 = .^ q ^ ♦o^ 4 . 

1 — tan X 1 — tan o x tan x 

&c. 

75. If in the expression for sin 8 x, Art 72, we substitute the Talue of sin 2 x, 
we find 

sin 8 X as 4 sin X cos° x — sin x 
by which we find the sine of the multiple directly from the functions of the simple 
angle. If this be substituted in the expression for sin 4 x, the latter will also be 
expressed in terms of the simple angle. By these suocessire substitutions we easily 
obtain the following tables: 

sin X ss sinx 
sin 2 X ss 2 sin X cos x 
sin 8 X ^ 4 sin X cos* x — sin x 
sin 4 X ^ 8 sin X cos' x — 4 sin x cos x 
&c. 

76. cos X as COS X 

cos 2 X ss 2 COS* X — 1 

COS 8 X ss 4 cos' X — 8 COS X 

COS 4 X ss 8 008* X — 8 COS* X + 1 

&0. 
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77. If in these eqiutioiui we rabetitate for oos* x s 1 — dn* % they become 

nn X SB sinx 
8in2xaB28iiiXv^(l^nn*x) 
BinSx^Snnx — 4 sin* x 
rin4xiB(4einx^8iin'x)v^(l — nn*x) 
&o. 

78. cos X » v' (1 — «a' *) 
cos 2 X ss 1 — 2 sin* x 

cos 8 X a (1 ^ 4 sin'' x) v^ (1 — ^* x) 
cos 4 X ^ 1 — 8 sin* x + 8 sin* x 
&o. 

From the preceding tables it appears that the cosine of the mnltiple angle may 
always be expressed rationally in terms of the cosine of the simple angle ; but that 
the sine of only the odd multiples and the cosine of only the even multiples can be 
expressed rationally in terms of the sine of the simple angle. 

79. By snccessiTC substitutions we find from the formulie of Art 74. 

tan X =r tanx 

2 tanx 
tan2xas 



tan 8 X : 
tan4x : 



1 — tan*x 

8 tan X -^ tan* x 
1 — 8 tan* X 

4 tan X — 4 tan* x 
1 — 6 tan* X + tan* x 



80. The preceding results are but particular applications of general formulsB to 
be given hereafter, (Chapter XY.) They are introduced here for the convenience 
of reference in elementary applications. The powers of the sine or cosine of the 
simple angle may also be expressed in the multiples of the angle: but they are most 
readily obtained from the general formula of Chapter XV. 
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81. Let X, yj and z be any three angles ; we have, by (86) and (88), 

sin (z 4- y + ^) =B sin (x -|- y) cos z + cos (x + y) sin « 
ass sin X cos y cos 2 4~ <^os X sin y cos z 
4- cos X cos y sin 2 — sin x sin y sin is (168) 

cos (x + y + 2) = cos (x + y) cos z — sin (x + y) sin « 
ss cos X cos y cos z — sin x sin y cos is 
— sin X cos y sin 2 — cos x sin y sin 2 (169) 

and in the same way we may develop the sines and cosines of x + y — 2, x — y + ^, 
&c. ; but we may find these directiy from (168) and (169) by changing the sign of 2, 
y, &c., and observing (56). 
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The quotient of (168) diTided by (169) giyes, after di^ding the numerator and 
denominator by cob x cos y cos 2, 

tan (» + y+^)»,*»°'+*^y+ *"'-*»" *"y**°' (170) 

-^ 1 — tan X tan y — tan x tan z — tan y tan * ^ ' 

82. Let z, y and z be any three angles, and from the equations 

sin (x — 2) ss sin z cos 2 — cos z sin » 
sin (y — z) s= sin y oos 2 — cos y sin s 

let cos z be eliminated ; we find 

sin y sin (z — 2) — sin z sin (y — «) = sin » (sin z cos y — cos z sin y) 

^ sin a sin (z — y) 
If sin 2 is eliminated, we find 

cos y sin (z — z) — cos z sin (y — z) ss cos 2 sin (z — y) 
These equations may be more elegantly expressed, as follows : 

sin z sin (y — 2) + sin y sin (2 — z) + sin 2 sin (z — y) ^ (171) 
COB z sin (y — 2) + cos y sin (2 — z) + cos 2 sin (z — y) ss (172) 

A number of similar relations may be deduced from these by substituting 90^ db z, 
&c., for z, &c. 

83. Let 

© = J (z 4. y + 2) 
we hare by (104) 

2 sin « sin (v — z) ss cos z — cos (2 « — z) ss cos z — cos (y 4- 2) 
2 sin (© — y) sin (© — 2) =s cos (y — 2) — cos (2 » — y — 2) 
as cos (y — 2) — cos z 
the product of which is 
4 sin » sin (t> — z) sin (o — y) sin (o — 2) sr cos z [cos (y — 2) + cos (y + 2)] 

— cos' z — cos (y + 2) cos {y^-z) , 
Reducing the second member by (108) and (134) ; 

4 sin © sin (© — z) sin (v — y) sin (0 — 2) =s 2 cos z cos y cos 2 — cos" z 

— cos* y — cos* 2+1 (173) 

In the same manner we find 
4 cos V cos (» — z) cos {y — y) cos {y — 2) as 2 cos z cos y cos 2 -f cos' z 

+ cos* y + cos* z — 1 * (174) 

84. The following may be proposed as exercises. 

sinz + siny+sin2— sin(z+y4-2)ss4sinJ(z + y)sinJ(z+2)sinJ(y+2) (175) 
cos z+ cosy + C0S2+ cos (z+y + 2) = 4cos J (z+y) cos } (Z4. 2) cos} (y +2) (176) 

sin (z 4- y 4- 2) 
tanz+tany + tan2 — tanztanytan2M ^^, 1 ^^„ ,. ^^„ I (177) 

' ' ' ' cos z cos y cos 2 ^ ' 

cos Tz -^ V 4- 2) 
cotz+«oty+oot»-cot«cotycotf» = --jj^^^^^ (178) 



(179) 
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4 [8in (a^4'y+2)-|-2 Binae fiiny sin 2]* ^ 4 [sin (a^-y) 6082+ <^o> (a(— y) sin^p 
» [1 — cos (2 x + 2 y)] (1+ 00822)+ [1 + CO8 (2x+2 y)] (1 — cos22) 

-(- 2 (sin 2 z + 8in 2 y) sin 2 a 
^ 2 (l-|-8in2x8in2y-|-sin2x8m224-8in2yBin2z — co8 2zco8 2ycoB2z) 

85. Let the 8iim of three angles x, y and z be sr, or a mnltiple of tt, that is, an even 
mnltiple of -;r- a condition which is expressed by the equation 

z+y+2 = 2n.-l (180) 

then, tan {x •\- y -{- z) ^sz 0, and the first member of (170) being thns reduced to 
zero, the numerator of the second number must be zero, or 

tanz+tany+tansasBtanxtany tan z (181) 

an equation, it must be remembered, that is true only under the condition (180). 
Since x, y and z may be selected in an infinite variety of ways so as to satisfy (180), 
it follows from (181) that there is an infinite number of solutions of the problem, 
« to find three numbers whose sum is equal to their product." 

Let the sum of three angles x, y and z be -^r or an odd multiple of -^ ; that is, let 

x + y + 2=(2n+l)~ (182) 

then, tan (x 4~ y + ^) = oc, and the denominator of (170) must be zero, or 
tan X tan y -4- tan x tan z -f- tan y tan « := 1 

which, divided by tan x tan y tan 2, gives 

cot x + CO* y + cot 2f = cot X cot y cot z (183) 

a relation that holds only under the condition (182). 

86. Let 

x + y+z=.n7r==2n^ (184) 

We have by (93) and (91) 

cos (x + y — z) =E cos (n «■ — 2 z) = ( — l)** cos 2 z 
cos (x — y + 2) = cos (» a- — 2 y) =s ( — 1)*» cos 2 y 
cos {y+z — x) = cos (n jr — 2 x) 1= ( — 1)« cos 2 x 
008 (y + z + x) =3 cos n »• = ( — 1)»» 

the sums of the first two and of the second two are by (103) 

2 cos X cos (y — z) r= (— 1)» (cos 2 z + cos 2 y) 
2 cos X cos (y -{- z) ss ( — 1)*» (cos 2 x + 1) 
and the sum and difference of these equations are 

4 cos X cos y cos z ^ ( — 1)** (cos 2 z + cos 2 y + cos 2 x + 1) 
4 cos X sin y sin z = ( — 1)** (cos 2 z + cos 2 y — cos 2 x — 1) 
or =±=4 cos X cos y cos z = cos 2 x + cos 2 y 4- cos 2 z -}- 1 (185) 

=i= 4 cos X sin y sin z =: — cos 2 x -4- cos 2 y 4- cos 2 z — 1 (186) 
the upper sign being taken when n in (184) is even, the lower when n is odd. 



INVERSE TRIGONOMETRIC FUNCTIONS. 41 

In the same manner we obtain 

qp 4 sin a: sin y sin 2 ^ sin 2 a: + sin 2 y + sin 2 a (187) 

qp 4 sin X cos y cos 2f = — sin 2 a; + sin 2 y + sin 2 2 (188) 

the signs being taken as above. 

Again, let 

x + y+z=(2n+l)j (189) 

we shall find by the same process 

=±i 4 sin X sin y sin 2 =s cos 2 x -f" <^08 ^ y "t" <^os 2 z — 1 (190) 

dz 4 sin X cos y cos 2 = — cos 2 x + cos 2 y + cos 2 2 + 1 (191) 

=±= 4 cos X cos y cos 2 sss sin 2 x -f- sin 2 y -|- sin 2 2 (192) 

=±i 4 cos X sin y sin 2 = — sin 2 x -4- sin 2 y -|- sin 2 2 Q^^) 

+ or — according as n in (189) is even or odd. 

Inverse Trigonometric Functions. 

87. If 

y = aim a; 

y is an explicit function of Xy and, since x and y are mutually de- 
pendent, X is an implicit function of y ; but to express x in the 
form of an explicit function of y, we write* 

X = Bin"~^y 

which is read, "a; equal to the angle (or arc) whose sine is y," and 
X is called the inverse function of y, or of sine x. 

In like manner tan'^y is <<the angle or arc whose tangent is 
y," &c. 

88. Many of the formalse already given may be conveniently expressed with the 
aid of this notation. Thus, by (16), 

X = sec"* ^ (1 + tan* x) 

or if we put y = tan x 

tan""* y = sec""* ^ (1 + y') 



* This notation was suggested by the use of the negative exponents in algebra. 
If we have y = nx, we also have x := n~^ t/y where y is a function of x, and x is 
the corresponding inverse function of y. The latter equation might be read " z is 
a quantity which multiplied by n gives y." It may be necessary to caution the be- 
ginner against the error of supposing that sin"* y is equivalent to — -. . 

For a general view of the nature of inverse functions, see Feirce's Diff. Gale. 
Arts. 13, et seq. 

6 d2 
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And in the same way the formnln of Art 28 give 

1 y 

Bin-* y » coseo- — « cob— ^(1 — y*) » i^-^ —^—^ 

C08-«y= Bee-' - = sin -«^ (! — /)« tan-* ^^^-£^-^=^ 

tan-* y = cot"* — « Bin-* ^ ,/, ,, a eoB-* - 



y ~" v^a + y')""""" v^(i + y') 

Formnln (128) and (124) may be written 

_. ^ _. tan X =b tan y 

X =b y B tan * ^ 1 r— ^- 

1 =p tan X tan y 

or patting t ^ tan x,f^ tan y, 

tan-*<dbtan-*<'a»tan-*j^--^ (194) 

AIbo the formnlnr of Arts. 67 and 68 give 

89. We may also employ the notation sin—* (eos x) or <<the are whose sine is 
equal to the cosine of x" i. e. << the complement of z'' ; and sin (cos "* y) or " the 
sine of the arc whose cosine is y," &o. We shall have accordingly 

sin (sin "~* y) a= y tan (tan""* y) a= y &c. 

sin ■"* (sin «) = x tan '"* (tan x) = x &c. 

Bat it mast be observed that since the same sine or tangent corresponds to an 
infinite number of angles, (Art 63,) these last equations should be written 

sin""* (sin x) = « jr + ( — 1)» x, tan -* (tan x) = n ir + x 

which are equiyalent to (96) and (97). 



TBIGONOMETRIC TABLES. 43 



CHAPTER V. 



TRIGONOMETRIC TABLES. 



90. Before proceeding to the numerical computation of triangles 
and to other applications of the preceding formulaB, the student should 
make himself acquainted with the arrangement of, and the mode of 
consulting, the trigonometric tables. We shall here speak of those 
points only that are common to all tables, but it will be necessary 
to consult also the explanations that are always prefixed to a table 
in order to understand any peculiarity that may attach to it. We 
suppose also that he is acquainted with the nature and use of the 
common tables of logarithms of numbers. 

There are two principal trigonometric tables;* the first, called the 
Table of Natural SineSj ^c.j contains simply the numerical values 
of the sines, tangents, &C. for each given value of the angle; the 



* The most conyenient BeYen-fignre tables yet published in this conntrj are 
StanUy^a, already mentioned, p. 12. Loomit^a (New Tork, 1848) are conyenient 
six-figore tables. Downet^a fiye and four-figure tables, (now publishing in Phila- 
delphia), will be found to possess many adyantages of arrangement, type, &o. 
Computers engaged in extensiye and yaried calculations require all three of these 
works, or others equiyalent. Trigonometric functions and their logarithms are, for 
the most part, approximate quantities expressed with more or less accuracy by a 
greater or less number of decimals ; and the selection and use of a particular 
table in any case is to be determined by the degree of precision sought for in the 
results. We might indeed employ seven-figure, or eyen ten-figure tables in all cases, 
and reject the final figures of our resulls, when a lower degree of approximation is 
thought sufficient ; but it is clearly a loss of time and labor to* employ other figures 
besides those that are necessary in arriying at the proposed degree of precision. 

To the aboye should be added Bowditch's fiye-figure tables in his Epitome of Nayi- 
gation, which are doubtless free from all typographical errors, haying passed 
through a number of editions from stereotype plates. 

Of the foreign tables, we may mention Taylor's, Button's, Babbage's, Shortrede's, 
in England ; Callet's, Bagay's, Borda's, in France. Bagay's Tables give the log. 
functions to eyery second of the quadrant ; Borda's giye the functions correspond- 
ing to the centesimal diyision of angles, (Art. 6). 

For computations requiring more than seyen figures, recourse must be had to the 
ten-figure tables of Vlacq, Theaaurua Logarithmorum CompUtua, edited by Yega, 
(Leipzig, 1794). 
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second, called the TahU of Logarithmic 8ine9y ^c.j contains the lo- 
garithms of the numbers in the first table. As the greater part of 
the computations of trigonometry are carried on by logarithms, the 
latter table is by far the most useful. 

Table op Natural Sinks, &c. 

91. The arrangement of this table will be understood from a sim- 
ple inspection. It contains the sines, &c. of angles between zero 
and 90°, generally for every, minute, and the functions of angles 
consisting of a number of degrees, minutes, and seconds, have to be 
found by interpolations similar in their nature to those that are re- 
quired in using tables of logarithms of numbers. This interpolation 
is based upon the supposition that the differences of the sines, &c., 
are proportional to the differences of the angles; and this propor- 
tion, though theoretically inexact, gives, in general, a suflScient ap- 
proximation, provided the differences of the angles of the table are 
sufficiently small. When the greatest accuracy is desired, the tables 
should give the angles to every second, or at least to every 10", and 
the sines, &c., should be given to at least seven decimal places. 

92. As every angle between 45° and 90° is the complement of 
another between 45° and 0°, every sine of an angle less than 45° 
is the cosine of another greater than 45° ; every tangent is a cotan- 
gent, &c. ; hence the angles at the top of the tables generally extend 
only to 45°, and the same functions answer for the remaining 45°, 
by giving them at the bottom of the table the names of the comple- 
mental functions. 

93. As the sines, &c., pass through all their possible numerical 
values, while the angle varies from 0° to 90°, the tables are not ex- 
tended beyond 90° ; but we easily deduce the functions of all other 
angles by the principles of Chap. HI. 

For the functions of an angle between 90° and 180°, we may take 
the same functions of its supplement, observing to prefix the proper 
algebraic sign. Art. 39. Thus, from Hutton's Tables we find 

sin 140° 16' = sin 39° 44' = 0-6392153 
cos 140° 16' = - cos 39° 44' = - .0.7690278 
tan 140° 16' = - tan 39° 44' = - 0-8311992 
cot 140° 16' = ~ cot 39° 44' = - 1.2030810 
sec 140° 16' = - sec 39° 44' = - 1-3003431 
cosec 140° 16' = cosec 39° 44' = 1-5644181 
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remembering that in the 2d quadrant all the functions are negative 
except the sine, and its reciprocal, the cosecant. 

Or, we may (Art. 38) deduct 90° from the given angle and take 
from the table the complemental functions of the remainder, prefix- 
ing the signs as before; thus 

sin 140° 16' = cos 50° 16' = &c. 

cos 140° 16' = - sin 50° 16' = &c. 

♦ 

•which is the better practical method, as the subtraction of 90° may 
be performed mentally. 

94. For angles between 180° and 270°, we deduct 180° and take 
the same functions of the remainder, prefixing the signs that belong 
to the 3d quadrant. Art. 41 ; thus 

sin 220° 26' = - sin 40° 26' 
cos 220° 26' = - cos 40° 26' 
tan 220° 26' = + tan 40° 26' &c. 

95. For angles between 270° and 360°, we may deduct 270° and 
take the complemental functions of the remainder, prefixing the signs 
that belong to the 4th quadrant. Art. 43; thus 

sin 331° 27' = - cos 61° 27' 

cos 331° 27' = + sin 61° 27' 

tan 331° 27' = - cot 61° 27' &c. 

Or we may take the mme functions of the difference between the 
angle and 360°, Art. 44, observing the signs. 

96. Above 360° we deduct 360°, and take the same functions 
with their signs, Art. 45 ; and if the angle exceeds 720°, 1080°, &c., 
we deduct 720°, 1080°, &c. ; thus 

cos 840° 45° = cos 120° 45° = - sin 30° 45' 
tan 1372° 13' = tan 292° 13' = - cot 22° 13' 

Table of Loqarithmic Sines, &c. 

97. In this table we find the logarithms of the numbers in the 
Table of Natural Sines arranged in precisely the same manner ; it 
will therefore require but little additional explanation. 

As the sines and cosines are all less than unity (being by their 
definitions proper fractions), their logarithms properly have negative 
indices; but these are avoided in the usual manner by increasing the 
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index by 10, bo that we find the index 9 instead of ^ 1, 8 instead 
of ^ 2j &c. The tangents under 45^ being also less than imitj, 
the indices of their logs, are also increased bj 10. 

In some tables, to preserve nniformitj, the indices of the logs, of 
all the functions are increased bj 10, so that the log. secants and 
cosecants are always greater than 10. In using these tables, we have 
the general rule that for each log. function added in forming a sum 
we must deduct 10 from that sum. 

98. Since 



sec J. 



COB^ 

we have log sec -4. = — log cos A 

or since the tabular log. cos. is increased by 10, 

log sec J. = 10 — log cos A 

that is, the log. secant is the arithmetical complement of the tabular 
log. cosine. For a like reason l6g. cosec. is the ar^ co. of the log. 
sin. ; and log. cot. is the ar. co. of the log. tan. 
Also since 

, einA 

tan A = J 

cos^ 

log tan A = log sin A — log cos A 

by which property, together with the preceding, we may obtain by 
subtraction only, the log. tan. cot. sec. and cosec. from a table con- 
taining only the log.. sin. and cos. 

99. When the natural sines, &c. are negative, we shall in this 
work indicate it by prefixing the negative sign also to their logar- 
ithms ;* thus we shall write 

cos 140° 16' = - 0-7690278 

and log cos 140° 16' = - 9-8859420 

* Strictly speaking, negative numbers have no logarithms, but in practice, the 
multiplication, division, &c. of numbers is performed without reference to their signs, 
i. e. as if they were all positive, and the sign of the result is then deduced from the 
signs of the factors according to the rules of algebra. We employ logarithms sim- 
ply to effect the first of these operations, i. e. the multiplication, division, &c. of 
the numbers considered as positive ; and to facilitate the second operation, or the 
determination of the sign, we prefix to the logs, the signs which are prefixed to the 
numbers to which they belong. 
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As the logs, of all the trig, functions are positive (being rendered 
BO by the addition of 10 where necessary), it will easily be remem- 
bered that the sign in the latter case is not that of the logarithm, 
but of the number to which it belongs. 

Elementary Method of Constructing the Trigonometric 

Table. 

100. By dividing tc = 8-1415926 by the number of seconds in 
180°,. we found (Art. 9) the length of the arc 1", and (Art. 54), the 
^ine of 1'', which is sensibly equal to the arc. In the same manner 
we find, by dividing by 10800, 

sin r = 0.0002908882 
and by (7) 

cos 1' = ^ (1 - sin» 10 = ^ [(1 + sin 10 (1 - sin 10] 

= >/ (1.0002908882 x -9997091118) 
or performing the arithmetical operations 

cos V = 0.9999999577 
Then by (lOi) and (103) 

sin (a; + y) = 2 sin a; cos y — sin {x — y) 
cos (a; + y) = 2 cos a; cos y — cos {x — y) 

in which we can suppose y to be constantly equal to 1' and x to be-> 
come successively 1', 2', 3', &c. Thus, first substituting y = 1', 

sin (a; + 10 = 2 sin a; cos 1' — sin {x — 10 
cos (a; + 10 = 2 cos x cos 1' — cos (a; — lO 

then if a; » 1', 2', 8', &c., we find for the sines 

sin 2' = 2 cos 1' sin V - sin 0' = 0.0005817764 
sin 8' = 2 cos 1' sin 2' - sin 1' = 0-0008726646 
sin 4' = 2 cos 1' sin 8' - sin 2' = 0.0011636526 
sin 5' = 2 cos 1' sin 4' - sin 3' « 0-0014544407 

&c. &c. 

and for the cosines 

cos 2' = 2 cos 1' cos 1' - cos 0' = 0-9999998308 
cos 3' = 2 cos V cos 2' - cos 1' = 0-9999996193 
cos 4' = 2 cos 1' cos 8' - cos 2' = 0-9999993232 
cos 6' = 2 cos 1' cos 4' - cos 3' = 0-9999989425 

&c. &c. 
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The whole difficulty in this operation consists in the multiplication 
of each successive sine or cosine by 2 cos 1' = 1*9999999154 ; but 
this multiplication is much shortened by observing that 

2 cos V = 1.9999999154 = 2 - -0000000846 

so that if we put 

m « .0000000846 
we have 2 cos 1' -• 2 — m and therefore 

sin 2' = 2 sin 1' — sin 0' — w sin V 

sin 3' = 2 sin 2' - sin V - w sin 2' 

sin 4' = 2 sin 8' — sm 2' - m sin 3' 

kc. 

• cos 2' = 2 cos 1' — coE^ 0' — m cos V 

cos 8' = 2 cos 2' — cos V — m cos 2' 

cos 4' = 2 cos 3' - cos 2' - m cos 3' 

&c. 

which are computed with great facility. 

101. It is not necessary, however, to continue this process beyond 
30° ; for by (159) and (162) we have 

sin (30° + y) = cos y - sin (30° - y) 
cos (30° + y) = cos (30° — y) - sin y 

so that the table is continued above 30° by the simple subtraction 
of the sines and cosines under 30° previously found. Thus, making 
y successively 1', 2', 3', &c. 

sin 30° 1' = cos 1' - sin 29° 59' 

. sin 30° 2' = cos 2' ~ sin 29° 58' 

sin 30° 3' = cos 3' - sin 29° 57' 

&c. 
cos 30° 1' = cos 29° 59' - sin T 
cos 30° 2' = cos 29° 58' - sin 2' 
cos 30° 3' = cos 29° 57' - sin 3' 

&c. 

This last process requires to be continued only to 45° since the 
sines and cosines of the angles above 45° will be respectively the 
cosines and sines of their complements below 45°. 
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102. The tangents and cotangents may be found from the sines 
and cosines by the formulae 

sin X cos X 

tan X = cot X = -; — 

cos X sm X 

and the secants and cosecants by the formulae 

1 1 

sec X = cosec x 



cos X sm a; 

103. In so extended a computation as the construction of the en- 
tire table, it is necessary to verify the accuracy of the work from 
time to time, by separate and independent calculations. By means 
of (138) and (139) we can find from the cosine of an angle the sine 
and cosine of its half; hence from the cos. 45° = %/ J we can find 
sin. and cos. of 22° 30', and from these the sin. and cos. of 11° 15' 
by the same formulae ; and from cos. 30° = J \/ 3 we can find sin. 
and COS. of 15°, 7° 30', and 3° 45'. If these agree with those found 
by the first prccess, the whole work may be considered as correct. 

104. There are yarious other angles whose functions can be expressed under finite 
forms more or less simple, and may therefore be employed for the purpose of yerifi- 
cation. 

Let X ss 18° ; then 3 x + 2 x as 90° and cos 8 x s sin 2 x, whence, by Art. 76, 

4 cos' X — 3 cos X =s cos 8 X ss 2 sin X cos X 
4 cos* X — 8 = 2 sin X 

4 (1 — sin* x) — 8 = 2 sin X 
sin* X 4- } sin 3; = J 

which equation of the 2d degree being resolyed, giyes sin x ss 

sin 18° = cos 72° = >/llzl 
4 

Tfhence cos 18° = sin 72» = ^("> + 2v^6) ' 

4 

From these by (138) and (139), we find the sine and cosine of 9° and 36°; then 
by (37) and (39) those of 36° — 80° = 6°, whence those of 3° ; after which it 
will be easy to form a table of the exact yalues of the sines and cosines for every 
3° of the quadrant. "^ These expressions, however, are not of much use, directly, 
in the construction of tables, as we have much better methods ; but they lead to a 
formula of verification which is of some importance. We find 

cos36o = :^^^+i 



* A table of this kind is given by Cagnoli in his T^onometrie. 
7 , E 
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And by (102) 

.!_ «\ a\n nV> w^ .. 9 Ana 75© aSn « ... >£ 



Bin (72« + y) — sin (72« — y) « 2 cos 72« Bin y at ^^^ — ^ sin y 



Bin (86« + y) — Bin (86<» — y) = 2 cob 86o ain y « ^^-"*"^ sin y 

the differenoe of these eqaataons i^ybb 

Bin (86® + y) — Bin (86« — y) =a Bin (72o + y) — Bin (72o — y) + sin y 

whioh is JSuler' 9 formula of veriJUaHofu By giving y any value at pleasnre, the cor- 
rectness of five sines of the tables is examined. By substituting 90° — y for y in 
this formula it is easily reduced to the following 

sin(90«— y) + sin (18« + y) + sin (IS^ — y) « sin (54o + y) + sin (64*»— y) 

which is known as Legendre's formula, though not essentially different from Euler's. 
105. The method that has here been given for computing the trigonometrio table, 
though simple in principle is neyertheless BufElciently operose. The method by in- 
finite series, to be given hereafter, will be found to be much more rapid and Bimple 
in practice. 
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CHAPTER VI. 

SOLUTION OP PLANE RIGHT TRIANGLES. 

106. In order to solve a plane right triangle, two parts in addition 
to the right angle most be given, one of which must be a side. 
The solution is effected directly by means of our ng. i6. 
definitions of sine, &c., which are expressed by 
the equations (1). As three of the six functions 
are only the reciprocals of the other three, we 
shall base the solutions upon the following three ; 
(Fig. 15): 

• A ^ A ^ J, A ^ 

sm -4. = — cos -d = — tan -1 == -r 

c e 

Since each of these equations expresses a relation between three 
parts — an angle and two sides — it follows that in order to apply them, 
or in order to solve the triangle trigonometrically^ there must be 
given two of these parts ; and that of the three parts considered, 
one must be an angle while the other two are sides. Thus, if an 
angle and side are given, the third part sought must be a side; but 
if two sides are given, the third part sought must be an angle. 

In every instance the choice of the proper equation will be deter- 
mined by the precept, — employ that trigonometric function of the 
angle which is equal to the ratio of the two sides considered. 

107. Case. I. Given the hypotenuse and one angle, or c and/A. 
To find a. We consider a, a and A; and since the ratio of a and 

e is given by the sine, we have 

sin -4. = — whence a = c sin -4. (1^5) 

To find b. Considering b, c and A, we have the ratio of b and e 
expressed by the cosine, or 

cos -4. = — whence b = e cos A (1^6) 

To find B. We have £ = 90^ - A. 
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The required quantities a and b being equal to the product of two 
factors, the computation is conveniently performed by the addition 
of the logarithms of these factors. 

Examples. 

1. Given e = 672.8412, A =» 35° 16' 25"; to find the other parts. 

By (195) By (196) 

c = 672.3412 log 2.8275897 log 2-8275897 

A = 35° 16' 25" log sin 9-7615382 log cos 9-9119049 

a = 388.2647 log* 2-5891279 J = 548-9018 log* 2-7894946 

Ans. a = 388-2647 
6 = 548-9018 
5 = 54° 43' 35'' 

2. Given e = 42567-2, B = 87° 49' 10"; find the other parts. 

Ans. a = 1619-626 
5 = 42536-37 
^= 2° 10' 50" 
108. Case II. GHven the hypotenuse and one side, or c and b. 
To solve this case trigonometrically, we must first find an angle. 
To find A. We have 

cos ^ = - (197) 

To find a. We have, by the preceding case, 

sin J. = — a = <? sin -4. (198) 

But a may be found by geometry from the equation 
^2+6^ = c^ whence a^ ^ c^ -- b^ 
a = ^ (c^ - 62) == ^ |-(^ + 6) ((? - 6)] (199) 

Examples. 

1. Given c = 672-3412, b = 548-9018; find A and a. 

By (197) By (198) 

6 = 548-9018 log 2-7394946 

e = 672-3412 log 2-8275897 log 2-8275897 

A = 36° 16'25" log cos 9-9119049 log sin 9-7615382 

a = 388-2647 log 2-5891279 

* Ten is rejected from each of these indices because the logarithms of the sine 
and cosine in the table are ten too great. Art. 97. 
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By (199) 

«= 672.3412 

J= 548-9018 
tf + 6 = 1221-2430 log 3-0868021 
<j - 6 = 123-4394 log 2-0914538 

2)5-1782559 

a = 388-2647 log 2-6891279 

An«. ^ = 35°16'25" 
B = 54°43'35" 
a =* 388-2647 
2. Given e = -092357, b = -058018 ; find a. 

An$. a =■ -071859 

109. Gasb III. CHven an angle and its adjacent side, or A and b. 
To find a. We have 

tan A *= -r -whence a » ( tan A. (200) 

To find e. We have 

cos -4 = — whence, by (2), e = 7 = bBeeA (201) 

(/ COS j3i 

or directly from the secant 

sec J. = -7- . whence c == 6 sec J. 



Examples. 

1. Given ^ = 88° 59', b = 2-234875 ; find the other parts. 

Ans. a = 125.9365 
c = 125.9563 

2. Given S = 60*^, a = 10 ; find c. (See Art. 29). 

Ans. c = 20. 

110. Case IV. Given an angle and its opposite side^ or A and a. 
To find c. We have 



• A ^ 

Sin J. = — 
c 


^ A 

c = - — 7 = a cosec A 
sin ^ 


(202) 


We have 






tan Jl = -r 




I = : J =s a cot ul 

tan^ 


(203) 



s2 
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Examples. 

1. Given A = 25° 18' 48'', a - .085628 ; find J. 

An%. h » -1810278 

2. Given B « 89° 17' 5", J - -01 ; find c. 

Am. c « .0157934 

111. Case Y. Cfiven the two $ide$f or a and b. 
To find A and B. We have 

tan^«cot-B»y (204) 

To find e. We have 

a a 

sin J. SB — <? =s -; — X « a cosec A (206) 

c sm -4. ^ ^ 

We may also find e directly by geometry, from 

c* = a* + J* whence c = \/ (a* + 6') 

but this is not readily computed by logarithms* 

Examples. 

1. Given a = 30,. 6 = 40 ; find c. Ana. c = 50 

2. Given a = 8.678912, 6 = 2.463878; find A and c. 

Am. ^=:74°9'4".l 
e « 9.021875 

Additional Fobmuljb fob Bight Tbiangles. 

112. By inspectmg the tables it will be seen that when the angles are very small, 
the cosines differ yer j little from each other ; consequently a small angle cannot be 
found with very great accuracy from its cosine. For a similar reason an angle that 
is nearly 90° cannot be accurately computed from its sine. It is therefore desirable, 
when a recjuired angle is small, to find it by its sine, and when near 90** by its co- 
sine, or in either case by its tangent or cotangent ; and for this purpose special for- 
mulae are sometimes necessary. We shall deduce several such formuUo, from which 
one adapted to a particular case may be selected. 

118. From (197) we find, by (189) 

1 — cos 21 ^ 2 Bin* ^ ^ ^ 1 ^ 

e e 



8inM = J(Vr*) <206) 



which may be used instead of (197), when A is small, that is when h is nearly equal 
to c. It gives also 

e--b^2esiD*iA (207) 

by which e — b may be accurately found when A is small. 
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Also from (197), by (140) 

-M-j(j^=^)-j(:-fl)---^ (».) 

114. From the equation 



siii-4 := — 
c 



wo deduce by (158) and (164) 

«n(45»±M)=J(^") (209) 

008 (450 ± } ^) = J (i^) (210) 

tan(45o±}^)=J(lJl) (2H) 

a 
and from tan -<4 := -r- we find by (161), 

tan (46*> zfc ^) = i^ (212) 

116. By (186) we hare 

ft*— fl« 



cos 2 ^ ^ cos* A — sin* A i 



By (186) 
and from (218) and (214) 



which, since 2 ^ = ^ + 90*> — 5 = 90° — (5 — ^), gives 

sin(i?-^)^(^ + y"") (213) 

008 (^ — .^) » sin 2 ^ IB 2 sin ^ 008 ^ at ^~ (214) 

Uu(B-^) = (i±|>i|zi^) (216) 

by which J? — ^1 is found with great accuracy when b and a are nearly equal. 
ExAHPLK. Giyen e » 4602-836, b ^ 4602-21069 to find A. 

By (206). 
c — 6 ss= 0-62641 log 9-7961648 

2e = 9206-672 log 3-9640656 

2) 6-8321098 
iA = 2W 2Q"'1S log sin } ^ =s 7-9160647 
A = 56' 40"-36 

The ordinary process gives log cos A sa 9-9999410, whence u4 s^ 66' 40". These 
results are obtained by Stanley's Tables, in which the log. sines, &c., are given for 
every 10" for the first 16^. A greater discrepancy between the two results would be 
found by tables in which the functions were given only for each minute. 

A slight error remains in the value of } ^ ^ 28' 20" -18, on account of the large 
differences of the log. sines in this part of the table, or rather on account of the 
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rapid change of these differeneee. We ayoid the use of these large dilTereiiceSy and 
gain somewhat in aoonraoyt hj employing the approximate yalue of sin. ^ A given 
by (98), whence 

Thus we have foond aboTe log sin } ^ ^ 7 '91 60547 

Art 64, log sin V » 4-6865749 

} ^ » 1700"12 » 28' 20"-12 log i A = 8-2804798 

But to obtain } A with the utmost precision, reoonrse must be had to the follow- 
ing process, which is constantly employed in observatories, and whereyer small angles 
are to be computed with extreme accuracy. Special tables are prepared containing 
for eyery minute from 0^ to 2^ the logarithms of 

sin « , tan x 

X X 

which do not yary rapidly, and may therefore be taken with accuracy from the 
tables. Then we haye 

sin X , sin X 

BinX^sZ. :bX.A « a= — =— 

X h 

tanz , tanx 

tan X ^ X . :=x,k x s= — ; — 

z k 

A table of this kind will be found on page 156 of Stanley's Tables, where the 
notation used is 

; =s log sin X, n =s log x 

and therefore in the column marked q—n we find the log . Thus in the above 

example we have found log sin } ^ =r ^ ss 7 '91 60547 

and from the table q-^ s 4-6865700 

iA=z 1700''-14 = 28' 20"-14 logiA^wz n = 8-2304847 

which is the true value of } ^ within 0"*01. 
Stanley's Table contains also the values of 



, tanx 

log -^ = ? — n 


(q =s log tan x, 


n = log x) 


^°«sinx = ^+" 


(q ss log coseo X, 


n = logx) 



log jj^ = 9+n (? = log cot X, n =s log x) 
the use of which may easily be inferred from the example just given. 
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CHAPTER Vn. 



FORMULiE FOR THE SOLUTION OF PLANE OBLIQUE TBDLNGLES. 

116. As every oblique triangle may be resolved into two right 
triangles by a perpendicular from one of the angles upon the 
opposite side, we are enabled to deduce all the formulsd for their so- 
lution from those of the preceding chapter. 

117. The aides of a plane triangle are proportional to the sines 
of their opposite angles. 

Denote the angles of the triangle ABOj ng,!^. 

Fig. 16, by Aj B and (7, and the sides oppo- 
site these angles respectively by a, h and c. 
From C draw CP perp. to AB and put ^" 
OP = p. Then in the right triangles A OPy B OPj we have, 
by (196) 

p ^ hmi Ay p =^ asm B 




whence 



b mi A ^ asmB 



which, converted into a proportion, gives 

a : 5 = sin J[ : sin j5 

and in the same way we may prove that 

a: e ^ sin A : sin O 
b : c — sinB isin 

and these three proportions may be written as one, thus : 
a:b : c = sin A: sin B : sin O 

a __ J _ c 
sin -4 "" sin -B ~ sin (7 



(216) 



or thus, 



(217) 
(218) 



When the perpendicular falls without the 
triangle. Fig. 17, the angle OBP is the sup- 
plement of By but by Art. 39, it has the same 
sine, so that the triangle OBP gives a 

^ = a sin OBP = a sin j5 

8 



Fig.l7, 
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The proposition is therefore 



the same as was found from Fig. 16 
general in its application.* 

118. The sum of any two sides of a plane triangle is to their dif- 
ference as the tangent of half the sum of the opposite angles is to 
the tangent of half their difference. 

For, by the preceding article, 

a : & s sin J. : sin £ 
whence, by composition and division, 

a + ft:a— J="sinjl + Bin5:sin-4.— sinJB 
But from (109) if « = J., y =« 5 we obtain the proportion 
sin J. + sin jB : sin -4. — sin 5 = tan J (J. + 5) : tan J (-4 — ^) 
which, compared with the above, gives 

a + J : a - J « tan i (j1 + J) : tan i (^ - £) (219) 
This may also be written 



a+b ^ ts,ni{A + B) 
a — b tanJ(JL--B) 



(220) 



Flg.16. 



and we may infer the same relation between ft, c, By O and a, <?, 

A, a 

119. The square of any side of a triangle is equal to the sum of 
the squares of the other two sides diminished by twice the rectangle 
of these sides multiplied by the cosine of their included angle. 

In the triangle ABO^ Figs. 16 and 17,* 
we have either 

BP^c-AF orBP^AP-c 

but in both cases 

BP^ = AP^+c^-2cxAP 
Adding OP^ to both members, we find 
a« = J2 + c«-2(?X AP 

But the triangle A OP gives by (196) 
AP = J cos A 




* The consideration of Fig. 17 was not strictly necessary according to the prin- 
ciple stated in Art. 49. It may, howeTer, be useful for the student to yerify that 
principle when conyenient. 
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whicli substituted in the preceding equation gives 

a« = J« + (?a - 2 Jtf cos A (221) 

as was to be proved. We have in the same way 

J« = a« + c* - 2 a(? cos JB (222) 

c» = a* + 6« - 2 aJ cos ^ (223) 

120. The same result is obtained from the foUoTring equations (which are evident 
from Fig. 16, where e:ss AP'\- PB) 

a sa & cos (7 4- C 008 ^ 

5 = c cos ^ + a cos (7 - (224) 

« ^ a cos i? -4~ ^ cos ^ 
;From the first of these 

e cos ^ aa a — h cos C 
trbence c" cos* B ^ a* — 2 ab cos €-{• b* cos* 

and from (218), <^ sin* -B « b* mu* C 

the sum of which two equations is, by (18), 

^ = «• — 2 06 cos (7+ 6* 

121. From (221) we find 

^^^^ 2Tc (225) 

by which an angle is found when the three sides are given ; but to 
adapt it for convenient computation by logarithms, the following 
transformations are nece^ary : 

Subtract both members from unity ; then 

1 _ eos^ 2j^^ 26^ 

But, by (139), making a: = J., we have 

1 — COS -4 = 2 sin* \ A 

Also, the numerator of the second member being the difference of 
two squares may be resolved into two factors, viz. : the sum and the 
difference of a and J — c ; thus, 

.a»-(6-c)» = [a-(J-(?)]x[a+(J-e?)] = (a-5 + e?)(a + J-c) 

Substituting these values in the above equation and dividing by 2 
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This may be simplified by representing the half sum of the three 
sides by 8j or by patting 

a + ft + c- 2» 

whence 

a-J + c«a+ft + c — 2J«2«-2ft = 2(« — 6) 
a + J-<?=.a + 6+c — 2c=»2«-2c = 2(« — c) 

which substituted in (226) give 

In the same manner we should find from (222) and (223) 

122. Add both members of (225) to unity ; tben 

. 2 Jc + J» + c»-a» (J + c)«-o» 
1 + cos^ ^^ a^ 

But by (138) 

1 + cos -4. = 2 cos* } J. 

Also, (J + <?)»-a»-(J + c + a)(J + c-o) 

therefore 

.„.. XA- {b+e + a)ib+c-a) 

Substituting • in the numerator as in the preceding article 

cos'M = '-^^ (229) 

and therefore also 

co8'J5=^i^, co8»JC-i^^) (230) 

123. Dividing (227) by (229), we have, by (14) 

and in the same manner 

tan*j5 = (-li:;MiZ^, tan'ja-^i^^i^) (232) 
^ « (« — 6) * «(« — <?) ^ ^ 
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124. The preceding formnlee are fufficlent for the resolution of all the nsual casea 
of plane triangles ; but there are others that are occasionally useful. From (218) 
ire find, by (105), (106) and (185), 

fl + 5 sin -<4#4- siJi ^ sin J (-4 + J?) cos \ {A — B) 

sin j^ C7 cos j^ (7 



sin j^ C/ cos j^ (7 

} (^ + ^) = 90O — } (7 
cos } (^ + i?) = sin } (7 





e 


8inC7 






a — b sin 
e 


a — sin 
sinC7 


B 

— : 


But 


since-4 + -B+ G = 


= 180<», 






A + B=^ 


180O — 


0, 




BmiiA + B) 


=s cos} 


0, 


by means of which we find 







a^h ^ cos } (^ — -B) _ cos ^{A—'B) 

c ■" sin} G ■" cos \Ia + B) 

a-^h sin } (^ — B) ^ sin } (^ — ^) 

c ~" cos } C7 ~ sin } (-4 + ^) 



(288) 
(234) 



The quotient of (238) divided by (234) giyes (220). 

125. Adding unity to both members of (288), or subtracting it, we haye, by 
(108) and (104) 

a-\.h-\-e ^ cos } (^ + ^) + cos } (^ — B) _ 2 cos } ^ cos } B 
~e cos } (^ + J?) ■" sin } (7 

gj^h — t _ cos \{A^ B) — cos \{A'\' B) 2 sin } ^ sin } ^ 
e ■" cos } (^ + -6) ™ sin } (7 

Similarly from (284) we find 

c + a — ft _ sin } (^ + ^) + sin } (^ — ^) _ 2 8in}u4co8}^ 
c sin } (-4 + -S) "" cos } G 

c — g + 6 sin } (^ + jg) — sin } {A ^ B) 2 cos } ^ sin } ^ 
e sin } (-4 + -S) cos } G • 

Substituting « ^ } (a -4- ^ + <^)> these equations become 

(286) 

(286) 

(287) 

(288) 





8 

c 


= 


cos 


i^ 


cos} 


B 






sin 


}C7 




9 


— e 
e 


= 


Bin 


iA 


sin} 


B 






sm 


io 




8 


— 5 




sin 


iA 


cos} 


B 




e 






cos 


iO 




S 


— a 
e 




cos 


iA 


sin} 


B 






cos 


iO 












F 
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From these equations we ean deduce immediately (227) fte. ; for example, ex- 
olianging e for & in (286), we haye 

< — 6 gin ^ ^ Bin } C 
b ™ Bin^^ 

which, multiplied by (286) giyes (227). 
126. Four times the product of (227) and (229) is by (185) 

sin«^«g±...(.-a)(,-6)(,-c) 

whence 

2 



sin 



^«.jj-^[.(.-a)(.~6)(.-e)] (239) 



Exchanging A tar B and C successiTely, this {^tcs also 

Bini?=-l.^[*(«-a)(.-6)(*-.c)] (240) 

Bin(7=4-^['('-")('-*>('-*)] (241) 

In these equations put* 

jr= v' [«(« — «)(« — *)(« — «)] (242) 



then 

• A 2 jflC . •»» 2 jflC • >» 2 Jx -_ ^^. 

Bin .i = -=— Bin ^ B Bin (7 = —T- (248) 

6c ae db ^ ' 

The quotient of the first of ihese divided by the second is 

sin ^ ae a 
sin -B be b 

which brings us back to the theorem of Art. 117. 

127. The sum of A, B and Q being 180^, and the sum of } ^, } ^ and \ C being 
W*, we haye, by Arts. 86 and 86, the following relations among the angles of a plane 
triangle. 

tan^+ tan^+ tan(7as!tan^tani?tan(7 

cot } ^+ cot } J? + cot } (7ss cot } ^ cot } ^ cot } (7 

sin ^ -|- sin J? -|- ^in (7 ^ 4 cos } ^ cos } j5 cos } (7 

Bin-<4+ sin-B — Bin(7^4sin}-<4Bin}J?cosJC7 

Q09 A '\- Qos B '\' eo^ O — 1 =s 4 sin } ^ sin } jB sin } (7 

cos J. -4' cos ^ — cos (7 + 1 ^4 cos } ^ cos } £ sin } C7 

in the last of which we may interchange A, B and (7. These relations may be sub- 
stituted in the equations of Art. 125. 

* iT is the area of the triangle. See Art. 148. 
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128. The following equations are added as exercises. 

.^ ? p = » tan J ^ tan J ^ SB 

tan ^ B 9 — a ^ ^ § 

sin (A^B) _ (a+ b) (a — h) 
sin (^ + ^) ~ (^ 

tan } ^ tan } ^ cot } (7 « ^^^ 

cot } ^ + cot } J? + cot jt (7ss --: 

JX 

Bin}^tin}j&sinit^B -; — 
abca 

cos iAooBiBeoBiO = — r— 
aoe 

tan } ^ tan } ^ tan } (7 = ^ 
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CHAPTER Vm. 




SOLUTION OF PLANE OBLIQUE TRIANGLES. 

'^•i*- ^ 129. Case I. Gfiven two angles and one 

9ide^ or A^ B and a. Fig. 18. 
To find the third angle. We have 

(7=180°-(-4 + -B) 

To find h and c. We apply the theorem of Art. 117, and state 
the propolrtions thus: the sine of the angle opposite the given side is 
to the sine of the angle opposite the required side, as the given side 
is to the required side. Thus we have 

sin -4 : sin jB = a : 6 



whence 

and 

whence 



asin Jg 

sin J. 



= asin£cosec^ 



sin A: sin (7= a: c 
a sin (7 



sin J. 



asmO cosec A 



Examples. 
1. Given A = 50° 38' 52'', B « 60° T 26" and a 
to find (7, b and c. 

A + B = 110° 46' 17" 
(7= 69° 18' 43" 

Bj (244). 
A = 50° 38' 52" log cosec 0-1116730 
£==60° 7' 25" log sin 9.9380702 
(7 ==69° 13' 43" 
a = 412.6708 log 2-6156037 



(244) 



(245) 



412.6708, 



log 5 2.6663469 
6=462.7506 



By (246). 
log cosec 0.1116730 

log sin 9.9708129 
log 2.6166037 
log c 2.6980896 
£? = 498.9875 
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2. Given A = 100° 16' 36", B = 25° 16' 13", and b = 29-167, 
find a and c. 

Ans. a - 67-22867 
c = 66.69178 



130. Case I. Given A^ B and a. Second solution. We find C 
then, by (233) and (234) 

COB }^ — <^ _ „ cos} (- g—Q 



6+C! 



• cos J (^+(7) 



sin ^ A 



1800 — (^ + 5); 
(246) 



^ _ BJnJK^— C) _ sinH^— ^ 



8inJ(J5+C7) 



cos i A 



(247) 



which give the sum and difference of the required sides ; adding half the difference 
to half the sum, we find the greater side, and subtracting half the difference from 
half the sum, we find the less side. 

131. Casb I. Given A, B and a. Third Solution. When A and B are nearly equal, 
and great accuracy is 'desired, we may compute the difference between a and b ; for 
we have, from (244), 

a sin ^ sin ^ — sin B 



a — 5 := a 



sin^ 



sin A 



(248) 



=1 85« 87' 48"-6, and a 


s 26246-948. 


g oosec 0-2342442 


0-23424 


log 2 0-8010300 


0-80108 


log cos 9-9098720 


9-90987 


log sin 6-5423038 


6-54230 


log 4-4190788 


4-41908 


log 1-4066288 


1-40652 



a — 6 — 2 g cos } (^ + B) sin j (A — B) 
sin -4 
Example. Given A = 85« 40' 12"-8, B -. 
A = 86<» 40' 12"-8 lo 
B ss 85« 87' 48"-6 
i(A + B)=^ 850 89' 0"'5 
} (^ — J?) = (y V ll"-9 
a = 26246-948 
a — 5 = 25-499 
&ZS 26221-449 

One of the advantages of this process is, that a — b may be found with sufficient 
accuracy with five-figure tables, as in the second column of logarithms above. If a 
had been given to ten figures instead of eight, we should still have been able with 
the seven-figure logs, to find a — 6 to seven figures, and therefore b to ten figures, 
which could not be done by the ordinary methods without ten-figure tables. 

132. Case II. Given two sides and an angle opposite one of 
them, or a, h and A, 

To find B. To find the angle opposite the other given side, we 
apply Art. 117, and state the proportion thus : the side opposite the 
given angle is to the side opposite the required angle as the sine of 
the given angle is to the sine of the required angle. Thus, with the 
present data, we have 



a : J = sin J. : sin JB whence sin B 
9 r2 



b sin A 



(249) 
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To find a We have (7« 180^ -{A + B) 
To find c. Having found Oj we now have the data of Case I. 
therefore, by (245) 

c^asm OcosecA 



(250) 



ng. 10. 




133. It is shown in geometry that when two 
sides and an angle opposite one of them are 
given, there may be constructed two triangles, 
as in Fig. 19, whenever the given angle is ^. 
acute and the given side opposite to it is less 
than the other given side. In one of them, the required angle £ is 
acute, and in the other it is obtuse, and the two values are supple- 
ments of each other ; for 

These two values of B are given in the trigonometric solution by 
the consideration that sin B found by (249) is at once the sine of an 
acute angle, and the sine of its supplement. Art. 39. 

In general, when an angle is determined 
only by its sine, it admits of two values, supple- 
ments of each other, unless the conditions of 
the problem are such as to exclude one of these 
values. In the present case, the obtuse value 
of B is excluded when a is greater than 5, and 
there is but one triangle whether J. is acute or 
obtuse, as in Fig. 20. 

134. If the given parts were such that 



a = 5 sin A 

a would be equal to the perpendicular from upon the side (?, and we 
should have but one solution, namely, a right triangle, B and its 
supplement both being 90°. 

135. If the given parts were such that 

a < J sin J. 

a would be less than the perpendicular from and the problem 
would be impossible. It would also be impossible if a < 6 while 
A > 90^ 

136. When there are two solutions, represent the two values of B 
by -B' and 5", then the two values of will be 

(7' = 180° ^{A + B')^ 180° -B' -A = B''-A (251) 
0" = 180° -{A + B") = 180° -B"^A^B' -A (252) 
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and the two valaes of c will be 

c' = a sin 0" cosec A c" = a sin C" cosec A (253) 

Examples. 

1. Given a = 31-23879, h = 49-00117 and A = 32° 18'; find B, 
and e. 



a = 81-23879 
b = 49-00117 
A= 32° 18' 
5'= 56°56'56".3 
^" = 123° 3' 3"-7 
C"= 90° 45' 3"-7 
(7"= 24°38'56".8 



ar, CO. log 8-5053058 

log 1-6902064 

log sin 9-7278277 

log sin 9-9233399 



log sin 9-9999627 

log cosec A 0-2721723 

log a 1-4946942 

log e' 1-7668292 

</ = 58-45601 

^JM. 5 = 56°66'56"-8 

(7=90° 45' 3"'7 yoTi 
e = 58-45601 



log sin 9-6201962 
0-2721723 
1-4946942 



log c" 1-3870627 
«?"= 24-38163 

r 5 = 123° 8' 8"-7 
C= 24°38'56"'3 
c= 24-38163 



2. Given a •■ 



-051234, b = -042356, A = 55°; find B, O and e. 

Ana. B = 42° 37' 32"-7 
C=82°22'27"-3 
c= -06199202 

3. Given a = -042356, b = -051234, ^ = 55° ; find B, O and c. 



An». 5 = 82°14'35"-7 
C = 42°45'24"-3 
e= -03510331 



>or •< 



£ = 97°45'24"-3 
C = 27°14'35"-7 
c = -02366993' 



4. Given a = 40, J = 50, ^ = 53° 7' 48".4 ; find 5. 

Ana. B - 90°. 

5. Given a = 40, 6 = 50, J. =■ 60° ; solve the triangle. 

An». Impossible. 

6. Given b = 40,' <• = 60, 5 = 100° ; solve the triangle. 

Ana. Impossible. 
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ll«.fl. ^ 187. Casi n. OWen tf, 6 and A Second Sohitian, W© 

may solye, separately, the two right triangles APCyB PC^ 
Fig. 21, which is a conyenient method when there are 
^ two solutions. We first find B by (249) ; then we have 
•'' ^P3=6oos^, j&PsaeosjB 

and t^AP-^-BP 

The cosine of the obtuse yalue of B is negatiye, (Art 89), so that ^P is then n^^a- 
tiye, and we haye the two yalues of c from the formula 

e^AP±BP 
There will be but one solution, if -B P> -4 P, for c cannot be negative. 
138. Case III. Given two sides and the included anghy or a, b and C. 
To find A and B. We have first 

.1 + 5 = 180^- (7 

from which we next find the half difierence of A and B by the 
theorem of Art. 118, which gives 

a + J : a - J = tan J ( Jl + 5) : tan J ( j1 - .B) 

tanH^-5)-^jtani(^ + 5) = ^cotJ(7 (254) 

The half difference added to the half sum gives the greater 
angle, (opposite to the greater given side), and the half difference 
subtracted from the half stun gives the less angle. 

To find e. We have the data of Case L, and therefore 

e => a sin (7 cosec ^ « & sin C cosec B (255) 

Examples. 
1. Given a = -062387, 1 = -023475, and = 110°32'; find A, B 
and c. 

^ + 5= 180° -(7= 69° 28' 

a + J= .085862 ar. co. log 1-0661990 

a-h= -038912 log 8-6900836 

1{A + B)= 34° 44' log tan 9.8409174 

1{A-B)= 17° 26' 33" log tan 9-4972000 
^= 52° 10' 33" 

5= 17° 17' 27" log cosec 0.5269189 

C = 110° 32' log sin 9.9714931 

h = -023475 log 8-3706056 

e » -0789635 log 8-8690176 

Ant. A = 52° 10' 33" 
5 = 17° 17' 27" 
e = -0739635 
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2. Given a =• 31.0005, h = 15.1101, = 10° 15'; find A and B. 

^n«. ^ = 160°17'13".7 
JJ = 9° 27'46".3 

3. Given a = 2-463878, h = 9.021875 and C = 74° 9'4".2; find 
A and B. 

^n«. ^ = 15°50'55".8 
B = 90° 0' 0" 

4. Given J = 15.1101, c = 31.0005, A = 10° 16'; find 5 and 0. 

AnB.B= 9°27'46".3 
(7-=160°17'13".7 

189. Cabi m. Qiven a, b and O. Third Solution. Having found A and B aa 
in the- preceding solution, the most convenient mode of finding e is by (238) or (234), 
which give 

for we have, from the process of finding A and B, the log. of a -|~ ^' ^^ ^^ ^ — ^* 
and the values of J (-4 + B) and i (A — B), so that we have only two new logs, to 
find, which arQ taken out at the same opening of the tables with the tangents of 
i(A + B)findi{A—By 

140. Case III. Given a, b and C. Second Solution. When a 
and b are given by their logarithms, which occurs when they are 
deduced by a logarithmic process from other data (as, for example, 
in the computation of a series of triangles in a survey), we proceed 
as follows. Let x be an auxiliary angle, such that 

tana;=y (258) 

an assumption always admissible, since a tangent may have any 
value from to oo . 
We deduce 

tan a: — 1 ^ a — J 
tan x + l" a + b 

or by (152) tan (a. - 45°) = ^ 

which substituted in (254) gives 

tan J (^ - 5) = Ian (a; - 45°) tan J (^ + B) (259) 
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We find z from (258) and employ its value in (259). As tliis 
method does not require the preparation of a + 6 and a — J, it is 
quite as short in practice as (254). 

Example. 
Given log a * 8-7950941, log b = 8-3706056, and (7= 110^ 82'. 
(Same as Ex. 1. Art. 138.) 

log a « 8-7950941 

log b = 8-3706056 

X « 69^ 22' 46"-8 log tan 0-42 44885 

aj - 450 « 24° 22' 46"-8 log tan 9-6662825 

J(A + -B)=34°44' log tan 9-8409174 

i (A - 5) = 17° 26' 32"-9 log tan 9-4971999 

141. Ca8B til GWen a, b, and C. Fourth Solution, To express A or B directlj 
in terms of the date, we haye, from (218) and (224) 
CBinA^ a sin C 
e cos A ^ b -^ a oos 



^^^ aring (260) 



6- 


— 


a cos 


C 




b 


sinC 




a 


— 


'b cos 


C 



the quotient of which is 



and in the same manner 

tan^= " T^ r > (26IJ 

a — 6 cos c7 

142. Casb III. Given a, b and (7. Fif^h Solution, To find e directly from the 
data, we have, by (223) 

(* — a* + 6* — 2 aft cos (7 

which, however, is not adapted for logarithmic computation. It may be adapted as 
foUows. Substitute by (189) 

cos C == 1 ■— 2 sin* } C 

then c» = a" + &•— 2 a6 + 4 a6 sin* i (7 

-- ^a _ 6)« + 4 ab sin* } C 



(-*)JO+^7^^0 (^«^) 



Let z be an aoxUiary angle, Buch that 



4 06 ran* } C 

tanx = i^^^^^ (268) 

a — 6 



SOLUTION OF OBLIQUE TRIANGLES. 71 

then the radical in the above equation becomes y^(l -|- tan* x) ^ sec z ; therefore, 

e s (a — 5) sec x (264) 

143. We may also adapt (228) for logarithmic computation by means of (188), 
which gives 



cos (7 = — 1 + 2 cos* } C 



whence 



a* + 6« + 2 aft — 4 flfi cos* } C 



(265) 



Let 



(266) 



2 cos J C .-r 

sin z ^ P^V- \/ o,b 

a-^-b ^ 

then the radical becomes y^ (1 — sin* x) ^ cos x ; therefore, 

e = (a + ft) cos X (267) 

144. It is to be observed, that the supposition (268) is always possible, since a 
tangent may have any value between and oo , and therefore an angle x may al- 
way^ be found having any given number as its tangent. As the greatest value of a 
sine is unity, it is not so obvious that the supposition (266) is always possible ; but 
whatever the values of a and ft 



therefore 
whence 



(a-ft)«>0 
(a+ft)*>4aft 



2v/flft 



<1 



a+ft 
therefore the second member of (266) is always < 1. 



Given a = -062387, ft = 

a s -062387 
ft » -023475 


Example. 
•023475, C=110°82'; 

By (266) and (267). 
log 8-7950941 
log 8-3706056 
2)7-1656997 


(same as Ex. 1, Art., 138) 


a + ft = -085862 
} C = 55« 16' 


log v^^= 8-5828499 

ar. CO. log 1-0661990 

1. cos 9-7556902 

log 2 0-3010800 

L sin aj 9-7057691 


log 8-9388010 
I. cos X 9-9352161 




e z=z -07896344 


log 8-8690171 
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145. Cass IY. GUven the three MeSj or a^ b and c. 
To find Ay B and 0. We have from (227) and (228), 






Bin 



sin 



i'^-ji'^^^-^) 



or by (229) and (280) 



COS 



i^-JC^^) 



or by (231) and (232) 



tan 



i^-jd^'iB^) 



-io-j(^=|^') 



. (268) 



(269) 



^ (270) 



In these formulae « = J (a + 6 + c). Either of these three 
methods may, in general, be employed, but (268) is to be preferred 
when the half angle is less than 45°, and (269) when the half angle 
is more than 45°.* When all the angles are required, (270) will be 
the simplest, as it requires but four different logs« to be taken from 
the tables. It is accurate for all values of the angle. 



* See Art. 112. 
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Examples. 
1. Given a = 10, J = 12, c = 14 ; find the angles. 

By (268). 

a = 10 ar CO 1 9-0000000 ar co 1 9-0000000 

6 = 12 ar col 8-9208188 ar co 1 8-9208188 

<? = 14 ar CO 1 8-8538T20 ar co 1 8-8538720 
2 « = 36 



« = 18 
s — a= 8 

8-b= 6 

« — c= 4 



log 0-7781513 
log 0-6020600 



log 0-9030900 
log 0-6020600 



log 0-9030900 
log 0-7781513 



2)9-1549021 2)9-3590220 2)9-6020601 

log sines ^A 9-5774510 J 5 9-6795110 JC 9-8010300 
J ^ = 22° 12' 27"-6 J 5 = 28° 33' 39"-0 } C = 39° 13' 53"-5 
4 = 44°24'55"-2 5 = 57° ri8"-0 C=78°27'47"-0 
Verification. A + B+ 0= 180° 

2. Given a = -8706, b = -0916, e = -7902; find the angles. 

An$. A - 149° 49' 0".4 
-B- 8° 1'56".2 
C= 27° 9' 8".4 

3. Given a = -5123864, b => -3538971, c = -3090507 ; find O. 

Am. C = 36°1810".2 

146. The oompntalion by (270), when all the angles are required, irill be mnch 
facilitated by the introduction of an aoziliary quantity* 



from which we find by (270) 

tan } -4 = , tan } B 

8 — a * 



r 



tan} (7: 



r 

9 



(271) 



(272) 



* This quantity r is the radius of the inscribed circle. See (289). 
10 . G 
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EzAMPii. Giren a m 6068, b s 4082, e s 7068. We find 

«» 8601-6 ar. 00. log 6-0654268 

« _ a as 2648-6 log 8-4062846 

« — i » 4619-6 log 8-65509O4 

« ~ e s 1638-6 log 81856838 

• 2)6-3124846 
logr = 3.1662423 

}^a:29o20'64M7 log tan } ^ SB log —^ « 9-7499577 

} ^ =s 17« 86' 81"-70 log tan } ^ = log j^ = 9-5011519 

}C7«43o 8'88''-88 log tan } (7 =: log --^ :. 9-9705585 

Verifieaium. W* 0' 0"-00 

ng. 22. ^ 147. The case where the three sides are giyen is some- 

tames solyed as follows. From C, Fig. 22, draw CF 
perp. to c. Then 

the difference of which is 

AC* — BO*^AP*^BF* 
OP (AC+ BC) (AC—BC) » (AF+BP) (AF-^BF) 

and if AF — BF ^ d, this equation gives 



j_ (S + a)(i-a) 
e 



(273) 



Then, since AF+ BF ^ e, BudAF-^ BF =» rf, we have 

AF^i{e+d), BF:=:i{c^d) (274) 

and in the right triangles ACF,BCF 

AP BF 

cos A =s -^, cos -B = — (275) 

so that (273), (274) and (275) solve the problem. When d>c, BF is negative, 
cos B is negative, and ^ is an obtuse angle, (Art. 39). 

AniA or A Plahi T&ianolb. 

148. Representing the area by K, and the perpendicular CF, Fig. 22, hjp, we 
have, by geometry, 

K=icp (276) 

In the triangle A CF, we have j) ^ 6 sin id, whence 

JT = } 6c sin ^ (277) 

by which the area is computed from two sides and the included angle. 
Substituting in (277) the value of sin A from (239), 

ir=^[,(.-a)(*-6)(*-e)] (278) 

by which the area is computed from the three sides. 
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CHAPTER IX. 



inSCELLANEOUS PBOBLEMS BELATING TO PLANE TRIANOLES. 

149. In a given plane trtangUf to find the perpendicular Jrofi one of the angles upon 
the opposite side, 

help be the perpendicular from O upon e. We haye 

p=^bEmA (279) 

or by (239) and (278), 

i, = |-^ [*(,-«)(.- 6) (*-c)]=^ (280) 

the expression for jt> in terms of the three sides, where « ss } (a -<|- 6 4~ ^^^ ^^^ 
the area of the triangle. 

If we substitute in (279) sin ii ^ -- sin C7, it becomes 

c 

i^ =B - sin (7 (281) 

sin S 

or, if we substitute the yalue of b =s c -r— 7, 

* sinC 

sin -4 sin B sm A sin B .«„. 

^ = ' ring =' »niA+S) (282) 

When the triangle is right-angled at O, (282) becomes 

psxcamAcoaA^'^ Bin2ii 

the expression for the perpendicular upon the hypbtenuse. 

150. If p', p", p'", denote the perpendiculars upon the sides a, 6, e respectivelj, 
we have from (280) 

i+l+l = i±±llf=i. (288) 
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161. 7b find th4 radiut of the dreU eireum$eribed about a pUau triangle, 

rig. 23. The center O of the circle, Fig. 28, Hes in the perpen- 

dicular erected from the middle point of one of the sides, 
%bAB, Let the radiiu sk R, We have, bj geometry, 

AOD^\AOBi^C 

and in the triangle AOD, 




BUiAOD vsBUkC : 



AD 
' AO 



e 



whence 



R. 



28in C 
Snbstitnting the value of sin C from (241), 

R^ 



abe 



4^[,(,-a)(,-6)(,-c)]-4^ 
From (229) and (280), we easily find 



(284) 



(285) 



cos } ^ COS } ^ COB } (7 a 



abe 



which combined with (285) giree 
R^ 



4 cos } ^ cos } ^ cos } C 



(286) 



152. To find the radku of the circle irueribed in a plane triangle. 

ng- 24. The required center O, Fig. 24, is in the in- 

tersection of the three lines bisecting the angles, 
.and each of the perpendiculars 0J9, OE, OF, is 
equal to the required radius s= r. The value of 
OF in terms of AB as c, OAB s } ^, and 
^ OBA = iBi8hj{2S2) 




sin } ^ sin } jB sin } ^ sin } .g 

*" — "^^ sin}(^ + J?) ""''• cosJC 



This is reduced by means of (286) to 

r ^ (* — c) tan } 
Substituting the value of tan } C, 

a) (» — b) (e — c) 



-JC- 



)-? 



This is reduced by means of (281) and (282) to 

r = 8 tan.} ^ tan } ^ tan } C 



(287) 



(288) 



(289) 



(290) 
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153. Besides the inscribed circle, strictly so called, there are three other circles, 
that touch the three sides, (or sides produced), and are exterior to the triangle, as 
in Fig. 25. These haVe been named escribed circles. Their centers are found 




geometrically, by bisecting the exterior angles BCC'f CBS*, &c. Designate the 
centers of the circles lying within the angles A, B, and C respectiyely, by O', 0'\ 
and 0"\ and their radii by r', r", r"'. We find the perpendiculars from (/, &o., 
upon B C, &c by (282) to be 



r"=b, 



cos i B COB i 

sin i(B+ C) 

cos i A eoa i 
sin } (^ + C) ' 

cos } ^ COS } ^ 



*"'""" ^* sin}(^ + ^) ~"' 
By means of (235) ve reduce those values to 

/ ^ < tan i A, r" :^ 8 tan } B, 
Substituting the values of tan } Ay &c. 



cos i B eoai C 
cos } A 

cos i A coa^ C 
cos i B 

cos i Acoai B 
cos } C 



r"' = « tan } (7 



^ // <(# — 6) (<~c) \ K 

_ // *(^ — «)(* — g) \ _ K 

~" W \ 8—b ) ^ 8-^h 

^ // *(*-fl)(^-ft) \ K 



(291) 



(292) 



(293) 



o2 
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of (286) applied snooMtiTelj to a, & and e, wo maj reduce (291) 



Also, by 
to the following: 

f^ « (« — a) tan } ^ oot } i? oot } C 

f^ B (« ~ i) cot } ^ tan } ^ oot } (7 > (294) 

r"" « (« — e) cot } id eot } i? tan } (7 

154. HekUtotu between the radii of the drcumeeribed, interibed, and three eeeribed eirclee 
of the preceding article^ and the three perpendieulare from the angUe i^nmi the opposite 
tidee. 



The four equations of (289) and (292) y^i^ ^ 

«(« — a) (« — 6)(« — c) JT* 
Dinding this successiyely by r*, r^, &c. 



r 



= 1* 



r' 



(•-e)« 



(296) 



(296) 



Again, we hare, (Art. 127), 

tan } il tan } ^4- tan }^ tan} (7+ tan} ^tan}C7Bl 
and substitatmg in this the yalne of the tangents from (292) 

/ f'' + r' f'" + f" f^' = *• « lU- 



i + 1+1 

^ -r ^, T ^,, 



(297) 



From (292) we find 

tan}^ 
tan}^' 



1^' 



f^'tanj^ssf'tan}!? 



from which it follows that in Fig. 25, the distances A D and Biy, are equal (1>, iX 
being the points of contact of the circles O', (y with ^1 ^ produced), and therefore 
BD=sAiy, Other curious geometrical properties may be traced with the aid of 
our equations. 
From (284), 

jj_ g ^ g 

4 sin } ^ COS } ^ 4 sin } ^ cos } ^ 4 sin } C7 cos } (7 

which combined with (287) and (291) giye, by Art. 127, 

r 



R 
R 



=s4sin}-48in}jB8in}C= cos -4 + cos -B + cos (7 — 1 
^ 4 sin } ^ cos } ^ cos } C7 s — cos ^ + cos ^ -f cos C7 + 1 



^ =s= 4 cos J -4 sin J 5 cos } (7 : 



cos A — cos ^ -4- cos (7 4- 1 



— - s 4 cos } ii cos } ^ sin } C7 = cos u4 + cos 5 — cos C + 1 
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Changing the signs of the first of these equations, the sum of the four is 
/ + V + r"'— r 



E 



= 4, 



:j(r' + r" + r'"-r) 



(299) 



Finally, if y, p'\ y denote the three perpendiculars from the angles upon the 
sides a, 6, c respectiyely, we have by (288), (289) and (297) the following relation : 



2 + i + i.=i + l + J_ = l 



(299») 



y ' P" 
155. To find the diatanee between the center$ of the eireunuenbed and inseribed eirelet.* 



Let P, Fig. 26, be the center of the circumscribed, 
and Of thf^t of the inscribed circle. Put PO ^ D, 
By Arts. 151 and 152, 

whence 

P^ = 90*» — (7— } ^ =. }*(5 — C7) 
and by (221) 



P(^^PA*-\- 0A*--2PA. OAcosPAO 



ng.28. 




By (298) 



therefore 






2igrcos}(Jg— 0) 
sin*J^ sin J^ 



^ 4igrsin}^Bin}C 
sin* i A sin } ^ 

J'-JP 2JZrcos}(Jg+C^) 
sin }^ 

i;* = iZ* — 2i2r 



(800) 

156. Let PO' ^ Jy, Fig. 26, (y being the center of the escribed circle lying 
within the angle A. If r' s=s radius of this circle, we hare, as in the preceding 
article 






r^ 2 Jg/ cos } (^ — ^ 

sin* iA sini A 



4 jg/ cos i Bcoaj O 
oXL'iA ^ sinja 

ly* =J2« + 2i2r' 

/>"« =a= J2« + 2 i2r" 

2y"» = iJ* + 2 J2/" 



(801) 



♦ Hymers* Trig. Appendix, Art. 58. 
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the expresdons for the distances of the centers of the three escribed circles from 
that of the oircnmseribed circle. 
The sum of (800) and (801) glTCs by (299) 

2>« + 2y« + /)"• -I- ly"* « 12 JP (802) 

157. Given two ndu of a plane triangle and the difference of their opposite angles, (or 
a, hf and A — B)^ to solve the triangle. 

We haye \ {A-\' B) direcUj from (220), which also solyes the case where two 
angles and the sum or difference of two sides are giyen. 

158. Given the angles and the sum of the sides, (or A, B, C, and a -|- 6 -f- c ^ 2 »). 
By (235) 

sin XC 
cos i A cosi B 

and a and b are found by similar formulse. 

159. Given one angle, the opposite side, and the sum of the equares of the other two 
sides, (or (7, c, and a* + ** ^ O* 

In the identical equations 

(a + &)• =s e* + 2 ad, *(a — 6)* =» e* — 2 «& 
substitute the yalue of 2 ab giyen by (223), namely, 

«» — c» 

008 U 

wefind (a+6)«=:e» + f:=i* {a -^ b)^ ^ ^ -^tzi^ 

* ' ^ ^ cos C" ^ ^ cos (7 

which determine a-^- b, and a — by and therefore a and b. 
To compute these equations by logarithms, let 

e'-c' ( .+ c) {e^c) 
^ = ^5^7=== iSTc (^^^> 

then. (a+6)* = e» + ^«, (a — 6)* =s e* — ^« 

that is a + ^ is the hypotenuse of a right triangle whose sides are e and g ; and 
a — 5 is one side of a right triangle whose other side is g^ and whose hypotenuse is e. 
Let the angle opposite g be denoted by x in the first triangle and by x' in the second, 
then by the formula of right triangles 



tan xss:-^ a-4-6 = esecx 

e 

a 
sin t! ^ — a — b ^ e cos 7f 



(804) 



80 that the problem is solyed by logarithms by finding log g from (303) and em- 
ploying its yalue in (304). 

The aboye may serye as an example of a geometrical method of introducing the 
auxiliary quantities, which is occasionally useful. The analytical process in the 
present instance is similar to that of Art. 143 ; thus 

<.4-* = «J(i + 9 «-> = .J(l-f) 
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therefore if tan x ss ^ we have /(l+~-j = 8eca; 

and if sin a/ = — we have / ( 1 — -j-j =: cos a/ 

whence the same formulas as before. 

160. Given an angU, its opposite side, and the difference of the squares of the other two 
sides, (or C, c, and a* — 6* ^ /*). 

We have by multiplying (233) by (234) 

sin (A — B) _ fl'*— y _/2 
sin (7 ^ c* "■ o» 

sin (^ — J?) = ^ sin C 

whence A — B, and since A -{• B =s 180^ — C, the angles are determined. There 
will be two solutions given by sin {A — ©) except where the obtuse value of A — B 
is greater than A-\- B, 

161. Given the three perpendiculars from the three angles upon the opposite sides. 
Denote the perps. upon a, b and c respectively by a', h' and cf, and let 

If A; = 2 area of the triangle 

aa! = 6y = e(/ s & 
and therefore 

a^a"h, h^h"k, e^ff'k 

Substituting these values of a, b and c in (225), (227,) &c. 

h"^ + c"» — «"• , , - . (*"— b") (»" — c") . 

in which 2 *" = a" + 6" + c". 

162. G^vcn <Ac ra^fiii of the circumscribed and inscribed circles, and the perpendicular 
pom one of the angles upon the opposite side, to solve the triangle. 

Let c be the side to which the perpendicular (p) is drawn. We have found for R, r 
andp the expressions 



£ = 



2 sin C ~" 2 sin (^ + ^) 4 sin J (^ + -S) cos i{A + B) 

sin ^ AAn^ B 
''^^* sin J (^+5) 

sin A sin B 

11 
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EUminating e^ we hftTe 

P 
2M 



tUnAt&RB 



^ ^icoti (A + B)nni A tiniB 



(«) 



W 



from wMoh two equations A and ^ are to be found. Developing cos i (A + B), 
(n) becomes 



B 



I 4Bin}jlco8}ilsin}i?co8}^ — 4Bin*}^ sin* } JB 



ssOJiAemB — itm^iAnn^iB 
which subtracted from (m) gives 



^— 2r 
2i2 ' 



4 dn« } ^ sin* } i? 
IHyiding the square of (m) by (o), we find 

** I 4 cos* J ^ cos* } ^ 



W 



whence 



2i2(i) — 2r) 



j> — 2r 



2v'[2i2(i»-2r)] 



cos}^ cos iB ^ ; 



2v/[2J2(i>-2r)] 
The difference and sum of these two equations give 

r 



cos i{A + B) 



V[2^(l' — 2r)] 



cosH^~i?) = ^p/(^l2r)] 



(305) 



which determine } (^ + ^) and } (ii — B) and therefore ^ and B. The sides 
are then found by the formula 

c SB 2 J2 sin C 



.Kg, 27. 




whence 



168. In a giom plane triangle ABC, Fig. 27, to find a 
point F such that the three lines dravm from this point to the 
angles A, B and C ehaU fnake given angles with each other. 

Let the given angles h^BP C ^ a and APC =& ^ 

and the required angles PA C s=i z P BGssy 

g The sum of the angles of the quadrilateral A GBPSr 

« + y+« + i8+C'=860o 
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In the triangles APC, BP C,ire have 



P(7= 



6 sin X a sin y 
mfi sin * 



sin X a sin /0 



Biny 



from which 



8inx+ siny __ tan } (x + y) _ w+1 
sin z — sin y tan J(x — y) m — 1 

tanH^ — y) = ^-xT t»aJ(* + y) 



To compute this equation by logarithms, let 

asin /0 



tan y ^1 m i 



6sin« 



then by (162), tan } (x — y) = tan (> — 45«) tan } (« + y) 
so that the angles x and y are found by (306) and (307). 

164. The following problems are proposed as exercises. 

In a plane triangle ABC — 

1. Given c, the perp. upon e ssp and a -|- 6 ^ m. 

4p* 



sin^x =s 



(m + c) (i» — c) 
tan} (7»- 



a — & =s e cos X 



2pc 



(i» +«)(»» — c) 
2. Given c, the perp. upon c i^p^ and a — & is n. 



tan'x! 



{e+n) (c — n) 



a 4~ ^ ^ ^ B®<^ ' 



^^^^ (,+ „Hc->.) 



8. Given C, c, and ah ^ f. 



2 a 

tan X ss — ^ cos } C7 

e 



2 a 

sin x' ^ — ^ sin } (7 

c 



a 4- & sBs c sec X 



a — 6 sas e cos x' 



4. Given C, the perp. firom (7 s= jt>, and a + 5 s m. 



tanx ^ — tan i C 
P 



e ss m tan }x 



6. Given (7, the perp. from C ssp, and a — b ^ n. 



88 



(807) 



tan X sas — cot i (7 
8. Given c, (7, and a + * = *». 



e ^ n cot J X 



«x w» . , ^ . sin * (^ — B) 
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7. QiTen c, A, and a -f- ^ ss m. 

tan } ^ SB -"Z-i cot i A 

8. GWen a -|- & ^s m, the parp. upon c ss^p, and the difference of the aegments 
of e :s d, 

tan } (^ + i») = J [(S^ZTTiRS^^S-^iT)] 
or with an auxiliary angle 



4l>* 



tanH^-^)«27"''** 



(m + <f ) (m — rf) 

tan } (^ 4" '^) ^ n~ Bin z tan x 

9. GiTon the perimeter as 2 «, (7, and the perp. from O ssp. 

p 
tan* z^H^cot^C e sst 8 cob* z 

10. Giyen e, a -f- 6 = m and the radiiu of the inscribed circle ss r. 

Bin z ss — I I — : — ) a — 6 as c cos z 

tan}(7«-^ 
m — c 

11. Given e, a — 6 = n, and the radius of the inBcribed circle =s r. 

tanz= ^^ + ">^^^""") a + 6 = ccot(z~46«) 

12. Given the radii /, i^', f'\ of the three escribed circles. (Arts. 153, 154). 



tan* } ^ =: 



ff r" -\- f" r'" + r'W' 



165. 6Vvm {^6 <u2m of a quadrilateral inscribed in a circle, to find its angUs and area. 
ng.28. InFig. 28, let^Bsra, BC^h, GDs^c, D A ^ d. 

Let2« = a+&+c+<f and K s area of A BCD; then 
from the triangles ABC, ADC, observing that B = 180»— Z> 
we find 

^ aZ» + erf * a6 + erf 

ir = ^[(*-o)(.-l)(»-c)(»-<i)] (808) 
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CHAPTER X. 

SOLUTION OF CERTAIN TRIGONOMETRIC EQUATIONS AND OF NU- 
MERICAL EQUATIONS OF THE SECOND AND THIRD DEGREES. 

166. The solution of a problem in which the unknown quantity 
is an angle, often depends upon that of one or more equations, in- 
volving diiferent functions of the angle, which cannot be reduced by 
merely algebraic transformations. We shall select a few simple ex- 
amples of such equations from among those that most frequently 
occur in astronomy. 

167. To find zfrom the equation 

sin (flfe + 2) = m sin z (309) 

in which « and m are given. We have, by (119), 

sin ( ^ + 2) = sin ec^&iaz (cot z + cot*) 
which becomes identical with (309) by taking 
sin ot (cot z + coiot) =m 
whence the required solution 

cot z == -: cot « (310) 

sm flfe^ ^ ' 

If the proposed equation were 

sin (* — «)== 9W sin z (^H) 

we should find 

cot 2 = -; — + cotct (812) 

sm * ^ ' 

_ _ -^ 

Unless z is limited by the nature of the problem in which these 

equations are employed, there will be an indefinite number of solu- 
tions ; for all the angles z, z + 180°, z + 360°, z + 540°, &c., in 
general all the angles z + n tf have the same cotangent. [See 
(68), (79).] In most cases, however, we consider only the first two 
of these solutions, taking the values of z always less than 360°. 

H 
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Similar remarks apply in all cases where an angle is determined 
bj a iingle trigonometric function ; but if the problem is such as to 
give the yalues of two functions of the required angle, as the sine and 
cosine, the solution is entirely determinate under 360^, since there 
cannot be two different angles less than 860° that haye the same 
sine and cosine. 

168. The solution of the preceding article requires the use of a 
table of natural cotangents ; to obtain a formula adapted for logar- 
ithmic computation entirely, we deduce from (309) the following 

sin (ct + z) + sin z f» + 1 
sin (fit + 2) — sin 2 w» — 1 

But by (109), if a; = fit + 2, y = 2, we have 

sin {a + z) + sin z tan (g + | ol) 
sin (^ + 2) — sin 2 tan J ct 

which substituted above, gives 

tan (2 + i «t) = zr tan i flt 

which determines z + \ot^ whence z is found by deducting J at. 

The computation of this equation is facilitated in most cases by 
introducing an atAxiliary angle, such that 

tan ^ 88 971 

an assumption always admissible, since while the angle varies from 
to 90° the tangent varies from to 00 , so that an angle 4) may 
always be found having any given number as its tangent. 
We have then by (152), 

m + 1 tan(p + l 

T = 1 — -li — T = cot (<P "" 46°) 

w — 1 tan ^ — 1 ^^ ' 

and the preceding solution becomes 

tan (p = 7», tan (2 + J at) = cot ((f — 45°) tan \ a (313) 

The logarithmic solution of (311) is found in the same manner 
to be 

tan (p = w, tan (2 — J ^) = cot ((f + 45°) tan J a (314) 
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169. To find zfrom the equation 

tan (flft + 2) = w tan z (315) 

We deduce 

tan {(A + z) + tan z m +1 
tan(<* + 2) — tan2 w — 1 

so that by (126) and (152) the solution is 

tan (p = wi, sin (« + 2 2) = cot ((p — 45°) sin « (316) 

170. To find zfrom the equation 

tan {a + 2) tan 2 = m (317) 



We deduce 



1 + tan (flfe + z) tan 2 _^ 1 + m 
1 — tan (fit + z) tan 2 "^ 1 — w 



so that by (127) and (161) the solution is 

tan $ « w, cos (« + 2 2) = tan (45° — $) cos « (318) 

171. To find 9 from the equation 

sin (« =t:z) sin^ s m (819) 

By (108) we find 

COB A — COS (at =1= 2 z) S9S d= 2 Bin (« :!= z) sin 2 ss db 2 m 
whence cos (a =1= 2 z) =s cos « =p 2 m (819*) 

whicli determines a :!= 2 z, and hence 2 z. 

From (319*) we haye four values of « ± 2 z between 0® and 720® ; therefore, four 
values of 2 z between the same limits, and four values of z between 0® and 860®. 

In general, we shaU have four Bolulions under 860® in aU cases where the double 
angle is determined by a tmgU function. 

The logarithmic solution of (319) varies with the signs of m and z. Thus, if the 
equation is 

^&ii {a-^' z) tanz ^ m 

m being essentiaUj positive, we have 'by (188) 

cos* } « — cos* (z 4- } <t) ^ sin («+ ^) Bin 2 ss m 

cos^ (z4- i «) =3 cos*}« — m 

and by (188) again this is solved by 

cos'^ = wi, cos' (z4- i*) ^ sin (0+ J «) sin (*—}*) 

and the other cases are solved by similar methods. 
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172. The preceding examples will suffice to indicate the method to be followed 
with all the equations of the following table. The solutions of the equations inyoW- 
ing cosines may be obtained from those inTolving sines, by exchanging % for 90^ zb z, 
or « for 90^ db «. 

Logarithmic solutions of the first four will be obtained by imitating the process of 
Art 171. 



Equations. 



Solutions. 



1. sin (« db 2) sin 2 ^ HI 

2. cos (« d= 2) coss as m 
8. sin (« d= z) COB s ^ im 
4. COS (« =^2) sinz ^ m 
6. sin (at db z) 8SS im sin 9 

6. cos (« :l=z) s: f» COS % 

7. sin (« dbz) ^ m cos i 

8. cos (« db 9) s m sin s 

9. tan (« :±: 2) tanz ss m 
10. tan (a dbz) s= in tanz 



cos (flt :!= 2 z) as cos « =p 2 m 

cos (« db 2 s) BE 2 III — cos « 

sin(fltdb22)a=2iii — 8in« 

sin (at db 2 z) a sin « db 2 m 
tan^sBiR, tan(zdb}«)s=cot(^:^ 45<^) tan^a 
tan^sBin, tan(}«e:±:z)^tan (45^ — ^) cot \ a. 
tan^sBin, 

tan(460 — J« :;=z) 3. tan(45<>— ^) tan(45<> + J *) 
tan^ s: m, 

tan (45« — } a:^ z) = tan(46« :p ^) tan ( J « — 46«) 
tan ^ ^ m, cos (« :±: 2 z) ss tan (45° =p ^) cos « 
tan ^ ^ m, sin (2 z db «) ^ cot (0 :^ 45^) sin a, 



In the numerical soluUons the signs of the angles and their functions must be 
carefully obserred. The signs of the functions should be prefixed to their logar- 
ithms, according to Art. 99. 

The auxiliary angle may be taken numerically less than 90° in all cases, but 
positive or negaUye according to the sign of its tangent. It can easily be shown 
that we shall thus obtain the same values of z as by taking ^ in the 2d quadrant 
when its tangent is negative, or in the 8d quadrant when its tangent is positive. 

EXAHPLB. 



Find z from (317) when « s=s 65° and m 



1-5196164. By (818) 

log tan ^ = log m* + 0-1817337 

^ 56° 39' 9" 

45° — ^ —.11° 89' 9" 

log tan (45° — 0) — 9-3143426 

log cos A 4- 9-6259483 

log tan (45° — ^) cos « =: log cos (« + 2 z) — ■ 8-9402909 

* + 2z 96° or 266° or 466° or 625° 

« 66° 

2z 80° or 200° or 890° or 560° 
z 15° or 100° or 195° or 280° 



* It must be remembered that in this employment of the signs + a-iid — , these 
signs belong to the natural numbers ; and when the logs, are addtd or subtracted^ the 
sign of the result is to be determined according to the rules of mult^UcaHon and 
division m algebra. 
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173. lb find 2 from the egtuUion 

BiBL (tt + z) sss m sin (ji -f" ')' 
Put z^ ^ fi -\^ 2f tt' =s it — 0, then this equation becomes 
sin (flt' 4- ^) =s m sin / 

which is of the form (309) and may be solved by (309*) or (311) ; then zss/^0. 
In the same manner equations of this form, involving cosines or tangents, may be 
reduced to those of the preceding table. 

174. To find k and zfrom the equations 

k^mz ^ m 



I. i (320) 

A cos 2 = n ( ^ / 



} 



We have, by division, 



m 

tan 2 = — 

n 



which gives two values of 2, one less, the other greater than 180° ; 
whence, also, two values of k from either of the equations 

y w n 

"~ sing cos 2 

The solution becomes entirely determinate {z not exceeding 360°) 
as follows : 

1st. When the sign of k is given. For if k is positive, sin z has 
the sign of m, and cos z the sign of n, and z must be taken in the 
quadrant denoted by these signs. If k is negative, the signs of sin z 
and cos z are the opposite to those of m and n, and z must be taken 
accordingly. 

2d. When z is restricted by either the condition z < 180°, or 
z > 180°. For under either of these conditions the tangent gives 
but one solution. If 2 < 180°, k has the sign of m ; and if 2 > 180° 
k has the opposite sign to that of m. 

3d. When z is restricted to acute values^ positive or negative. For 
under this condition a positive tangent will give z be'tween 0° and 
+ 90° ; and a negative tangent, between 0° and — 90° ; and k will 
always have the sign of n. 

It follows that m and n being any given numbers whatever, we 
may always satisfy the conditions expressed by (320), 1st, by a posi- 
tive number k and an angle z between 0° and 360° ; 2d, by a num- 
ber k (unrestricted as to sign) and an angle z < 180° ; 3d, by a 
number k (unrestricted as to sign) and an angle z > 180° ; and 4th, 
by a number ky and an angle z in the 1st or 4th quadrant. 
12 h2 
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Example. 

To find 'k and 2 from (820), (k being a positive number), when 
m - - 0*3076258, n - + 04278785. 

kamz -0-3076258 



(a) 

(a) -(ft) 



jbcos 2 


+ 04278735 


log i sin 2 


- 94880228 


log k cos 2 


+ 9.631814T 


log tan 2 


- 9-8567081 


2 


324° 17' 6".6 


log sin 2 


- 9-7662280 


log A 


-f 9-7217948 


;Er 


+ 0-5269808 



{a)-{c) 



Upon this problem and tho deductions we have made from it, rests 
the method of introducing the auxiliary angles required in solving 
many of the formulae of spherical trigonometry. It is applicable 
to any equation that can be reduced to the form of that solved in 
the following article. 

175. To solve the equation 

wi cos 2 + w sin 2 = J (321) 

m, n and q being given. 

The first member will be reduced to the form i sin (<p + z) by as- 
suming k and $ such that 



whence 



k sin $ = m, i cos $ = w (322) 

k sin coBZ + k cos ^Biaz ^ q 

sin (cp + 2j) = -| (323) 



Therefore, if k and <p be found from (322) by the preceding ar- 
ticle, {k being limited to positive values), we can then find by (323) 
the value ^ + z and therefore of z. There will be two solutions 
from the two values of ^ + z given by (323). 
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If we restrict cp to values less than 180°, (as we may do accord- 
ing to the last article), we may find it by the equation 



and then 



m 
tan ^ = — 



sm ((p + 2) = -^ sm ^ = ^- cos $ 



> (324) 



and in this form it will be unnecessary to find A.* 

Example. 

1.0498332, w = + 0-7466898, 



To find z from (321) when m = 
and J = - 04316893. 

By (322) and (323). 

log w = log A sin (p — 0-0211203 

log w = log A cos (p + 9-8731402 

log tan (p -0.1479801 

(p 305° 25' 20" 

log sin (p -9.9111059 

log* +0.1100144 

logy -9.6351713 

log sin (cp + 2) - 9.5251569 

. f 199° 34' 40" 

^ t or340°25'20" 

f - 105° 50: 40" 

I or 35° 0' 0' 



By (324). 

log m - 0.0211203 

logn +9.8781402 

log tan (p -0.1479801 

(p 126° 25' 20" 

log sin (p +9.9111059 

log? -9.6351713 

arcologw -9.9788797 

log sin ((p + 2) + 9.5251569 

, / 19° 34' 40" 

^^^ tor 160° 25' 20" 

/ - 105° 50'40" 

"^ t or 35° 0' 0" 



To avoid the negative value of z, in the first of these solutions, 
we may take for the first value of 

(p + z, 360° + 199° 34' 40" = 559° 34' 40" 

whence z = 559° 34' 40" - 305° 25' 20" = 254° 9' 20". The se- 
cond solution gives a like result. 

If we suppose cp in (324) to be limited to acute values positive or 
negative, we take cp = - 54° 34'40", which givescp + z= 199° 34' 40," 
or 340° 25' 20", whence the same values of z as before. 

We may repeat the latter part of the work with cos ^ for verifi- 
cation. 



* The solution is, by (323), impossible when -|- is greater than unity; and by 



adding the squares of (322), I^ -. 
g* > wi* + n*. 



i OT* + n* ; therefore the solution is impossible when 
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176. To solve the equation 

anii(A+z) + bBin{$+z) + etajk{'y + 2) + &c. 



(325) 



lyereloping by (86) and putting 

aBmA+bsmP+esiny+kcssm 
ac<MA+ beoiP + eeoBy+ &c,ssn 

this beoomes 

m COB 2 4""^'^=? 

which is Bolyed in the preceding article. The same process applies if anj or all of 
the terms contain cosines. 
177. To find k and 2 from the equatuma 



^ sin (a + 2) ss m 
k sin {P+ 2) ssn 

The sum and difference of these equations are, by (105) and (106), 
2 * sin [} (« + /^) + «] cos } (a — /?) = TO + n 
2 ;b cos [} (a + /?) + 2] Bin } (a — /?) ss m ^ n 



}• 



(326) 



whence 



2Asin[H«+/?) + «]« 
2 k cos [} (a + /?) + 2] = 



TO + n 

COB i(a — 0) 

TO — n 



sin J (a — / 



J 



- (327) 



from which 2 k and i (<i + fi) + » are determined by Art. 174. The logs, of the 
second members of these equations should be computed separately, for the purpose 
of readily discoyering the signs of the sine and cosine in the first members. The 
solution is determinate (according to Art. 174) when the sign of A; is given. 
From (827) we find, by division. 



tan[}(« + i 



• + ^3==^*«^H«-/J) 



which requires a less number of logs, than the separate computation of (827), but 
we are obliged to refer to (327) to determine (by an inspection of the second mem- 
bers) the signs of the sine and cosine. 
If we assume 



tan0 ss — 

TO 



we may compute (328) by the formula 

tan [} (a + iff) + 2] = tan (45° + i>) tan } (« — '^) 
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Example. 

In (326) given a » 200<», /8 s= 140«, »» == — 0-42345 and n = — 0-20123, to 
find 2 and A;, A; being positive. 

By (327). 

m + n — 0-62468 

«»-_» —0-22222 
}(«+^) 170<» 
j(a-^) 30O 

log(ffi+n) —9-7956676 

log cofl } (« — iS) + 9*9376306 

(a) log 2 A sin [} (a + /g) + 2] — 9-8581270 

log (w — n) — 9-8467831 

logBin}(« — /8) +9-6989700 

(6) log 2 A cos [} (a + ^) 4. «] — 9-6478131 

(a) — (6) log tan [ J (« + /8) + 2] +0-2103140 

j(a+yS + 2) 238021' 38" -6 

2 680 2r38"-6 

(c) log sin [} (« + /S) + 2] — 9-9801171 

(o) — (c) log 2 A: +9-9280099 

2 A; 0-8472467 
it 0-4236234 

178. A more general solution of (326) is the following.* Let > be any angle as- 
sumed at pleasure, and in (171) let 

a; = a + 2, y^^^t, z' ^y+z 
(distinguishing the z of (171) by an accent) ; then we shall find 

sin (a — /8) sin (j. + 2) = sin (a — y) sin (0+ z) — sin (/8 — y) sin (a + z) 
$ In this let y (whose value is arbitrary) be exchanged for y + 90® ; then 

sin (a — /g) cos (y-\- z) =s — COS (a — y) sin (i8 + 2) + COS (/8 — >) sin (a + z) 
Multiplying these equations by k and substituting m and n from (326) 

k sin (a — /g) sin (;. + 2) = »i sin (> — /g) — n sin (> — a) 1 ^^^ * 

A sin (a — /g) cos (^ + 2) = ?» cos {y — 0) — n COS (y — a) J ^ 

which (y beifig assumed at pleasure), determine k and y-\- z. 

If we take ^ = 0, we find 

— «i sin /g V « sin a 

tan 2 1= y^^—^ 

m cos /8 — » cos o 

If > = a, 

A; sin (a + 2) s=s m 1 

, , , X «lCOS(a— /?) — » I (331) 

* COS (a-{.z) s= A—. ^^T — I ^ ' 

^ ' ^ sm (a — /3) I 

]f y sss P, we have a similar result. 

If ^ =s } (a + /?) we obtain the solution of the preceding article. 
If A; is required, without first finding 2, we have, by adding the squares of (330) 
k sin (a — /?) = ^ [m«+ n» — 2 mn cos (a — ^)] (332) 

* Gauss. TAcoria Motus Corporum Coslesiium, Art. 78. 
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179. 7b find k and gfirom the equaUoM 

k COB (a + z)sssm 
keoB (fi+z) as n 



(833) 



These are reduced to the form (826) by substitating 90<* + a and 90<* + /? f or a and 0. 
We find, howeyer, by a process similar to that of Art 177, 



2 t sm [J (. + /») + ,] _ E^j-(.-_ ^) 



(334) 



fit 

tan^ ^ — 
n 



cot [} (a + /?) + 2] « tan (46» + ^) tan } (a — /?) 



(385) 



Example. In (833) giyen a = 280» 16', /? =b 200o IC, m an — 0-62342, and 
n ss 0*69725, find z and k, k being positive. 

Am, s s 207* 5' 84"-4 ifc » 1-0273643 

180. The more general solution of (333) may be found directly from (172), but 
it will be simpler to obtain it from (380) by substituting 90® + a for a, and 90^ -f- ^ 
for /?, whence 



Jt sin (a — 
A; sin 



(a-.^)sin(y+2) = — fficos(y — /?)4-ncos(y — a) | 

(a — 0) COS (y + «) =s in sin (y — i8) — fi sin (y — a) J ^ ^ 



y being arbitrary as before. 
If y = 0, we find 



tan2 : 



— w COS /? 4- n cos o 

— in sin /? -f- n sin a 



If y « a. 



— m COS (a — ff) + n 

A sin (a 4- 2) s= ; — 7^^ -^ 

^ ' -^ sin (a — &) 



(837) 



A; COS (a + «) = »» J 

If y == J (a + ^), we obtain the soliktion (334). 
If k is required directly, the sum of the squares of (336) gives 
A: sin (« — /?) = v^t"**+ n»--2mncos (a— /8)] 
as in Art. 178. 

181. The solutions of the preceding articles may be applied to a single equadon 
of the form 

n sin (« + 2) = m sin (/? + z) 
which is a more general form of (309). For if we assume 

k sin (a 4- 2) = w 
we have A: sin (/? 4- «) = « 

whence k and z are found by Arts. 177, 178. 
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182. In like mftimer, if the proposed equation is 

n cos (a 4- 2) s= f» cos {0 + 2?) 

we assume 

k cos (a 4. 2) — s « 
whence k cos {0 + z) = n 

and k and 2 are found by Arts. 179, 180. As the sign of k (in this and the preced- 
ing article) may be arbitrarily assumed, there will be two solutions. 

Numerical Equations of thb Sicoin) and Third Dborees. 

183. 7b iolve the equation 

s^ + px+ qz=0 (888) 

when q is eitentiaU'if positive^ and p either pontive or negative. 
We haye firom (144), exchanging z for ^, 

tan* } ^ — 2 coseo ^tanJ^+lsO (389) 

and (838) may be reduced to this form by substituting 

X ss z y/ q 

in which we may take the radical only with the positive sign, since we may assume 
X and z to have the same sign. We thus reduce (388) to 

which compared with (839) gives 

— 2 coB«o ^ SB . » s sBs tan \ ^ 

or Bin* = — 1^, x=»v^7tan}^ (840) 

which gives two values of ^ less than 860° and consequently two values of z. If 
be the least of these two values of ^ less than 360° (ss 2 ir\ all the values of <^ which 
have the same sine are 

% jr — tf, 29r+0, Sr— 0, &c. 

and all the values of tan \ ^ are 

tan \ e, cot } 0, tan } e, cot i 0, &o. 

Hence the two roots of (338) are found by the formulse 

oin A m^ 21 ±. 



P 



X, ^ y/j' tan }9, 2^sBv^9COt}0 (341) 



in which may be always taken < 90° with the sign of its sine, and ^^ g is to be re- 
garded as a positive quantity. 

As long as 2 ^ ^ is not greater than p^ this solution is possible, but when 2^q >p, 
sin is not possible, and both roots are imaginary ; which agrees with what is shown 
in algebra. 
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184. To solve the iquatwn 

a*+^x— j = (342) 

when — q is euentiaUy negative^ p being either positive or negative. 
We haye, by (148) 

tan* }^+2oot^tan}^ — lasO 

and (842) is reduced to tliis form by substituting 

X » Zs/q 



whence ^+JL-z^ 


-1 »0 


The required solution is therefore 




2cof»-^. 


2s= tan}^ 


or tan ^ sas — ^-i, 


X = v^7tan } ^ 



J, ' .... (343) 

If is the least value of ^, all the yalues of ^ which have the same tangent are 
tf, JT + 0, 2 «r + 0, 8 JT + 0, &c. 

and all the values of tan } ^ are 

tan J a, — cot J 0, tan J e, — cot } a, &c. 
Therefore the two roots of (842) are found by the formula 

tan a = ^^ , x, 5= y/qiAn } a, x, =5 — -^"^cot } (34^) 

in which, as before, the radical is to be taken as positive, and B < 90® with the sign 
of its tangent. 

In this case both roots are real, since tan is always possible. 

185. To solve a numerical equaiion of the third degree. It is shown in algebra that 
any equation of the third degree may be reduced to one in which the 2d term is 
wanting; we need consider therefore only the form 

x" + flz + 6 = (346) 

To resolve this, put 

x^y + z 

we find (3 y « + a) (y + 2) + y» + «• + 6 = 

Now X may be decomposed into two parts, y and 2, in an infinite variety of ways, 
and we may therefore suppose that y and ;; are such as to satisfy the condition 

8y2+a = 

which reduces the first term of the preceding equation to 0, and gives the two con- 
ditions 

y« = — -|, y» + 2»=:— 6 

Put y" ^ ti, «• = /,; then we have 

a' 

<j fj :» — ^, t^-^• f^^ — b 
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BO that, by the theory of equations, t^, and ^ are the two roots of an equation of the 

a* 
second degree in, which the absolute term is — -^ and the coefficient of the second 

term is b ; that is, they are the roots of the equation 

If then we find the two roots ti and t^ of (m) by the preceding methods we shall 
have 

It will be necessary to consider the sign of a in the equation (m). 
1st. When a is positive, (m) comes under the form (842) and the solution by (844) 
glyes 

tane = -j27' h :=. J ^ iB,n i 9, ^^-J^t"^^**^ 

and by (n) 

a: = J|-(^ tan } — ^ cot } e) 

and if we assume 

tan } ^ as ^ tan } 
this becomes, by (142) 

a; a= — 2 / -J cot ^ 

Collecting these results we haye, for the solution of (845), tphen a isposiUve, 



2 f^ 



tan0«— J57, tani0»^tilnil9 



-gCOt^ 



(346) 



in which the radicals / ^ ^^^J *»* ^^^^ ^ ^® considered positiye, and is to be 

taken < 90° with the sign of the tangent. But two of the three values of -^ tan } 9 
being imaginary, the given equation has but one real root.*^ 

* If r represent the real value of ^ tan J 6, and a„ a, the two imaginary roots of 
unity, the real value of a; is 



and the imaginary values are 
or since a^ a, as 1 



18 
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2d. When a w n^aihe and — 4 a* < 27 6*. Equation (im) becomes 

'•+*'+(-w) = <' 

and b of the form (338) ; its roots are therefore found by (341) which giyes 



2 / o« / 4«» 

sine irJ-27==-J-27T* 

and by (n) x « / — -|- (^tan } «+ ^cot } e) 

or if we put, as before, tan } ^ ss <^ tan J e, the solution of (345), tphm a is ne^atwe, is 



sin^as — — / — ^7 tan}0«^tan}fl 



2 /_^ 
' bsj 27 



cosec ^ 



• (847) 



which giyes one real root, (the other two being imaginary, as above), when sin is 
Bible, i. e. when — ■ 4 a» < 27 b\* 



Substituting the ralues of a^ and a^ 

a, a 2 «• — 2 

and also r =s tan } ^ — ss cot } ^ 

we find x. rs / -^ (cot ^ — cosec ^ ^Z — 8) 

«. = / J- (cot + cosec ^ v' — 8) 
or finally, x^ being the real root, the imaginary roots are 
«a = — "2 ^sec^v^ — 1 

a^ « - Y" + -^^ sec v^ - 1 

* The two imaginary roots will be found, by a process similar to that employed 
in the preceding note, to be 

* ^^^^— cos^v^— 1 



2 



«t , 35 1 \/ 8 



in which z. is the real root found by (847). 
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8d. When a u neffoHve and — 4 a* > 27 ft*. In this OMe sin 9, in (847) , is impossible 
and the preceding solution fails. This is the irredueible cote of Cardan's rule, the 
roots appearing under imaginary forms, although it is known that they are all three 
reaL It is, however, readily solved trigonometrically. 

In Art 77, putting ^ for x, we have 

(m') 



(»') 





sin' ^ f sin ^ + 1 sin 8 ^ SB 





and (345) 


may be reduced to this form by substituting 




whence 


^+^'+F=^ 




80 that we 


must have 






F — T - *-2j- 


a 
1 



in which the radical is to be taken positive, so that x and z shall have the same sign. 
Comparing (tn') and (n') we have also 



, . o * . « & / 27 . / 276* 

isinS^^- or 8"i8*« jj~- ? = J--47 

which is a possible sine in the present case. We may therefore take 

2 Bs sin0 



and the solution is 

sinS^ ; 



4J-5 » = 2«n«J-| (848) 



which gives three real roots by the different values of 8 ^, which have the same sine. 
If is the least of these values, all the values of 8 ^ are expressed by 

2nir+e and (2n+l)ir — e 

n being any integer or ; and all the values of ^ are expressed by 

2n,,, 2n+l 

Now all integers are included in the forms 8 m, 8 m -f- 1 and 3 m *- 1. 
If n s= 8 m, the above values of ^ are 

^=B2w3r+J9, ♦ = 2f»«r+Ja- — Jfl 
whence 

sin ^ ss sin } 9, sin ss sin } (jr — 0) 

If n ss 8 m 4- I> we find in the same way 

sin =s sin } (9r — 9), sin ^ ss } 9 

the same as before. 
If n 3s 8 in — 1, we find both values to be 

sin ^ ss — sin }(«•-{- 9) 
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so that there are but three different yalues of sin 0. Substitutiiig these in (848), 
the three root« of (345), when a it negaihe and — 4 a* > 27 6*, are found by 



Bind: 



27 



. (849) 



2^ . 
a;, =2 /-|-8inie 

x^^2j-j sinKT-fi)= 2j-|sin(60«-je) 

x.= -2j-|-8ini{T+e) = -2j--| sin(60o+ie) 

in which $ < 90° with the sign of its sine, and the radicals are taken with the posi- 
tive sign. 



1. Solve (845) when a -. 



Examples. 
. 6-101315, 6 = -^ 5-766678. We find 



2 / a" 
log -J J- 27 = ~ 0-002651* 



which being greater than any log. sine, we take its arithmetical complement and 
proceed by (349). Then 



log sin := — 9-9974349 
fi = —830 46' 44" 



J a — 27^55' 34"-7 
log sin —9-6705671 



log 2 



■J-i 



0-4651811 



\ogZt —0-1257382 
X, =5 — 1-386790 



60°— JO 87®55'34"-7 
9-9997155 

0-4551811 

logx, 0-4548966 
3:,==: 2-850339 



— (60®+ J ») — 3204'25"-3 
— 9-7261024 

0-4551811 

log 2, — 0-1802835 
x,=:— 1-514549 



2. Solve (345) when a =: — 7, and 5 = 7. 

Am, X, zs 1-356896, x^ = 1-692021, x, = — 8-048917. 
8. Solve (345) when a = 1-5, and 6 = — 45. 

Ana. The real root =a 8-4168975. 

It may be observed that the algebraic sum of the three roots is always zero, in 
consequence of the absence of the term in z* from the given equation. This is easily 
shown from (849) where there are three real roots, and from the forms in the notes 
p. 98, where there are imaginary roots. This principle furnishes a simple verifica- 
tion of the values found by (349). 



* The sign — here belongs to the number of which this is the logarithm. 
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CHAPTER XI. 

DIFFERENCES AND DIFFERENTULS OF THE TRIGONOMETRIC 
FUNCTIONS. 

186. In the applications of trigonometry, it is often required to 
compute a function of one angle from that of an angle which differs 
from the first by a small quantity. In such cases it is generally 
most convenient to compute the difference of the two functions, 
which may be applied to either to obtain the other. 

187. To find Ae increment of the sine or cosine of an angle, corre- 
spending to a given increment of the angle. 

Let the angle x be increased by A x, (this notation signifying dif- 
ferenccy or increment of a;), and let the corresponding difference or 
increment of the sine be expressed by A sin 2; and of the cosine by 
A cos 2; ; we have, by this notation, 

A sin a: » sin (a: + A a:) — sin a? 

Acosa: = cos(a: + Aa;) — cos x 
and by (106) and (108) 

A sin a; = 2 cos (a: + J A a;) sin J A a? (360) 

Acos a: = — 2 sin (a: + J A a?) sin J A a? (^^l) 

which are the required formulae. 

We here consider the difference always as an incrementy i. e. an 
increase, and give it the positive (algebraic) sign ; its essential sign 
may, however, be negative, and it will then be in fact a decrement. 
Thus, in (351) the second member will be negative so long as 
X < 180°, and therefore the increment of the cosine is negative ; 
that is, from 0° to 180° the cosine decreases as the angle increases. ' 
In like manner A sin x is negative when x > 90°, and < 270°. 

188. To find the increment of the tangent and cotangent. We have 

A tan X =s tan (a: + A a;) — tan x 
A cot a: =s cot (a; + A a;) — cot x 
and by (116) and (119) 

smAa; / . \ . /nr^x 

A tan a; =» 7 — , , v = sec(a;+ Aa:) seca; sin Aa; (352) 

cos (a: + A a;) cos a? ^ ^ ^ ' 



■"SmAa? , V • /opo\ 

A cot a: = -^—7 — : V . * = — cosec (a: + A a;) cosec a; sm A a; (353) 

8m(a;+ Aa;)sma: ^ ^ ^ ^ 
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189. To find the meremmi 0/ the eeeant and cosecant. We hftre 

A Seo Z a= B6C (x -\- ^ x) — BOO X 

A coseo z &3S coBeo (x + ^x) — coseo x 
orby(130)ftiid(182) 

2 sin (x + } A jc) Bin J A X .^_ .- 
A seo x s ^ , ' \ 2 (364) 

cos (x + A ar) COB X ^ ' 

— 2 COS (z 4- J A x) sin J A X ..^^. 
A coseo X ss . \ , — r^. (866) 

sin (x + A x) sin X ^ ' 

190. To find the incremente of the squares of the trijfonomeirie functions corresponding 
to a given inerement of the angle. 

We haye 

A Bin* X = sin* (x + A x) — sin* x 
=s cos* X — cos* (x + A a;) 
whence by (188) 

A sin* X s: — A COB* X ss sin (2 X + A x) sin A X (866) 

From (116), (116), and (119) we deduce 

ton' « - to' y =: "° <' +.y) '" 1" - y> 
COS* X cos* y 

x« X. — sin (x + y) sin (x — y) 

cot* X — cot* y &= \ ' . , ^ ^ 

sin* X sin* y 

whence 

^ . sin (2 X + A x) sin A X ,^^^^ 

A tan* X = \. [ { ^ — (867) 

cos* (X + A X) COS* X ^ ' 

— sin (2 x+ Ax) sin A x ^„^„^ 

A cot* X =: r-i-J , / . , (368) 

sin* (x + A x) sin* x ^ ^ 

From (16) we have 

sec* (x + A x) a= tan* (x + a x) + 1 
sec* X ss tan* x -f- 1 
the difference of which giyes 

A sec* X s A tan* x (369) 

and in the same manner, from (17), , 

A coseo* X s: A cot* X (860) 

and the yalaes of A tan* x, a cot* x, may be sabstituted in (369) and (360). 

191. When the increment of an angle, or arc, is infinitely small^ 
it is called the differential of the angle, or arc ; and the correspond- 
ing increments of the trigonometric functions are the differentials of 
these functions. 

The differential of 2; is denoted by dx ; ot sin xhj d sin a?, &c. 
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192. To find the differentials of the trigonometrie functions from 
the differential of the angle. 

Let the angle x and its increment Aa; be expressed in the unit of 
Art. 11 ; or, which is equivalent, let x and Aa; be the arcs which 
measTire the angle and its increment in the circle whose radius » 1. 
It is evident that the less the arc, the more nearly does it coincide 
with its sine or tangent ; therefore, when Ax is infinitely small, or 
becomes dxj 

sin dx »= dx sin^dx ^ ^dx 

This may be demonstrated more rigorously thus. When dx is 
infinitely small, we have cos dx = 1, whence 

sindx , ^ 

2 — T- « COS da; =s 1 
tanoa; 

sin dx » tan dx 

but the arc cannot be less than the sine, nor greater than the tan- 
gent, and therefore 

dx s sin da; «= tan dx 

Again, when Aa; is infinitely small, or becomes da;, we must, ac- 
cording to the principles of the difierential calculus, reject it when 
connected with finite quantities by the signs + or — ; thus we must 
substitute a; for a; + dx^ or for a; + Jdar. 

Upon these principles we find the difierentials directly from the 
finite differences (350), (351), (352), (358), (354) and (355) as follows : 

d sin a; » cos a; dx {^^^) 

d cosa?= — sin a; da; (362) 

dtan X = sec» a; da; = (1 + tan' x) dx (868) 

d cot a; s= — cosec* a; da; = — (1 + cot* x) dx (864) 

d sec a; B tan x sec x dx (365) 

d cosec a; = — cot a; cosec x dx (866) 

198. In the same maimer the equations (356), (857), (858), (859) and (860) giye 

d sin* X zss — d oos* x sssm2xdx (867) 

d tan* xsss d sec* x ss .^LJL dx (868) 




icot*x=s d coseo* x = ,-^4 ^ ^ (870) 

-^^ ..^--^ (871) 
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194. Although the equations (361), (362), (368), (864), (365) and 
(366), are rigorously true only when dx is infinitely small, they may 
be used when dx is a finite difierence, instead of the equations, (350), 
(351), (352), (853), (354) and (355), provided dx is sufficiently small 
to be considered equal to its sine without sensible error, and is also 
very small in comparison with x. This is yery frequently the case in 
practice, and the difierential equations are then preferred on account 
of their simplicity. It is only necessary to observe that dx must 
be expressed in arcy i. e. in terms of the unit radius ; if it is given 
in seconds, it may be reduced to arc by Art. 9. 

195. To find the differential of an angle from the differentials of 
its functions. 

From (361) we have 

dz^^^ (372) 

cos a; ^ ^ 

but it is convenient in this case to employ the notation of inverse 
functions. Art. 87. Thus, if y = sin a;, a? = sin ~^ y, and the preced- 
ing equation becomes 

^«^~'y= ^(f_y.) (3T3) 

In the same manner from (362), &c., we find 

dco8-V= ^'^lJ;^.) (374) 

dcot-y-f^ (376) 

dBec-'y = y^g_^) (877) 



(fcosec-'y^ y^^l^^ (378) 
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CHAPTER Xn. 

DIFFERENCES AND DIFFERENTIALS OF PLANE TRLLNGLES. 

196. In trigonometrical investigations it is 
often necessary to determine the effect of a 
small change in one of the data, upon the com- 
puted parts. Thus, Fig. 29, it A, AB and 
A Cj of the plane triangle ABCy are the data, ^ ' 
and AC IB subject to an error of C G\ the required parts will be 
subject to errors which are respectively, the differences between 
A CB and ACB, A B £7 and ABO\BC and B C\ In the same 
figure, the data may be supposed to he Aj AB and AB (7, and the 
angle ABO may be regarded as subject to the error Q B C which 
produces the corresponding errors in the remaining parts. In the same 
manner, the data may be A^ A jB, and A OB^ A OB being variable ; 
or, J., A B, and B CjB being variable. In all these instances, A 
and A B are conatantj while the remaining four parts are variable, and 
may be considered as receiving, simultaneously, certain increments 
which are related to each other. We propose, then, to solve the 
general problem : 

In a plane triangle, any two parts being constant, and the %est 
variable, to determine the relations between the increments of the 
variable parts. 

It is evident that the solution of this problem resolves itself into 
an investigation of the differences of two triangles which have two 
parts in common. We shall consider the several cases successively ; 
distinguishing the triangle formed from the given one by the appli- 
cation of the increments, as the derived triangle, 

197. CabeI. Aandc constant. The six parts of the given triangle, 
ABO, Fig. '29, being A, B, 0, a, b, e, those of the derived triangle 
formed by varying all but A and c, are ^, B + aB, (7 + a 0, 
a + Aa, b + a6, and c. In these two triangles we have 

A + B + 0= 180° 
A + B + aB+O+aO^'^ 180° 
whence aB + aO=0, aB -= - aO (379) 

14 
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Also in the two triangles we have 

a = <? sin ^ cosec C {m) 

a + Aa = c sin A cosec {C + A(7) (w) 

the half difference of which by (355) is 

, ^ _ tf sin A cos {0+ \ ^0) sin ^ A(7 , v 

* sin (7 sin ((7+ A(7) ^^ 



|Ag jAa _ acos((74-^ACy ) 

sinjA^ "" fiiniA(7 ■" 8in((7+A(7) 

The half sum of (m) and (n) by (131) is 

, , <?sinJ.sin((7+iA0')cosiA0' 

* sm(7sin((/ + A(7) 

which combined with (p) gives 

^Aa ^ _ jAa ^ g + lAg 
tanjA^ ** taniA(7 ** tan((7 + i A(7) 

Prom (262) we have 

• . ^ e sin J. 







l/OtU V ■— 


J — ccosJ. 


Thence 










J- 


•ccos J. = 


=a<?sin J. cot (7 




b + Ab- 


• C COS J. ' 


«csin4cot((7 + A(7) 


the difference of vhioh by (353) 


is 




A& 


sin 


t?sin-4 sinA(7 
OBm{0+AC) 


therefore 










A( 


. a6 


a 



(880) 



(381) 



sin aB sin AC ain ((7 + A(7) 



(882) 
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This equation gives by (185) 

i Ab ^ a 

8injA(7cosiA(7'"Bia((7+ A(7) 



and dividing (380) by this 



Ah cos ^ A(7 



(383) 



It is t« be observed that the increments (or half increments) of 
the angles must be deduced from their sines or tangents, since it is 
only by these functions that a small angle can be accurately deter- 
mined. Moreover, a small arc being nearly equal to its sine or tan- 
gent, the equations (380), (381) and (382) express very nearly the 
ratios of the increments of the sides to the increments of the angles, 
or rather to those increments reduced to arc by Art. 9, or Art. 54. 

198. Case II. A and a constant We have as in the preceding 
case A jS = — A (7; and in the two triangles 

ft sin ^ » a sin jS 
(6 + a6) sin ^ = a sin {B + AjB) 
the difference and sum of which give 

J a6 sin ^ « a cos (JB + J aB) sin J aB {p) 

(6 + i Ah) sin A = a sin (JB + iAB)eosiAB 
whence by division 



(384) 



iAh 

tan J aB "* 


Ja6 
tan JaC ^ 


■J+JA6 
tan (5 + i a5) 


In the same way 




I" 


^Ac 




c + jAc 


tanjA(7 


tan (a + J A(7) 


From the equations 






e sin A 


= a sin'C 


{c 


+ A<?) sin A 


= a sin (C + AC) 



(385) 



we find i Acsin^ « a eos (C + J aC) sin i A(7 (?) 
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which combined with the equation {p) gives, since sin |A(7«— sin^A^, 

A6 cos (B+jAB) ^oQfix 

a; ^ cos((7+jA(7) ^ ^ 

From {p) we also have 

jAft ^ _ jAb _ bcoB{B + iAB) .gg^. 

sin J aJ? sin i A(7 "* sin^ ^ ^ 

which, when A 6 is to be found from aJ?, is more convenient than 
(384). In the same way from {q) 

jAe _ jAc _ ccos{C+iAC) ^^oon 

8injA(7""""sinjAJ? sin (7 ^''''''^ 

199. Case in. b and c constant. We have 

<? sin S = 6 sin 
c sin (B + a5) = 6 sin {C + AC) 

the sum and difference of which give 

csin(jB+ JAjB)cosJaJ? = 6 sin ((7+ J A(7)cos JA(7 {p) 
ccos (-B + J a5) sin J A-B = 6 cos {0 + \ AQ) sin J A(7 (j) 

the quotient of these gives 

tan I aB _ tan(jg + ^Ajg) .^^^. 

tan i A(7 "■ tan ((7 + i A(7) ^ ^ 

By (224) we have 

a = 6 cos (7 + c cos -B 
a + Aa = 6 cos ((7 + AC) + c cos {B + a5) 
the sum and difference of which give 

a + lAa = b cos ((7+,J a(7) cos JA(7+ <? cos (-B + J AjB) cos J a5 
-jAa=6sin((7+ jA(7)sinjA(7+ <?sin(-B + JA-B) sin JA-B 
These expressions are reduced by [p) and {q) to 
a + jAa=ffcos(-B + jA-B)cosjA5cotjA(7(tanjA-B+tanjA(7) (r) 
— J Aa=c sin (-B + J a5) cos J a5 (tan J AjB + tan J A(7) («) 

and by division 

|Ag _ a+\Aa 



tan J A C' cot (£ + i aB) 



(390) 
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In the same way we have 



jAa a + jAa 

tan^A^ "* cot ((7 + J A(7) 

Since the sum of the three angles is constant, 
AA + a5 + A(7=0 
i (a5 + A(7) = - J aA 
therefore by (116) 

* iAi>.* 1 A/T sini(A5 + AC) 

tan i A-B + tan J A(7 = =^7^^ ^ — ^ 

^ * cosJa5cosJa(7 



sin^ aA 

"" cosj a5cosJa(7 



which substituted in («) gives 



^Aa ^ csin(^ + ^Ag) 
sin J A^ cosJaC^ 



and in the same manner 



jAa ^ 6sin((7 + iA(7) 
sin J aA cos J aJ? 

Substituting (t) in (r) we find 

8in| A(7 <?cos(jg + ^AJ9) 

sin J aA "" a + J A a 

. , sinjAS 6cos((7 + jA(7) 

whence also -; — 7 — 7- = , ^ t — ' 

sinjAJ. a + jAa 

By differencing the equation 

a^:^b^ + c^-^2becosA 
we find instead of (392) and (393) 



(391) 



(0 
(392) 

(393) 

(394) 
(395) 



JAa _ bcsinjA +iAA) 



E 
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200. Casb IV. A and B constant. We have 

- Bin-B 

== -I — ja 

, . - sin 5 , , X 
6 + a6 = - — T {a + Aa) 

/ _ sin-B 

whence A6 = -r—r Aa 

In this case the third angle is also constant and there are bat 
three variables related by the equation 

_.^ = _^ = _^ (397) 

sm-d sin jB sin (7 ^ ^ 

This case is not strictly included in the general problem as stated 
in Art. 196, since the two triangles have not two parts in common. 

201. The second members of the equations (380), (381), (382), 
(383), (384), (385), (386), (387), (388), (389), (390), (391), (392), 
(393), (394), (395), (396), involve the increments themselves, which 
are the quantities sought. It is therefore necessary, in many eases, 
to solve these equations by successive approximations. 

For Sk first approximation we consider the increments in the second 
member to be = 0, employing -B for jB + J a5, &c., and taking 
cos J aJ? = 1, &c. This will evidently produce but a slight error 
so long as the increments are small aa compared with the entire 
parts of the triangle. We then obtain a second approximation^ by 
recomputing the equation in its complete form, employing in the 
second members the approximate values of the increments. With 
these second values we may, in the same way, obtain a third approxi- 
mation, &c. Theoretically, it requires an infinite number of such 
approximations to arrive at a perfect result ; but in practice, the 
tenths or hundredths of seconds being the limits of accuracy, it is 
rare that more than a second approximation is necessary. 

It is also to be observed that in computing the values of small 
quantities such as the increments in question, we may employ logar- 
ithms of only four or five decimal places and take the angles to the 
nearest minute. This is ia fact one of the chief advantages of com- 
puting by differential formulae, rather than by the direct formulae 
applied to each of the two triangles successively. 
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Example. 
In a plane triangle whose parts are 
^=:58°4r48".9 5 = 35°ir 8"4 (7«86° 7'7"-7 
a =6053 J =4082 (? = 7068 

let A and a be constant while ( is diminished by 50*5 ; to find the 
change in the angle B. 

We have in this case a6 =? — 50-5 ; and by (387) 



• 1 Ai> i^* ^^^ 





1st Appbox. 


2d Appbox. 


}A» 


- 26-25 




( 


4082 




B 


85° 11' 


85° ir 


JA^ 





-15' 


5+jA^ 


85° 11' 


84° 56' 


logl a6 


- 14028 


1 


ar. CO. log. b 


6.3891 


I -7-5520 


log sin B 


9-7606 


J 


ar. CO. L cos (-B + J a5) 


0-0876 


0-0868 


log. sin 1 AS 


- 7-6396 


- 7-6388 


Ja£ 


-15'0" 


-14'56"-8 



It is evident that changing the angle B + ^ aB by only three seconds 
would not affect the fourth place of its cosine ; a third approxima- 
tion is therefore unnecessary, and we have finally a5 = — 29'53"'6. 
As the log. sines of small angles do not vary proportionally with the 
angles, it will conduce to accuracy to employ the methods explained 
in Art. 115. 



Differential Variations of Plane Triangles. 

202. The equations (380), (381), (382), (383), (384), (385), (386), 
(387), (388), (389), (390^ (391), (392), (393), (394), (395), (396) and 
(397) become differential by making the increments infinitely small, 
that is, by omitting the increments when connected with finite quanti- 
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ties by the signs + or — , and substituting the increment itself for its 
sine or tangent, and unity for its cosine, (Art. 192.) The character 
d must also be substituted for A. These changes being made, we 
easily deduce the following differential relations. 

Case I. A and c constant. 

dB=-dO 



y (398) 



da 
dB~ 


-^^= a cote 


dh 
dB- 


dh a 

dC sinC 




da 

^j = cos(7 



Case IL A and a eonttant. 

dB=-dO 

c cot 

cosB 
cos (7 



dh 
dB 


dh 
dO 


dc 
dO 


dc 
dB 




dh 




de 



(399) 



Case III. b and c constant. 

dA + dB + dO^ 

d^_ tan^ 
d(7~tan(7 

da , -, da , ^ 

-jTV = — a tan B, -^-r= = — atan C 

aV dJi 



da . -, -L ' n 

T— r = <? sin ^ = 6 sin C 
dA 



dO c ^ 

T~A "^ "^ — COS ^f 

dA a ' 



dB b „ 

-r-r *= cos 17 

dA a 



(400) 
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Case IV. The angleSj A, -B, (7, constant, 
da db dc 



sin A sin B sin (7 



(401) 



203. These differential relations are often employed when the in- 
crements are very small, instead of the equations of finite differences. 
We have already seen that the equation of differences often requires 
to be solved by successive approximations, the first approximation 
being in fact obtained by employing the corresponding differential 
equation. In all cases therefore where a second approximation in the 
use of finite differences could not alter the result of the first, it is 
plain that the differential equation is sufficiently accurate. 

The increments of the angles must generally be expressed in arc. 
Thus if dB is given in seconds we must divide it by ^" = 206264"-8, 
or substitute dB sin 1" for dB. 

dA 
But in such fractions as -j-=, this substitution is evidently unne- 
cessary provided the two increments are always expressed in the 
same unity as minutes, seconds, &c. 

Example. 
In a plane triangle whose parts are 

^==68°4r48".9 5 = 35°ir3M C^^SG*^ T 7"-7 
a = 6053 6=4082 c = 7068 

suppose 5 and c to be constant and the angle A to receive the incre- 
ment dA = 20"«6 ; find da and dO. 
From (400) we have 

da « dA sin 1'' c sin B 





do^-' 


'A CCOi 

a 


iB 




logdA 


1.3139 




log(-<L4)- 


- 1-3139 


log sin 1" 


4-6856 




logc 


3-8493 


logc 


3-8493 




log COB B 


9-9124 


log sin B 


9-7606 




ar. CO. log a 


6-2180 


log da 


9-6094 




logdO ■ 


- 1-2986 


da 


0-407 




dO ■ 


- 19".7 



15 k2 
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204. The error of employing the diflferentials in any case may be determined ap- 
proximately by developing the equation of finite differences and comparing it with 
the corresponding differential equation. We shall select a simple example. 

We have from (887) and its corresponding differential equation in (399) 

_ . 5 cos (5 + } aB) . . „ 

^ Bin -B ^ 

Ab =sb cot BaBbul 1" 
the first of which when developed pves 

}A6 = 6oot^sin}A5 — ^^^^(^+i^) gin J a5 sin J aB 

or substituting sin } a£ = } aB sin 1'', sin } A^ =s } aB sin 1", and also B for 
J? 4" i ^ ^ ^® second term, which will affect so small a term but slightly, 

b 
a6 =s 6 cot ^ a5 sin 1" — -^ (a5 sin 1")* 

Comparing this with the differential equation above, the error of employing the 
latter is approximately 

~A(ABsinr)« 

which for A^ sas 1® is — 000015 b. 

It appears from this example that the error is expressed by a term involving the 
sqtuire of the increment ; and if we develop all the equations of finite differences we 
shall find that they differ fr6m the corresponding differential equations by terms in- 
volving the squares and higher powers of the increment. Hence, employing the dif- 
fererUiala inetead of the finite differeneee amounts to negUcting the terms involving the squares 
and higher powers of the increments, 

205. The differential relations above obtained could have been deduced more di- 
rectly from the formulse of plane triangles by differentiation, employing the values 
of the differentials given in Art. 192. Thus in Cass I, A and c being constant, if 
we differentiate the equation 

a as e sin ^ cosec O 
we have da z= c^mA d cosec C 

^ — c sin -4 cot (7 cosec C dC 
= — a cot (7 rf (7 
as in (398). 

The student may exercise himself by deducing the other relations of (398), (399), 
and (400) in a similar manner. 
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CHAPTER Xin. 

TRIGONOMETRIC SERIES. DEVELOPMENTS OF THE FUNCTIONS OF AN 
ARC IN TERMS OF THE ARC, AND RECIPROCALLY.* 

206. The investigation of trigonometric series is most readily 
carried on with the aid of a few elementary principles of the Differ- 
ential Calculus. All that will be required here will be no more than 
is generally given in the first chapter of a treatise on that subject, 
namely, the differentiation of simple algebraic functions, and Taylor's 
Theorem. We shall employ the following expression of this theorem : 

in which fy denotes what f {y + K) becomes when A = and 

— V^, -T^j A^c., are the successive differential coeflScients, or de- 
dy ' dy^ ' ^ 

rivatives of fy. 

207. To develop sin a; and cos a; in terms of x. 

We shall first develop sin (y + x) and cos (y + a:) by (402). By 
(361) and (362), if 

/y = siny 

d,fy dAny 



(P./y _ c? cos y 
dy^ ■" dy 



— sin y 



d^fy d sin y 
, f = 3—^= — cosy 

dy3 dy ^ 

d\fy_ dcosy 

1^ — '-i[^ — «^^y 



* The leading results of this Chapter being of yery general utility and constant 
application are printed in the larger type, but as they are not referred to in the sub- 
sequent large print of this work, and moreoyer require a limited acquaintance with 
the Differential Calculus, the student can omit them at the first perusal, and pass 
directly to Part II. 
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SO that the values of the coefficients of the series (402) recur in the 
order + siny, + cosy, — siny, — cosy, and therefore /(y + x) = 

3/ X^ X^ 

sin(y + a:) = siny + cosy-j siny-j-^ ^^^ ^ 1:2^ + *'^- (^^^) 

If we commence with 

/y = cosy 

the coefficients will recur in the order +cosy, — &iny, —cosy, 
+ siny, and (402) will give 

cos (y + a;) = cosy — siny -J- — cosy-j^ + ^^^ ^ 1:2^ "~ ^c- (404) 

If now we put y = in (403) and (404), sin y = 0, cos y = 1, the 
alternate terms of the series vanish, and we have 

27 S^ X^ X^ 

sin a; = y - j;2^ + 1.2.3.4.5 " 1.2-3-4'5-6-7 ^ ^''' ^^^^^ 

X^ x^ x^ 

COS a; = 1 - -1:2"+ 1^:34 " 1.2-3-4-5-6 + *^- (*^^) 

It may be observed that (406) can be deduced from (405) by dif- 
ferentiation. 

208. The series (405) and (406) are directly available for the con- 
struction of the trigonometric table. For this purpose x in the series 
must be expressed in arc, since (361) and (362), upon which the pre- 
ceding demonstration rests, require x to be in arc. Art. 9. 

Example. 
Find COS. 10°. Reducing 10° to arc, by Art. 9, we have 
a: = 10 X .01745329 = -1745329 
and computing separately the positive and negative terms of (406), 

1=1. - .-^ = - .01523086 

^' = .00003866 - r^, = - -00000004 



1.2.34 ™— 1, , ^6 



1.00003866 - .01523090 

- .01523090 



cos 10°= .98480776 

agreeing with the tables, which give -9848078. The student may, 
for practice, verify any other sine or cosine of his table. 
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209. To develop tan x in temu o/x. 

Representing tlie coefficients in the series (406) and (406) bj letters, we have 

X — fliX* + ^« ^' — ^1 2:' 4- &o 

1 — a^x* '\- a^x* — a,3f '\- &e. 

1 1 



tanz 1 



(407) 



in wMch 



1-2 



1-2-8 



&c. 



If we perform the diyision of the numerator by the denominator, we perceive that 
the result will be a series containing only odd powers of x, and commencing with the 
term x. But as the law for the successive formation of the coefficients is not easily 
shown in this way, we shall resort to the following process. Assume the series to be 



(m) 



(») 



^ + e,e. 


X-4-&C. 


+ CnC, 


+ &0. 


+ c,e. 


4-&0. 


+ e,e. 


4-&C. 



tan z s= Cj 2 4" ^1 ** + ^i ** + ^c* 
and differentiate it ; we find, by (863), after dividing by dx, 

1 + tan'* X 5= Cj 4- 8 c, X* + 5 c, z* + &0' 
or, since from the division of (407) we know that e^ s= 1, 

tan* xr=8c, a:*+5c, a:*4-7c, a*4-9cbX*4-&0. 
The square of (w») is 

tan* X =s Ct Ci a^ -{■ e^ e^ I x* -{• e^, c, 

"T" ^« ^1 I 1" ^t ^9 

which compared with (n) gives 

1 

c, = — (c, c, 4- c, e^) 

C, = y (C^ C, 4- c, c, 4. c, C,) 

C, = — (Cj C, -f Ca C, 4- C, C, 4- C, Cj) 

&c. &c. 

where the law of derivation is obvious. We have preserved the factor Ct, although 
it is equal to unity, in order to render this law more apparent. 

Since the first and last terms of these expressions are equal, as also the terms 
equally distant from them, we may write them as follows : 

C»=: 1 

<?• = -g- (Ct Ct) 

I?. = — (2 c, c) 

c, = y (2 c, c, + e, c) 



Cis=~(2c, c,4-2(j,c,) 

^" = n ^^^ ^* "^ ^*^' ^" "^ ^' ^'^ 
&c. &c. 
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in wMoh form any coefficient c^n + x when n is even, is expressed by — terms all of 

n -i- 1 
whose coefficients are = 2 ; and when n is odd, by -^ — terms all of whose coeffi- 
cients are 2 except the last, which is 1.* ^ 

If we now substitute the value of c^ ss 1, and deduce the numerical yalues of the 
coefficients successively, we shall find 

, »■ , 2x' , 17x' , 62x' , 1382a!" , ^, 

210. To develop cot x in terms of x. 
K we invert (407) we have 

t Z — . ^ — ^» ^' + <»« ^* — &C- /^Qgx 

X — a, x" -{- a, x' — &c. '' 

and the first term of the actual division is — , the second term — (a, — a.) x, and 
the succeeding terms evidently involve only the odd powers of x. Therefore let 

cot X = c?i X — <?g x" — d^x* — &c. (o) 

X 

The coefficients cannot be determined by the method of the preceding article in 
consequence of the negative exponent in the first term ; but they are directly de- 
ducible from those of the series for tan x. We have by (142) 

tan X =ss cot X — 2 cot 2 x (p) 

Now the series (o) being true for any value of x will give cot 2 x by substituting 2 x 
for X, whence 

2cot2x =s 2'rfjX — 2* J,x» — 2«c?,x«--&c. 

X 

Subtracting this from (o) we have by (p) 

tan X = (2'» — 1) J.x + (2* — 1) c?,x» + (2- — 1) d, x» + &c. 
Designating the coefficients of (408) by e^f c„ c„ &c. we have also 

tan X =5 Ci X + Ct^ -{- <^« *' + &c. 

and the comparison of these two values of tan x gives 

» ^1 ^1 _^ ^1 

*** - 2«- 1 "• (2 - 1) (2+ 1) "■ T3 

^* '^ 2^^^ '^ (2»— 1)(2»+1) '^ 'M 



2« — 1 (2»— 1)(2"4.1) 7-9 
&c. &c. 



dn: 



2»+* 



* Euler, and after him Cagnoli and others, make these coefficients depend upon 
those of the series sin x and cos x, but the number of given quantities by which 
each coefficient is expressed is double the number required in the method of the text. 
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Substitating the Yalnes from (408) 

and reducing the coefficients to their simplest forms, we find the series (o) to be 
cot^ = ---------^--^-—^—^-^. (410) 

211. By a process similar to that of Art. 209, but which we leave to the student, 
we find 

Bee X = 1 + ^ + ^j^ + ^,:3^ + g,;^^ + &c. (411) 

And from (408) and (410) by means of the formula 

coseo a; SB } (cot } x + ^^ i ^) 
we find 

1 . « . 7x» , 81 2- , 127 2^ , ^ ,,,„, 
^°««°^=r + lT + 2^^8^+^*-3^:6T+2^^8^ (412) 

212. To develop sm""^y m ferw* o/y. (See Art. 87). 
Let X = Bin~"^y (or sin re = y) ; then by (373) 

"^ /I 2\ — i 

Developing the second member by the Binomial Theorem, 

_ = 1 + Jy» + _y4 + ___y« + &e. (m) 

As this contains only even powers of y, the series from which it 
would be obtained by differentiation must contain only odd powers 
of y ; therefore, let 

x^Ai/ + Bf+ Ci/' + By' + &c. (n) 

There will be no term independent of y if we limit 'x to values be- 
tween and ± 90°, for then wheny = we must also have x = 0.* 
Differentiating, we have 

p-^A + SBt/^ + 5(Y+1D}/^ + &c. 

which compared with {m) gives 

* The series (418) obtained under this limitation expresses but one of the values 
of sin~* y, but if we denote the series by «, we shaU have by (95) the following ex- 
pression, including aU the values, 

sin"* y as «jr 4- (—■ 1)"* 
n being any integer, positiTe or negative, or zero. 
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therefore {n) becomes 

IV* 1-3 y' 1-3-5 y' 

It is unnecessary to develop cos""^y since we have 

_ ^ _ 

cos ^y =.-5 — sm *y 

213. To develop tan^^y. Let a: = tan^^y, then by (375) 

^ = (1 +y«)-^ = 1 -y^ + y^ -y^+ &c. (m) 

from which we infer, as in the preceding problem, that the required 
series contains only odd powers of y ; therefore let 

x=:'At/ + Bf+ Cy' + Bf + &c. (n) 

diE 
then j'^A + 8Bf + bOf + IDf + &c. 

which, compared with (w), gives 

^ = 1 35 = -l 5(7=1 7i>=-l&c. 

so that the series is 

a: = tan-^y = y — -Sy5 + Jy* — iy^ + &c. (414) 

214. To compute the ratio {^^tt) of the circumference of a circle 
to its diameter. 

We have heretofore assumed this ratio to be known from geometry, 
where it is found by means of circumscribed and inscribed polygons 
which are made to differ from the circle by as small a quantity as we 
please ; but (414) enables us to express its value in a series. We 

have tan -J- = 1, therefore if we make y = 1 in (414) we have 

But this series converges too slowly to be of any use. To obtain a 
rapidly converging series y must be a small fraction. We might em- 

TT 1 

ploy tan -^ = -— ^ (Art. 29), but in consequence of the radical, it is 
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simpler to resolve -j- into two or more arcs whose tangents are known, 

and to compute the value of each of these arcs by the series. To 
effect this let 

•J = tan-' t + tan-' If (416) 



then by (123) 



4 



♦ ^ . t + if 
tan -r = 1 ' 



4 " i^ta 



whence ^ ^ rrrt i^^*^) 

from which, assuming any value of t at pleasure, the corresponding 
value, of If is found. 
If we take * = J, we find «' = J; therefore by (416) and (414) 

^=tan-4 + tan-'f 
4 

-{i-|(T)'+T(4)'-*«j 

+ {4-l(Ty+4(i)'-»4 (««) 

A few terms of these series give 

— = .4636476 + .8217506 = .7858982 

4 

^ = 3.14159 
more accurately tt = 3.14159 26535 89798 

1 3 

If we take * = -j-, we find t' =■ -r-, but the above supposition is 

evidently the best adapted for rendering both series sufficiently con- 
vergent.* 

215. To resolve sin z and cob z into factors. 

The series (405) shows that z is a factor of sin z, and gives 

* See Note at the end of this chapter, p. 124. 
16 i. 



122 PLANE TRIGONOMETRY. 

and the factors of the series within the parenthesis must eyidently be of the form 

A being a constant, but haying a different yalne in each factor. The required factors 
must be such as to reduce the second member of {p) to zero whenever the first 
member is zero. Now sin x is zero for the yalue x = 0, whence z is a factor as al- 
ready seen, and also for x s=s i^inv^n being any integer ; therefore the general 
value of (y) is 

A 
whence -4 = n* 5»* , 

which, substituted in (g), ^ves as the general factor 

Making n successively = 1, 2, 8, &c., the equation (;?) becomes therefore 

'^' = K^-A)(l-2^)0-8-S^)--- («») 

The factors of cos x in (406) must also be of the form (;) ; but cos x is zero for 

a; = ± (2 » + 1) -o"» ^ being any integer or zero, and the general value of {q) is 

(2n+ir^ _ 
-4.2» "■ 

whence A = ^^ ^^ — 

which, substituted in (^), gives the general factor 

1 yg' 

(2n+l)»5r» 

Making n successively = 0, 1, 2, 8, &c., we have 

cos, = (l-pp) 0-8^?) 0-5V?) • • • (^) 

216. Logarithmic sines and cosines. By means of (419) and (420) the logarithmic 
sines and cosines of the tables are readily computed. 

Put a; = m Y> t^©^ 

«^ •» Y = -T^ (i -I) (i- T') (^ -^) • = • 
ooa „ I. = (l_ 5) (l _ J) (l - p),. . • 
and taking the logarithms 

log sin -^ = log|^ 4- log «i+ log (l — ^) + log (^ "15) + • • • 

logco8^=log(l_^:) + log(l_^) + lo6(l-5) + ... 
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Developing these logs, by the known formiila 

log (1 — n) = — if (n +} n« + J n» + &c.) 

(in which M =s modnlus of common logs.) and arranging according to the powers of 
f», we have 



log sin - 



' log 2- + log m 



-»'-f(T« + T. + i + *«-) 
-'"••f(i + T. + i + *-) 



■&0. 



TOT . M / 1 , 1 , 1 , . \ 

log 008 -^ = -»,•. -(^- + _ + _ + &o. ) 

. Jf/1 , 1 , 1 , . N 
, lf/1 , 1 , 1 , ^ N 



— m' 

— &c. 

By summing the constant numerical series, and substituting the yalue of the mo- 



dulus if s 



•43429 44819 and also of -^r-, these formulss become 



log sin -^ '- 



10-19611 98770 + log m 



— in* X 0-17859 64471 
* — f»« X 0-0146889690 

— »»• X 0-0028011796 

— »»• X 0-0004268450 

— i»"X 0-00008 49076 

log cos — ^ = 10 

— m*x 0-58578 98412 

— OT« X 0-2208345350 

— »»• X 0-14497 48181 

— «• X 0-10859 04688 

— wi" X 0-0868603766 



— !»*• X 0-00001 76758 

— to" X 0-0000087870 

— m" X 00000008284 

— wi" X 0-00000 01841 

— &o. 



— m«x 00723825502 

— m"x 0-0620420818 

— wi" X 0-05428 68116 

— w" X 0-04825 49426 

— &o. 



(421) 



(422) 

In these expressions 10 is added to render the logarithms positlTO, as is usual in 
the tables.* 

* See the preface to Callet's Tables, for the coefficients of these series carried to 
20 decimal places, and for other forms given them by which they are rendered still 
more convenient. 
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EXAMPLB. 



Compute log sin 9^. 


We have 






«iX90« 


= 90 


1 

^ = ro 


lOgWl s= 


and therefore by (421) 








log sin 9 


= 10-19611 98770 - 


-1- 








.000178 69645 








- 0-00000 14689 








.0-00000 00028 



= 10-19611 98770 — 1-00178 74867 
log sin 90= 9-19438 24413 

217. If in (419) we put x = -^, we have 

-l-'-l(>-i)0-i)('-i)- 

— Z. I^Lzl}^ / 4' — 1 \ / 6' — 1 \ 

— 2 \ 2» / \ 4'» / \ 6« / • • • 

_ ^ (2-l)(2+l)(4--l)(4 + l)(6-l)(6 + l)... 
"^ 2 2~"i 2 \ \ r~4 ^ 6 : 6 . ... 

7t 2 2 4 4 6 6 ,^„„^ 

whence ^ = -. .^ . - .^ ._ .- . .. (423) 

which is WalUs's expression of 9r. 

Note to page 121. Computation of v. Many other series besides those of Art. 
214, may be given for computing »-. One method of obtaining them is to resolve 
tan~* t and tan~' H into two others, and thus make } »- to depend upon three or more 
arcs. From (194) we easily deduce 

tan-^ i. = tan-« -JL_ + tan-' --^-^ — — (a) 

11 « 
tan-* — ass tan—* tan-* —5 r-r- (*) 



m 



fn — n «** — mn-\-l 



in which m being given, n may be assumed at pleasure. The numerators of the 
fractions in the last terms will reduce to unity when «i* + 1 is divisible by « ; if 
therefore we assume n and j? so as to satisfy the condition 

n^ = to' + 1 {^) 
we shall have 

tan-* — = tan-* — I U tan-* — i— Cd) 

m m-f-n * m-\-p ^ ^ 

tan-* — s= tan—* tan-* (e) 

m m — n p — m ^ ^ 
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For example, let m a= 8 ; then m* -{- 1 := 10 = 1 x ^0 a= 2 x 6» so that we may 
take n s=B 1, |> = 10 ; or n = 2, |> =s 6, whence by (d) and (e) 

tan-' — =^ tan-» — + tan"* ^ 

=. tan~* tan"* — ■ 

= tan-* i + tan-* 1 
Substitating in (418) 

— = tan-* — 4- tan-* -- 4- tan-* tt; 

11 
= 2 tan-* -- — tan-* y 

= 2tan-*l+tan-*i (/) 

« tan-* 1+ tan-' j + tan-*l (ff) 

The equation (/) was employed by Clausen of Germany, in computing «• to 200 
decimal places, and (g) was employedJi)y Dase, also of Germany, in computing tt to 
the same number of figures. These computations were carried on independently of 
each other, and the results when communicated to Schumaoheb, (who giyes them in 
the Astronomische Nachrichten, No. 689), were found to agree to the last figure. 
They prove the value previously found by Mr. Rutherford to be erroneous beyond 
the 160th figure. 

By means of the formulsB (a), (6), (c), (d) and (e) we may again subdivide the 
arcs as often as we please. Thus, it is easy to deduce 

* ^ = 2 tan-* i + tan-* 1 + 2 tan"* - 

= 2tan-*l+tan-i + tan-*l + tan-' Jj 

==4tan-'i^tan-*i + tan-'i+tan-*^ 

= 4tan-*l-.tan-*^+tan-*^ 

= 4 tan tan—* 

6 289 

which last is known as Machines formula. In deducing it we have reduced the dif- 
ference of two arcs to a single arc by means of formula (a). 
Another method is, to find by trial, or otherwise, an arc a multiple of which is 

nearly equal to -^, and whose cotangent is a whole number; and then deduce the 

l2 
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difference between this multiple and -j. Thus it is known (from the trigonometrio 

tables) that cot 11^ 15' &= 5 nearly ; therefore by the last formula of Art 79, putting 

1 
tan X s= — . 
6 ' 

4tan-^ = tan-3j5. 



and by (194) 



therefore 



* ,120 »• , _ 120 ^ ^ , ^ ,1 

tan"" = tan""* — tan""* 1 = tan 

119 4 ««i 119 ««i 1 Win 289 



— = 4 tan * tan 

4 "*" 6 239 



as was found above. 
If we resolve tan-* -55^ by means of (c), (d) and («), we have m =3 289, 

m' 4" 1 = 57122 = 2*18* =s np, which offers several suppositions for n and|>; if 
we take n » 18"" = 169 and|> = 2*13* = 838, we find by (e) 

■^ = 4 tan"» -= tan-* — 4- tan"* — 

4 6 70 ^ 99 

which was employed by Rutherford. ^ 

If we take » = 1, jp = 57122, we find by (d) 

JT 1 1 1 

-J- = 4 tan-* ~ tan-* rrTTr- — tan" 



6 240 57361 
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CHAPTER XIV. 

EXPOKENTIAI. FORMULA. TBINOIIUL OR QITADBATIC PACTOBfi. 

218. To demonstrate UuUr's formulce 

COB a; = J (6 "V-J + e ""V-i) (424) 



sin X 



1 



_(e«i^-i_e— i^-i) (425) 



2y/ 

in which e it the Naperian hate of logarithmi, or. 

It is shown in the theory of logarithms that 

^ = l + (l)+|)+(^+ ($ + *«• (*26) 

where for brevity we write 

(1) = 1 (2) = 1.2 (3) = 1.2.8, &c. 

We have by (406) and (406), employing the above notation, 

/*• QT^ rgS fjff 

^*=(i)-(3) + (^-(f) + *«- 

the terms of which are the same as those of (426), but with alternate 
signs. If the signs in these two series were all positive, the sum of 
the two would be equal to (426) ; and it is evident that we shall make 
them positive by substituting 

a;2=— 25* or a: = 2\/ — 1 
which gives 

2» «< «« 

cosa: = l + ^+pj + ^+&c. 
sina: = ^^-.l(l + ^ + ^-gj + ^^+&c.) 
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irhence 

cosa: + -^— Y sina; = 1 + i^ + ^ + ^ + &c. = e* 

But 
1 ' -1 



therefore 

cos a: — v' — 1 sin a; = e- *i^ -^ (427) 

If in this equation we substitute — x for a;, we have, by (56), 

cosaj + ^/ — lsina: = g*i^-i (428; 
The sum and difference of these equations are 

2co%x^e'y-^ + e-' t^"* (429) 

2 v' — 1 sin a; = e'^-"^ — e-*i^-i (430) 
whence (424) and (425). 

219. The quotient of (430) divided by (429) is 

^^ltana::= ^,,^,^^,,^_, =. ^^^^,^^ (431) 

220. If we put 

y « e«V-i = cos a? + V' — 1 sin a? (432) 

we have y^ = e~* »^~* = cos a? — v' — 1 sin x (433) 

and (429) and (430) become 

2 cos a? = 1/ + y-' (434) 

2 V' — Isina; =y — y-i (435) 
If mx be substituted for x in these formulae, we have 

yw _ ^mmy^i « cos wa: + \/ — 1 sin mx (436) 

y-« = e""***i^""*= coswia; — %/ — 1 sinwa; (^^7) 

2 cos Twa; =» y* + y** (438) 

2 v^ — 1 sin wa; =■ y* — y"** (439) 



EXPONENTIAL FORMULA. 129 

221. Moivre's Formula. The value of y~ from (432)5 compared 
with (436) gives 

(cos a; + \/ — 1 sin xY = cos wia: + \/ — 1 sin mx (440) 
which is Moivre's Formula. It shows that the involution of the ex- 
pression cos a; + \/ — 1 sin a? is effected by the multiplication of 
the angle. 
Again, if we multiply (432) by 

cos a/ + %/ — 1 sin a?' = e*'*'"* 
we have 

(cos a: + ^/ — Isin a;) (cos a;' + \/ — 1 sin a:') = e^'^'^^-^ 

= cos (a; + a;') + \/' — 1 sin (a; + x') 

which shows that factors of this form are multiplied by the addition 
of the angles. 
We have also 

(cosa;+\/— lsina:)(co8a;— v/— lsina;)=cos*a;+sin^a;=e°= 1 (441) 

222. General form of Moivr^t Formula. As long as m is an mteg«r, both members 

of (440) can have but one yalue } but if m :b -^ the first member becomes 

jp 
(cosz+v^ — 1 sinx)* =:^(cos2 + \/ — Ifivaxy 

•which has q different Tallies* in consequence of the radical of the degree q^ while 
the second member 

P P 

cos •=- « 4- ^ — 1 sin ^ a; (a) 

q ^"^ q ^ 

has but one yalne. 

In order that both members may have the same generality, as should be the case 

with eyery analytical expression, it is necessary to suppose that we take for the arc 

z not merely the arc less than the circumference which has the giyen sine and cosine, 

but also all the arcs which have the same sine and cosine ; that is, e denoting the 

circumference, aU the arcs 

Zf x-{- e, a; 4" 2 c, z-{- Zcj &o. 

Now there is an infinite number of these arcs, but only q of them can give different 

values to (a) ; for aU the values of the arc in (a) will be 

£^, L^+Pl, ^x+i^, L,+ (Jrrl}P2, 

q ' 9 ^ q 2 9 9 9 

^^. + ?^, £,+ (£±i)Zi, &c &c. 

9 9 9^9 

* That is ^values real and imaginary; thus it is shown in algebra that^a* =s -{- <i 

^a*:ss 4- fl, — a, -{- a^ — 1, — a ^ — 1 ; &c. 

17 
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But ^z-\- -^^ sss ^ x-^pe has the same sien and coBine as -^ x; 

£. X _L ^?_jZ — L±l. a= ( :^ X 4- ^ ) + oc the same sine and cosine as ~ x4- — , &c.; 

so that after the first q terms of the above series, the same values of the sine and 
cosine return ad infinitum. Representing, therefore, the circumference by 2 r, 
the equation is entirely general under the form 

(cosa; + ^-— lsina;)T= cos ^ (2na-+z) + v^— 1 sin— (2n5r+x) (442) 

in which n is any number of the series 0, 1, 2, 8 q — 1. 

223. Trigonometrw expressions of the real and imaginary roots of unity. 
If X 8= in (442) it gives 
p 
(l)T=oos^ 2njr+^ — lsin^2nir (443) 

or (1)* = cofl 2 «in «•+ ^-- 1 sin 2 wtna- (444) 

m being fractional or integral. If |> s= 1, (443) gives 

y 1 = cos ^+^-1 sin^-^ (446) 

which expresses the q roots of unity by making n successively 0, 1, 2, 3 ... g' — 1. 
For example, let gf s=s 4, (446) gives for 

nssO, 4^1=scosO + v^ — IsinOassl 

n = 1, v^l = cos-— +%/ — lsin--=^ — 1 



« =r 2, v^ 1 s= COS a* 4- ^ — 1 Bin a* =B — 1 
8jr , . - . 3»- 



3 4y- 8»'.3»" 

, ^1 =B COS -o- + ^ — 1 sin-s- =— -v/- 



as found in algebra. 
If a; = -|- in (442), it gives 

f » i\« «i(4n+l)>r , - m(4n+l)r 

(v/— 1)* = cos — i — ^—^ f- v^ — 1 sin — ^^ — ^ — '— (446) 

which shows that an imaginary term of any degree can be reduced to a binomial of 
the form A-\. B y/ -^\, 
If aj = a- in (442) we find 

(— 1)* = cos m (2n + 1) jr + v^ — 1 sin m (2 n + 1) «• (447) 

224. To reduce an imaginary quantity of the form (a + ^ \/ — 1)* ^ '^* Z^'*"* 

Let k and x be determined from the equations 

A; cos X Bs a, A; sin X =s 6 

by Art 174 ; then, by Moivre's Formula, 

(a + 6 ^ — 1)* =s *• (cos X + ^ — 1 sin x)* 
= A* (cos »wx + \/ — 1 sin mx) 
and putting -4 == Aj* cos mx, B ^^ k^ sin mx. 
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Tbinouial OB Quadratic Faotobs. 

226. To find the quadratic {trinomial) factors of the expression 2^ — 22"»cob^+1; 
ffi being integral. 
By (438) and (434) we have 

y«« — 2y« oofl wix + 1 = 

y» ^2y coBz +1=0 

—,-.-. « . 2n»"4-A 
Therefore if we put y^sar, f»a; = 2«jr+^»ora:xs !— i-, we nave 

2*« — 2jr» COB + 1 = (448) 

2« — 2a ooB^^^t*+l=:0 (449) 

As these two eqnationB exist at the same time, they hare common roots, and the 
second is therefore a divisor or factor of the first ; but this factor has m values in 

consequence of the m values of cob "JLI. (Art. 222), found by making 

n = 0, 1, 2, 8...ffi — 1. Therefore the m quadratic factors of (448) are all ex- 
pressed by (449), and we have 



2W»_ 


-22^ 


cos ^ + 1 


_(,- 


- 2 a cos 


i+O 










x('- 


-2» COB 


2^+0 
m 


-0 








x('- 


-2a cos 


4t + 
m 


+0 








X . . 


. 












x('- 


- 2 2 cos 


2(m-l) 
m 


T+« 



+ 1) (460) 

226. To obtain the simple factors of (448), we have only to find the two simple 
factors of each of the quadratic factors in (460), or to find the two factors of the 
general quadratic (449). Now, by the theory of equations, if z^ and z, are the two 
roots of (449), the first member is equal to 

(« — «*)(« — «.) 
but we have by (432) 

a sss y as cos « + ^ — 1 BUI X as COB ■ h ^/ — 1 SlU —^ 

which gives the two values of z by the double sign belonging to ^ — 1. Therefore 
the simple factors of (448) are all included in the form 

2— ( cos i— ^ ± ^ — 1 sm ^—^ J (461) 
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EZAHPLBS. 

1. Find the quadratic and simple factors of 

Here m = 2, 2 cos ^ = 2, cos ^ = 1, * = ; and by (460), 

g*_2z*+l = (;i» — 2a5oosO+l) (a* — 2 2r cos t + 1) 

= (^ — 2af + l)(ai»+2a+l) 
by (461) 

= [2— (C080+ ^ — 1 sinO)] 

X [2 — (cos — ^ — 1 sin 0)] 

X [2 — (cos n-\' y/ — 1 sin t)] 

X [2 — (cos V — y/ — 1 sin jr)] 

= (a-l)(.-l)(.+ l)(.+ l) 

2. Find the factors of 2^ + ^ ^ + 1* ISLw^ m as 2, 2 cos ^ ss — 2, ^ = «r, and 

^+2««+l = (^+l)(^+l) 

= (.-<^-l)(2+^-l)(.-.<^-l)(. + ^-l) 

8. Find the factors of a* — «* + 1. 
2* — 2* + 1 = («• — 2 2 cos 30« + 1) («• + 2 2 cos 80® + 1) 

= (2» — 2^3 + 1) (2»+2^ 8+1) 

= (2-}^8-}^-l)(2^}^8 + }^-l) 

X(2+}^8 + }^-l)(2+}^8~}^-l) 
4. Find the factors of 2* — 22* + 1. 

2«_22«+l = (2«--22+l)(^+2+l)(^+2+l) 

= (2-~l)'(«+}+}v/--8)«(2+}-}^-8)- 

227. To find the quadratic faeiora of fff^ — 1 whm m it odd. 
In (460) let ^ = 0, it becomes 

(2«-l)»=(2-l)«X (2'-22C0S-^+l) 
X (2* — 22C08-^+l) 

X . . . 

x(i'-22cos?i!!^^llr+l) (462) 

Now m being odd, m — 1 is eyen, and the number of trinomial factors in (462), 
exclusive of (2 — 1)*, is even ; but 

2(f» — l)jr /„ 2ir\ 2t 
cos — ^^ — ^ ^ = cos 12 JT ) = cos 

so that the first and last of these factors are equal. In the same manner it is shown 
that any two of these factors equally distant from the first and last are equal ; 
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therefore, uniting these equal factors and extracting the square root of both mem- 
bers, we haye, when m is odd, 

«»»— 1 = (« — 1) X (2* — 22C0S^+l) 

X (i* — 2«oos-^ + l) 
X . . . . 

X (i'--2gcos ^'^'^^^^ +l) (463) 

228. To find the quadratic factors ofTff^ — 1, when m is even. 

When m is even, m — 1 is odd, the number of factors in (452), exclusive of (z — 1)*, 
is odd, and the middle factor will not combine with any other. This factor is the 



(?) 



and contains 



2( 
cos = cos »• ! 



'ft') 

BOS* 

and is therefore equal to 

so that uniting the remaining factors, and extracting the square root, we have, 
when tn is even, 



gm_l s=(2 — l)(2+l)x («• — 22fCOS ^ + l) 
X ^ai»-22cos-^+l) 



x(i--2.cos(!!^+l) (464) 

229. To find the factors ofsf^+l, when m is odd. 
In (460) let ^ = sr, it gives 

(2«+l)« = ^i* — 2«C08-^+ l) 

X (2*-22ICOBi^ + l) 

X . . . 

x(^-2.cos(?J!i^+l) 

and it is easily shown, as in the preceding articles, that the factors equally distant 
from the first and last are equal, and that tiie middle term is z* -|- ^ ^ + ^ == (^ + ^)^* 

M 
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Hence we find, when m it odd. 



X ( ^ — • 2z cos -^ + l) 

X . . . 

X (^^-^2zooB^^^:^l^+l) (465) 

280. To find the factors ofs^+l, when m is even. 
The same process gives 

1^+1 = (a^ — 22 cos ^+l) 

X («• — 2«cos — ^+ ij 
X . . . 

X ( ^-2. cos ^^^^^^+ l) (466) 

231. The simple factors of (453) and (454) are obtained from (451) by putting 
SB 0, and those of (455) and (456) by putting ^ = ir. There will be found pairs 
of equal factors as in the preceding articles, but all the different simple factors will 
be found by taking only the positive sign of the radical y/ — 1. 

232. Any function of the form a^ — 2p si^ + q may also be resolved into quad- 
ratic factors. It is only necessary to reduce it to one of the preceding forms. By 
resolving the equation 

2^ — 2;>ig»+3' = (457) 

we shall find from its two values of z^ 

8*»-2i>i^+g= (ai«-(;> + ^>rr^)) x(^-(i>~v/7^)) 

and if we put the absolute term in one of these factors s db a"* (according to its 
sign) it becomes 



21*** "^ d"* ! 



'(5-=^0'=''"'(^=^^) 



in which z =b a/, and the factors of this last expression may be found by one of 
the preceding articles. 

If, however, the values of 2^ in (467) are imaginary, i. e. if p^ < q, this method 
fails to discover the real quadratic factors, and we must proceed as follows. Put 
q s= a*", then the proposed flinction becomes 

in which 2 3= a/; and since in the present oase|> < a*", -^ is a proper fraction, 
and we may put ^ = cos 0, which reduces the given function to the form (450). 
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CHAPTER XV. 



TRIGONOMETRIC SERIES CONTINUED. MULTIPLE ANGLES. 

283. Thb true deyelopments of sin tnx and cos mx in series, when m is not re- 
stricted to integral values, were first obtained bji Foiruotf and form the subject of a 
memoir read by him before the French Academy of Sciences, in 1823.* The fol- 
lowing problem is the basis of these inyestigations. 

234, To develop (k + s/^ — 1)"*, in a seriea of ascending powers of k. Let 



and assume 

z =:^ A,+ A,k + A^J^ + A,T<^ , . . . + iln*». 

Differentiating (a) jand putting 

«' 
we find 

^ = „(*+^^Firi)"-x(i+^^) 

the square of which giyes 






dz 

dk 



Differentiating this and putting 

d^ 







%/(*•-!) 



W 



a" = 



dk 



W 



_ . } W 



we find, after dividing by a^, 

,»»« — fe* — (A* — ly = 
Again, differentiating [b) twice, we find, 

/ =^, + 2il,A;+3^.A*. . . .4-n-4„A»--*. . . . 
2" = 1.2 A + 2.3^, ft -I- 3.4 il^ A?. . . -I- (n — l)«il„ft»-« 
Substituting in (rf) the values of 2, /, 2", given by (6) and (e), we have 

Ar» . . . . + «»• ^« 

... — n ^„ 

~(n-l)n^„ 
. . +(n-|-l)(n4.2)A+. 
in which each of the coefficients of the powers of k must be zero. To discover the 
law which governs these coefficients, it will suffice to examine that of the general 
term, or the coefficient of A^, which is 

K-n«) ^„+ (n-l- 1) (n-l- 2) ^„+, =0 



= mMo 


+ «l'^x 


ft+m*^. 




- A, 


~ 2A 
— 1.2 A 


+ 1.2^. 


+ 2.8^, 


+ 3.4^, 



whence 



^»+---(n + l)(n+2)^« 



* See the published memoir, << Recherchea tur V Analyse des Sections Angulaires" 
Paris, 1825. 
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80 that from the first coefficient, Ao, we find by making n as 0, 2, 4, 6, &c., 

^ 1-2 • 

"** 8^4—^- 1-2-8.4 ^' 

_ w' — 4* _ fn'(m«>-2«) (m * — 4'») 
^•"" TTT^* 1.2-3-4-5-6 ^' 

and from the second coefficient, Ai, we find by making n &= 1, 8, 5, &c. 

"*• fT""*' 2¥r5 ^ 

A _ «»' — 6« ^ _ (re' — 1') (w« — 8*) (m» — 5') 
"*' 67~ •" 2-8-4-6-6-7 * 

Therefore, if we pat 

ir-1 '^^ F I '"•K-2^) p m«(>»'-2*)(m'-4«) 
^■^^^IT*^"*" 1-2-8.4 *^ 1-2-8-4-5-6 ^ + &c. 

^ -* 2^*^+ 2^8^4^6 *^ *''• 

the equation (6) becomes 

g^A.K+A,K' 
and it only remains to find A^ and A^, In (a), (5), (e) and (e), put k == 0; we find 

« = (^ — ir = ^ «' = m (^- 1) •»-» = A 

Therefore we have, finally, 



« = (*+ ^ A* — l)*" = (^ — !)"» ir+ (^ — I)*—* miT' (468) 



286. Tb develop (^ 1 — A* + ^ \/ — 1)"* *** <* ««rM» of lucending powers ofh. We 
have 



(v^l — A«+ A^— 1)"» =(^— 1)« (A + ^A« — 1)« 
therefore by (468), exchanging k for A, 



(^l-A' + A^-ir = (^-l)»[(^-l)'-fl-+(^_l)— re^'] 

in which ff and ^T' are what K and IT' become when A is put for k* Combining 
the imaginary factors in the second member, observing that 

(%/ - ir X (%/ - 1)- = (v^ 1)- = (!)• 
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(which mnst not be pnt equal to unity, since tn may be a fraction, and unity has 
imaginary roots,) and also that 

(s/- !)■» X (%/ - 1)"-' = ^/- 1 (^/ - 1)— X (v/ - 1)"^' = s/ - 1 (1)~ 
we have 



(^1 — A«+A^— 1)"»^(1)» ff+^—1 (1) • mS' (459) 

in which 

236. To develop the sine and eonne of the muU^le angle in a series of ascending powers 
of ihe cosine of the simple angle. 
When m is «n integer, this problem requires us simply to develop sin mx and 

cos ffiz in a series of powers of cos x ; but when m is a fraction ^ — , the angle mx 

has q values which have the same sine and cosine, (Art. 222), if we consider x to 
represent all the angles which have the same sine and cosine as the simple angle. 
We shall therefore employ Moivre's Formula in its general form (442), or 

(cos at + \/ — 1 sin x)"* ^ cos m (2 n a- + x) + \/ — 1 sin f» (2 « sr + ^) 

Putting ^ =s cos z we have by (458) and (446), v. 



(cosz + ^— 1 sin a;)** = (A + ^ A»— 1)« 
= (v/—l)"'ir+ (^— l)"-«mir' 

= cos(-(^-^^+^)-).ir+^-isin(-(^'-;+^)-).ir 

+ eos((i!^Zll)(|!^ 

Comparing the real and imaginary terms of these two values of (cos x 4-\/ — 1 sin z)"*, 
we have 

/o i ^ /in(4n'+l)«-\ _, /(« — 1) (4n' + 1) jt\ 
cosm(2na' + a;)=cos( -^^ — J^ ' J . K+ cos ( ^ ^-^ — -l__Z_j. m K' 

smi»(2»jr+z) = sm( —i — ^ — —) .iT+Bin^^ ^-^ — ^ ^ LmK' 

p 
If m is a fraction ss ^, each member of these equations receives g values by 

taking successively for n, or n', the numbers of the series 0, 1, 2, 8, . . . g — 1 ; but 
we are now to show what values of n and n' correspond to each other in the two 

members. Let z s= -^, then AssO, ir=l,ir'=sO, and we have 

m(4n+l)»- m(4n'+l)»- 

cos — ^ — fT ^ ss cos — ^^ — ~ — — 

M 2 

. TO(4n4- l)5r . m(4«'+l)5r 

sm — ^ 2 — "^ Bin-r-^ — ^2^"^ 

18 m2 
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therefore these two angles can only differ by some multiple of 2 ir, or we must 
have 

-—2 2 +2n T 

whence m {n — nO == n" 

but m being a fraction ^, and n, n' numbers of the series 0, 1, 2, . . . q — 1, we 

cannot haye m (n — n') equal to an integer n", unless it is zero ;* therefore 

n — n' = 0, n ^si n' 

and the aboYC deyelopments are 

co8«. (2 «,+ x)=oos ( •"('"+^)" ). jr+' COS ( (^!i=:ll^-id:l)5).^ir' (460) 

emm(2n>+,)=rin(^-i:^).ir+sm( ("'-^>(*"+^\" ).mg' (461) 
in which 

. ^ = ^ - T2- "^^^ + l>2-8-4 ^^ ^ - ^"' 

IT' = cos a; ^T" ^°® *+ ^ MA^ ^^ « — &c. 

It hence appears that, in general, it requires the combination of two series to ex- 
press the cosine and sine of a multiple angle in powers of the cosine of the simple 
angle, when m is fractional. 

237. When mis an integer^ one of the terms of (460) and (461) will always become 
zero, and we shall have but a single series to express the function of the multiple 
angle. The first members become in all cases 

cos (2 f»« »• + mx) s= cos mx 
sin (2 mn 9r 4- mx) ss sin mz 
and the second members vary according to the form of m. In (460), if 
m =s 4 m', cos mx ^ K 

m ss 4 m' -|- 1, cos mx = mK' 

m :s 4 m' 4- 2y cos OTZ ^ — K 

m ^ 4 !»' -I" 3» cos mz = — mK' 
and since when m is even, the series K terminates, and when m is odd, the series K' 
terminates, these four equations are all finite expressions, and will give the equations 
of Art. 76, by making fn = 1, 2, 8, &c. 

In (461), if 

m 3s 4 fn', sin mz ass — mK' 

»» = 4 to' + 1> sin «iz 5= iT 

m = 4 m' + 2, sin wz = mK' 

TO = 4 to' + 8, sin TOZ = — K 

P 
* Since — is supposed to be reduced to its lowest terms, p and q are prime to each 

other ; therefore, if — is not zero, q must divide n — n'\ which is impossiblcr 

since ihe greatest value of either nor n' \a q — 1. 



(462) 
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In these formulsB, however, the series do not terminate, but by differentiating 
(462) we find for 



i4< 



sin mz sss t— «i sin z (cos x ^-5 cos* x + &c.) 



2-8 



— 1* 



(463) 



m Bs 4 m' -|- 1, sin mz as sin z (1 ^-5 — cos* z 4- &o.) 

TO* — 2* 

171 ass 4 «i'+ 2, sin mz =s m sin z (cos z ^t^ — cos* z + &c.) 

wi* — 1* 
m a= 4 »i' + 3, sinmz =s — sin z (1 — ^ — cos* z + &c.) 

all of which terminate and give the equations of Art. 75. 

238. To develop the sine and cosine of the muUipU angle m a sertet of ascending powers 
of the sine of the simple angle. 

We take as before 

(cos z + \/ — 1 Bin z)"» sas cos m (2 fiT + a;)+ ^ — Isin «i (2 njr + x) 

Putting A ss: sin z, we haye, by (459) and (444), 
(cosz+^— Isinz)* = {^T^Ih^ + h^-^l)^ 



= (!)• JGr+^ — 1(1) * mff' 
= cos mn'TT . ff-\- y/ — 1 sin mn'ir . H 
+ ^ — 1 cos (m — 1) n' jr . mH' — sin (m — \)riir ,mH' 
Comparing the real and imaginary terms of these equations, 

cos m (2»T+ 3J) = cos ffinV . H — sin (m — 1) n'jr . mJGT' 
sin fn (2 »«• + z) = sin m n'v . ir+ cos (»» — 1) t»' »■ . »t IT' 

and to find what values of n and n' correspond, let z ss 0, then Ass sin z ^ 0, JET s=: 1, 
J7' 3B 0, and we have 

cos 2mnir s=s cos mn'»- 
sin 2 m fiT s=s sin m nV 
f^om which we infer that 2 mnr && «ii n'r, or 2 n »= n', and hence 

cos m (2n9r -|- z) = cos 2 mnr . JJ — sin 2 (m — 1) »»• . wfl"' (464) 

sin m (2 n ;r -f- z) = sin 2 mn;r . ff-^- cos 2 (wi — 1) »»• . fiifl'' (466) 

P 
in which m being a fraction ss — , n is any number of the series 0, 1, 2, 3, ... ^ — 1 ; 

and ^ 

„ , m* . . . m* (to* — 2*) . , 

JGT « 1 - --J. sin* z + ^.^.3.^ ^ sin* z - Ac. 

. m* — 1* . , , (m* — 1*) (m* — 8*) _ 

JET' := sin z sin* z -4- i ^ / ; ^ s sin* z — &c. 

2-3 ""* *T^ 2-8-4-5 

239. TTA^n m is an integer, the first members of (464) and (465) become cos mx 
and sin mx ; and the coefficients of the second members contain only multiples of 
2ir; therefore we have 

cos mx ^ H sin mz = mH' 

But the series H terminates only when m is even, and the series H' only when m is 
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odd, and we must also employ the derivatiyes of these equations to obtain finite ex- 
pressions in all cases ; thus we have also 



dH 



dW 



mdz dz 

Therefore differentiating the series JEf and ff'^ we shall have, when 



;2< 



1 — -T-^ sin' X + &c. 



m s= 2 m' 4- ^» cos Tna; = cosz (1- 



sin mx s m cos z (sin z • 



1-2 
m* — 2* 



sin* z + &c.) 



sin' z-\- &c.) 



2-8 
m = 2 «i' + 1, sin fiix = m (sin z ^^ — sin" z + &c.) 



(466) 



(467) 



all of which terminate, and give the equations of Arts. 77 and 78. 

240. To develop the sine and cosine of the multiple angle in a seriee of Mcending poteers 
of the tangent of the simple angle. 

We have 

cos TO (2 »sr + x) + ^ — 1 sin m(2 nv + z) =s (cos x-\- ^ — 1 sin x)"* 
= cos™ z (1 4- \/ — 1 tan x)* 
Expanding by the Binomial Theorem, and putting 

we have 

cos TO (2 n jr + x) + ^-- 1 sin m (2 njT 4- x) = cos*" z(T+^ — lT') 

But the imaginary and real quantities are not yet distinctly separated in the se- 
cond member, for to being fractional cos*" x has a number of imaginary values. If 
' we designate its real value by cos*" x, all its values are included in the expression 

cos"* X (!)"» =^ cos*" X (cos 2 mn'w + x/ — 1 sin 2 towV) 
which, substituted above for cos*" x gives 

costo(2 njr+x) 4-\/ — 1 sin to(2 n7r+ x) =cos"»x (cos 2 mn'v . T — Bin2 towV . T') 

+ v^ — 1 cos*" X (sin 2 mn'^r . 2*+ cos 2 wn' jr . T') 

Comparing the real and imaginary terms, we now have 

cos TO (2na- -j- x) = cos*" z (cos 2 mn'Tt . T — sin 2 mnjr . T') 
sin TO (2 na- 4- a^) ^ cos*" x (sin 2 toii' jr . T-\- cos 2 tow't . T*) 

and it is shown as in the preceding problems that n =s n', whence 

cos TO (2 na- 4- a;) = cos*" x (cos 2 mnir^ . T — sin 2 mnn- . T') (468) 

sin TO (2 nw 4- x) = cos*" x (sin 2 mnir . 5^ J- cos 2 mn^ . 5^0 (469) 
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in which m being a fraction = — , nis any number of the series, 0, 1, 2, ... ^ — 1 ; 



and COS"* x denotes only the real value of ^(cos xy. 

241. By the division of (469) by (468) 

,- , . tan2»ina-. 2^+ 2" ..„, 

tan m {2n7r + x) == ■= — 5 -^— ^^ (470) 

^ ' ^ T — tan2m»jr.r' ^ ' 

242. When mU an inUger, both the series T and T' terminate, and in all cases 
cos 2 mn T s= 1, sin 2 ffiit T s= ; and (468), (469) and (470) give 

cos mx s= cos*" X . T (471) 

sin jwx =s cos*" X . T' (472) 

tan ffw = ^ (478) 

which last expression embraces all the equations of Art. 79.* 

243. Before the memoir of Poinsot, developments were given for the multiple arcs 
in series of descending powers of the sine or cosine of the simple arc ; but he has 
shown that these developments are impossible, except when m is integral, and in this 
case the series are the same as the preceding, with the terms written in inverse 
order. 

244. To develop any power of ihe eoeme of the simple angle in a series of sines or cosines 
of the muUy>le angles, the cosine of the single angle being positive. 

If y Bs cos z -I- \/ — 1 sin z, we have, by (434) and the Binomial Theorem, 

(2 cos x)^ = (y + y-*)"» = y"* + wy«-*+ ^i^^'^) jr-* + &c 

and by Moivre's Formula, 

'y« asB cos m (2 njr + aj) + %/ — 1 sin m (2 nw + *) 
iny*-* = fncos(« — 2) (2fijr+a;)+ fn^-— 1 sin(m-— 2) (2na- + a;) 

^ -fcyy^^. ^(^ COS (m-A) (2n.+x)+'!^^^--l^(n^)(2n^x) 

&0. &c. 

Therefore, if we put 

P,„ ,^ ss cos m{2nyr+x)+m cos (m — 2) (2 na- + a?) + &c. 

P'^nw^ = sin «i (2 !!»• + z) + «i sin (i» — 2) (2 nw- + ^) + &«• 
we have 

(2 cos Z)- = P.„,^ + x/-l P'^nn^ («) 

Now m being a fraction (2 cos z)"> has imaginary values, but when cos z is positive, 
it will have at least one real positive value, and then (2 cos z)*" being understood to 
denote only this real value, all the values are included in the formula 

(2 cos z)"» X (!)"• = (2 cos z)"» (cos 2 mn'ir + ^ — 1 sin 2 mn'r) 

* Although the formulsB for multiple angles require, in general, the combination of 
two series when m is not an integer, yet there are certain cases, even when m is a 
fraction, in which one or the other of the series will disappear. See the memoir of 
Poinsot, cited at the begimiing of this chapter. 
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Therefore we have 
(2 cos x)"» (cos 2 mn' a-4- \/ — 1 sin 2 w/i' a-; = P%nn^x + \/ — 1 -P'an ir+a 
Comparing the real and imaginary terms, 

(2 cos JC)"* cos 2lRnV = Pamr+x 

(2 cos sc)"* sin 2 flw'sr = P',^ ,^, 

and to find the corresponding yalues of n and n', let a; := 0, then (2 cos z)"* = 2*", 
and the series become 

P.»» = cos 2 mn«- (1 + ffl+ ^ ^"* "" "^^ + &cO 

= C0B 2fnn7r (1 + 1)"* 
= 2"* COS 2mnfr 
and in the same way 

P'^nw = 2 "» sin 2 mn a* 
Therefore our formulsD become 

2*" 008 2 nm'jr =s 2*" cos 2 mn «• 
2™ sin 2 mn'TT s=s 2"» sin 2mnir. 
and as in former cases, it is shown that n = n', so that we have finally 



J\ 

cos 2mmr 



(2 cos a:)™ = — 2Ji^[+f_ (474) 



(2 cos a;)« = -. - ^" '+ ^ (476) 

From this it appears that the real and positiye yalue of (2 cOs z)**may be expressed 
either by a series of cosines or by one of sines of the multiple angles, and by 
comparing (474) and (475), we have the following constant relation between these 
series. 

P, „, ■!■, sin2mwy 

P%nnV» "" C0S2wft«' 

245. If » = 0, (474) gives 

(2 cos a;)"»=Pa. =s cos wa; + m cos {m — 2)x-\ ^— ^ L cos (m — 4) x + &c. (476) 

which may be employed as the general development of the real value of (2 cos x)"*, 
when aJ < -o"' 

246. The same supposition of n = 0, gives sin 2 mn »• =ss 0, and (475) gives 
therefore, 

= P'x = sin mx 4- «i sin (m — 2) X -^ i— ^ sin (m — 4) x + &c. (477) 

a remarkable property of this series of sines of multiple arcs, which holds for all 
values of m, provided x < — . 

247. To develop any power of ike cosine of the smple angle m a series of sines or cosines 
of the multiple angles, the cosine of the simple angle being n^ative. 
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If the denominator of m is even, there is no real yalae of (2 cos z)*" when cos x 
is negative ; bnt we may put 

(2 cos af)"» = (-— 2 cos «)•» (— 1)"» 

= (— 2cosa;)«[cos »t (2 n' + 1) sr + vZ — l sinw (2n'+ 1) a-] 
which, snbstitated in equation (a) of Art 244, gives 

(— 2 cos x)"* cos m (2 »' + 1) «• = P, „,r+x 
(— 2 cos a;)"* sin «i (2 n' + 1) >r asa P',„^+. 

Making z as= ir, cos z = — 1, ( — 2 cos z)"» s= 2*», and the series become, by the 
process shown in Art 244, 

P(.n+i)« =2'»cosni(2»+l)«r 
i*C.»+i)c =2«Bin«i(2«+l);r 
and we have 

2« cosrn (2ft' + l)«r == 2'" cos »t (2» + 1) jt 
2«sin«i(2n' + l)jr = 2« sin ift (2»+ 1)t 
whence, as before, n sa n', and our formnke are 

(-2 00SX)— ^-3^^-3j-^ (478) 

by which it appears that the real value of ( — 2 cos z)*" is also exprefsed either by 
a series of cosines or of sines of multiple arcs, which series have the constant re- 
lation 

^%nK+m ^ sin m (2 ft + 1) fr 
A»»+« oo8»i(2ft+ !)»• 

248. If n = 0, (478) and (479) give 

(— 2 COB z)*" =s -^— = — — (cos f»z + w 008 (ffi— 2) z + &c.) (480) 
^ ^ cosmsr oosfftw^ ^ / • / \ / 

(— 2cos z)« = V^ = ^-^ (sin niz + m sin (m — 2) z + &c.) (481) 
sin m ir sin wi »• 

In this case sin mn* is not zero, unless m is an integer, so that the series P'x does 
not become zero when a; > -^, and both (480) and (481) maybe employed as the true 

developments of ( — 2 cos z)*». 

249. When m i8 an integer, the series (476) and (480) always terminate at the 
(m 4- l)th term ; and, since in (480) cos msr ss ± 1, according as m is even or odd, 
and ( — 2 cos z)"* s= dz (2 cos z)"* in the same cases, both (476) and (480) become 

(2 cos z)*" = cos inz+ m cos (j» — 2) z + '"^"'T" ^ cos (m — 4) z + &o. (482) 

But the series (481) becomes zero, so that (482) is the only series by which 
(2 cos z)*" can be developed in functions of the multiple arcs, when m is integral. 
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250. To develop any power of tU sine of the eimpU angle, in a eeries of tinea or cosines 
of the multiple angles, , 

If y = cos a; + v/ — 1 sin 2, we have, by (436) and the Binomial Theorem, 

(^ — l)m (2 sin x)« = (y — sr*)"' 

-- ytn __ wi3r~*+ ^2 y**^— &o* 

in which y"», y"^, &c. have the same values as in Art. 244, but the signs of the 
coefficients are alternately + and —, so that if we put 

Q^nir+x == cosm (2 n «• + 2) — «t cos («t — 2) (2n T + 2) + &c. 
«'.»,r+« = sirfOT (2 » jr + x) — «i sin (m — 2) (2 n T + a:) + &o. 
we have 

(V^ — !)"• (2 sin a:)* = §.»» + »+•%/ — 1 §'.«»+« 
Substituting the value of (V — 1)"* ^7 (4*6), and comparing the real and imaginary 
terms, we find 

,„ . , m(4n'+l)jr ^ 

(2 sin X)"» cos — ^ ~ '— = ^anir+» 

(2 8inx)'*8m— i ~ ^— = V«nir + « 

and if we make x = -^, we shall find by tiie process frequently employed above, 
2 

that n^=^n'\ whence 

(2 sin xY = x^^V'•l1^ (^3) 

^ -^ cos}m(4n+l)Jr 

(2 sin xy-. := . ^^rrtTn (^®^) 

^ ^ sm J»t(4n+ 1)»- 

BO that the real value of (2 sin a;)"» may be developed in either the cosines or sines 
of the multiples. The two series have the constant relation 

^anir+» __ siu } m (4n + 1) y 
C««ir + « cosJm(4n+ l)!r 

251. If n = in (488) and (484), 

f2 sin a:)"» = ^ — = = (cos wz— «i cos (m — 2) x+ &c-) (4®^) 

^ ' cos J ma- cos J ma* ^ ^ / • / v / 

VI sin «)"• 5= — %^ — =s=s -; — T (sin mx — msin (m — 2) a;4- &c-) (^86) 

^ -^ sinjmjr sinjm»- ^ / • / v / 

both of which series are applicable when m is fractional. 

262. Whm mis an integer, one or the other of the series (485), (486), will always 

be zero, according to the form of m, and there will be but one series to express 

(2 sin a;)"». 

If «i = 4 m', (2 sin x)^ = cos mx — m cos (wi — 2) x + &c- (^^7) 

m = 4 m' + 1, (2 sin x)"» = sin mx — m sin (m — 2) x + &c. (488) 

m = 4m'+2, (2 8inx)« =— (cos mx — m cos (m— 2) x + Ac.) (489) 

m = 4m'+3, (2 sin x)"» = — (sin mx — m sin (m — 2) x + &c.) (490) 
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258. The series (485) and (486) become zero vhen m is an integer, as follows : 
If m =s 2 m', = sin mz — w sin (w» — 2) x + &c-. (491) 

m ^2m' -{- If ^ cos ma; — m cos (r» — 2) x + &c. (492) 

The reason why these series are zero is obyious, since they terminate at the 
(tn 4- l)th term, the terms equally distant from the first and last are equal with 
opposite signs, and the middle term of (491) is zero. 

254. Oivm the equation 

tan X ^ p tan y (493) 

to express x ±y ina series of multiples of y. 
Substituting the values of tan x and tan y given by (481) 



^xy-i_i ««»y-»__i 



— P 



whence 



or putting 



e^./.x _ (j>+l)^'>^---(j>-l) 
■" p+l--(p-l)e-yy-^ 



' ^ = f+i (494) 

Taking the Naperian logarithms of both members, 

2 (x — y) V^ — 1 = log (1 — qtr^vV-v) __ i^g (l _ ^ ^ir/-.) 
and developing the second member by the formula 

log (1 — n) ss—n^^ri^—'^n* — &o. 
we have 

2(x — y)v/— 1== — j«-«yV-» — J gr« c-*»r-» _ jg^g-.yy-i _ &c. 
4.^e*i'^-» +jj«e*»»'-» 4.j^tf«!fy-« + &c. 
Substituting in the second member by (480), 

X — y =B gr sin 2y + J ?* sin 4y + J g^ sin 6y 4- &c« (496) 

which is the required development of x — y. 
The equation (a) might have been put under the form 



-•«y-i 



1 / e»yV-i^g> \ 



1— i-«'«"'-^ 



1 — !.«-»»/-» 



from which, by taking the logarithms and substituting as before, 

' + V^-^-^-'^-^^. (496) 

which is the required development of x + y« 
19 N 
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In these formula x and y are supposed to be expressed in are, and to obtain 
aj i^ y in seconds, the terms of the series must be divided by sin 1". 

256. The preceding problem is particularly useful in finding z when p and y are 
given, and x is nearly equal to y ; in which case p is nearly equal to unity, either 

S^ or — is a small fraction, and one of the series (495), (496) converges rapidly. 



Examples. 

1. Given y = 50® and/> = 1 00065, to find x from (493). 
Taking only the first term of the series (495), 

2 y = 100® log sin 2y 9 •99386 

•00066 , a^'.'.^A 

^ = T00065 ''^^ '-'^^'"^ 

ap CO log sin 1" 6-31443 

z — y = 66"-996 log {x — y) 1-81952 

X = 50O 1' 6"-996 

2. Given y = 60° andj? = — 1-00066, to find x from (498). In this case 

_ 2-00066 
^ *" -00065 
and the computation by (496) is 

2 y = 100° log sin 2 y 9-99885 

1 -00066 



log^— 1^—6-51174 



q 2-00065 * \ q 

ar CO log sin 1" 5-31448 
a; + y = — 65"-996 log (z — y) — 1-81952 

z = — y — 65"-996 = — 50° 1' 5"-996 

In general, (498) is to be solved by (495) when p is positive, and by (496) when 
p is negative. 
256. Given the equation 

sin (at + 2) = m sin « (497) 

to ejpress z in a series of multiples of a. 
We deduce as in Art 168, 

tan (« 4- i «t) as "^ , tan ^ a 

which is reduced to (493) by putting 

whence g ^ . ^ = — 

p+1 m 

and (495) becomes 

sinct . Bin2ee . sin 3 a . . ^^««» 



m 



which is to be employed when m > 1 ; and (496) becomes 

« + «^ — msin* — Jm*Bin2« — }m"sin8flt — &o. (499) 

which is to be employed when m < 1. 
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257. Owen the equation 

m sin et ,..A«,» 

tan z s= r— ; (500) 

1 + ''^ cos « ^ ' 

to express z in a series of multiples of at. 
This equation in the form 



COB z 1 -f- m cos A 

gives sin 2 4- *» Bin a; 008 et ss m COS 2 sin « 

sin 2 ss m sin («t — z) 

tan (2 — } *) = ~"^ tan A « 

which is reduced to (493) by substituting 

TO— 1 



««, — j« y = }« 


^'^m + l 




whence g = " "" ^ = — 

p+1 


1 
m 




and the series (495) and (496) become 






sin A , sin 2 ct 


sin 8 * , . 


(501) 


2 = m sin « — } m' sin 2 <t -f } 


m" sin 8 * — &c. 


(602) 



258. Given the equation 

♦an • — .^_____ 

1 — mcos 



tan 2 ss , — (508) 

1 — m AAA /0 ^ ' 



to express z in a series of multiples of a. 

The equation (500) becomes (503) by changing the signs of both m and a ; the 
same changes in (501) and (502) give 

sin * sin 2 jt sin 3 <t . ,_^.. 

'+" ;r--27;? — -tut' — **'• ^^^ 

z ss mam A-\- i m^ s{n2A-\- i m* sihZa -\- &c. (505) 

259. In a plane triangle AB C^ given a, b and C, to find A or B by a series of multiples 
of a 
By (262) 



~ sinC 
tan A = 



1 r- cos (7 

6 



which, compared with (508), gives, by (505), 

. a , a* sin 2 (7 «■ sin 8 (7 . 

A = _8mC+^ . -2- + ^ . -8— + *"• ^^^ 

and B is found by the same series interchanging a and b. 
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260. In a plane triangle, ABC, given a, b and 0, to find eby a Hriea of mvU^let of C. 
We haye 

c» == a»+ 6« — 2a6 COS C (507) 

— = — cos C+ 1 

a* a* a 

by (451) = [— — (cos C+ -v/— 1 sin (7)1 

X [l-(cosC-^-lBmC)] 
~= [l-^(cosC+v^-lsinC)]x[l-y (00BC--v/-lsmC)] 



Taking the common logarithms, employing in the second member the formula 
log (1 — n) = — Jf (n + } n« + i n- + &o.) 
and applying Moiyre's Formula (440) in expressing the powers of cost? =b ^ — 1 sin C, 
we have 

2 log e — 2 log 6 SB 

_if r^ (cos a+ V— 1 Bin C') + -^ (oos2 (7+ v*— 1 8in2 C) + &c.l 

— if r-|- (cos a— V — l sin C') +~ (cos2 a— v' — lsin2 (7) + &C.1 

1 1 X ir/ « /7 I ** C082(7 , o" cosSC , . \ ,_-_. 

logc = log6 — if (^y cos (7 + ^.— 2 1- jT '—3 h&c-j (S08) 

This series was first given by Legendre. The series (495) and (496), upon which 
are based those of the subsequent articles, (Arts. 256, 257, 258 and 259), are due 
to Lagrange. 



PART 11. 

SPHERICAL TRIGONOMETRY. 



CHAPTER I. 



GENERAL FORMULA. 



1. Spherical Trigoxometrt treats of the methods of computing 
the unknown from the known parts of a spherical triangle. 

It is shown in geometry,* that a spherical triangle may, in gene- 
ral, be conatructed when any three of its six parts are given, (not 
excepting the case where the three angles are given). We are now 
to investigate the methods by which, in the same cases, the unknown 
parts may be computed. 

We shall at first confine our attention to such triangles only as 
are treated of in geometry, namely, those whose sides are each less 
than a semicircumference, and whose angles are each less than two 
right angles ; that is, those in which every part is less than 180°. 

2. It is shown in geometry, that if a solid angle is formed at the 
center of a sphere by three planes, the three arcs in which these 
planes intersect the surface of the sphere form a spherical triangle. 
Now the real objects of investigation in spherical trigonometry are 
the mutual relations of the angles of inclination of the faces and 
edges of a solid angle ; but, for convenience, the spherical triangle 
which forms the base of the solid angle is substituted for it. The 
sides of the triangle being proportional to the angles of inclination 
of the edges of the solid angle, are taken to represent those angles ; 
and the angles which those sides form with each other are regarded 

^ The student is here supposed to be acquainted with Spherical Geometry, at 
least so much of it as is to be found in Legendre's treatise, or in that of Prof. Peirce, 
of Harvard Uniyersitj. 
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as identical with the angles of inclination of the faces of the solid 
angle. But, since varying the radius of the sphere would not, in 
any respect, change the solid angle, or the values of the angles which 
enter into it, the mutual relations in question ought to be deduced 
without any reference to the magnitude of the radius of the sphere. 
In fact, we shall deduce our fundamental formulae from a direct con- 
sideration of the solid angle itself. 

3. In a spherical triangle^ the sines of the sides are proportional 
to the sines of the opposite angles. 

Let AB Oj Fig. 1, be a spherical 
triangle, the center of the sphere. 
The angles of the triangle are the 
inclinations of the planes A OB, 
AOC and jB (7, to each other, and 
will he designated by -4., B and (7; 
their opposite sides respectively will 
be designated by a, h and c, as in 
plane triangles. The trigonometric 
functions of these sides will be the same as those of the angles 
BOCy AOO^ AOBj which they subtend at the center of the sphere. 
(PI. Trig. Art. 20.) 

From any point jB' in OB, let fall B'P perpendicular to the plane 
AOC\ and through B'P let the planes BTA\ B'P O' he drawn 
perpendicular to 0-4. and 0(7, intersecting the plane OAO in the 
lines PA\ PC\ and the planes AOB, BOO in the lines A'B\ B'C\ 
The plane triangles A'PB\ B'P C are right angled at P; and 
OA'B\ C'B' are right angled at A' and C. ^he angle B'A'P, 
being formed by two lines perpendicular to OA, is the measure of 
the inclination of the planes AO B, AO G, dr oi the angle A ; and 
B'Q'P is the measure of the angle (7. 
We have therefore, by PI. Trig. Art. 15, 

MA' 
B'P 




whence 



sin O^iiaB'CP - ^^^ 



sin C ~ B'A' ^ B'P ~ B'A' W 
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Again, 




B^Q' 
sin a = sin B*OC' = -^ff^ 

sm c = ^xtlB'OA! = -5777- 


whence 




sin a 5'<7' BO B'G' 
sin^ ^ 5'0 ^ .B'-A' i'A' 


Comparing 


(?») 


and (w), 

sin a sin J. 
sin c sin Q 


which in the form of a proportion is 



(n) 
(1) 



sin a : sin (? » sin J. : sin Q 



which is the theorem that was to be proved. 

4. In Fig. 1, Ay a, C and <?, are each less than 90°, but the con- 
struction would not vary if any of these parts were greater than 90®, 
except that the points J.' and C might be found in the lines -40, (70, 
froduced through 0; and one or more of the right triangles A'B'P, 
&c., would contain the supplements of -4, a, O, or c instead of these 
quantities themselves. But the sine of an angle and of its supple- 
ment being the same, the preceding demonstration would still be 
valid, so that the theorem is applicable to any spherical triangle. 

Indeed, according to PL Trig. Art. 49, this result follows from 
the nature of the trigonometric functions themselves, and the demon- 
stration of the preceding theorem might therefore be considered as 
general, without requiring a special examination of the various posi- 
tions of the lines of the diagram. 

6. In a spherical triangle^ the cosine of any side is equal to the 
product of the cosines of the other ttOo sides, plus the continued pro- 
duct of the sines of those sides and the cosine of the included angle. 

Let the plane B'A'C\ Fig. 2, be «g.2. 

drawn perp. to -4, intersecting the 
planes -40 jB, BO Oand ^00, in the 
Unes^'-B', -B'(7'and*-4'0'. Thenthe 
angle B'AV = A, and B'OO' = a, 
and by PI. Trig. Art. 11$, in the tri- 
angles A'BV\ 0B'0\ we have 

ffC^ = A'B^ + AV^ - 2 A'B' . A'C' cos A 

B'O'^ = 0B^+ 00"^ - 2 05' . 0' cos a 
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Subtracting the first of these equations from the second, and ob- 
serving that in the right triangles OA'B', OA'O', 

OB'^-A'B'= 0A'\ OC*-A' 0'^ = OA'^ 

we have 

= 2 J.'* + 2A'B'. A'C coaA -2 OB' . 00' co^a 

OA'.OA' , A'B'.A'C 
whence cos a = ^^r^r + OB'.OO' '''"^ 

Substituting the trigonometric functions derived from the right trL 
.angles OA'B\ 0A'0\ 

cos a = COS 6 cos (? + sin 6 sin <? cos A (2) 

which is the theorem to be proved. It may be regarded as the fun- 
damental theorem, for the preceding (1) can be deduced from it, but 
as the process is somewhat circuitous, we have preferred deducing 
the two theorems from independent constructions. 

6. In the construction of Fig. 2, both h and c are supposed" less 
than 90^, while no restriction is placed upon ^ and a ; but the equa- 
tion (2) is no less applicable to all the other cases if the principle of 
PI. Trig. Art. 49 be granted. As that principle may not be suffi- 
mg. 3. ciently evident to the student unacquainted with analyti- 
cal geometry, we shall verify it in this case, as follows.* 
1st. In the triangle ABC, (Fig. 3), let b < 90^ and 
\(7 ^ > 90°. Produce BA, BO to meet in B'j forming the 
lune BB'; then AB'== 180° - (?, and b are both < 90°, 
and the preceding demonstration would apply to the 
triangle A B'O. Therefore, applying (2) to AB'C, we 
have 

cos(180°-a) = cos6cos(180°-£?)+sin6sin(180°-(?)cos(180°-J.) 

or by PI. Trig. (64), 

— cos a = — cos 6 cos (J — sin b sin c cos A 

and changing all the signs 

cos a = cos 6 cos <? + sin 6 sin c cos A 

the same result that would have been found by applying (2) directly 
to ABQ. 

* Hymer's Spherical Trigonometry. Cambridge, 1841. 
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2d. In the triangle ABC, Fig. 4, let h > 90°, <? > 90° ; 
produce AB and AC io meet in A' ; then A'B aniA'(7 
being both less than 90°, the formula (2) is applicable to 
ABC. Therefore 

cos a = cos (180° - V^ cos (180° - c) 

+ sin (180° - b) sin (180° - c) cos A 
= (— cos h) (— COS (?) + sin6 sin <? cos A 
=■ cosi COS (? + 8in( sine cos A 

the same result as before. 

7. The theorems expressed by (1) and (2) being applied succes- 
sively to the several parts of the triangle, give the two following 
groups : 




sin a sin jB = sin b sin A 
sin 5 sin (7 = sin er sin B 
sin (7 sin ji == sin a sin 

cos a = cos 6 cos c + sin 6 sin c cos A 
cos 6 = cos <? cos a + sin c sin a cos B 
cos (? = cos a cos 6 + sin a sin b cos O 



(3) 



(4) 




8. Let A!B'0\ Fig. 5, be the polar triangle 
oi ABOy and designate its angles and sides by 
-4', jB', C, a\ V and c'. Then, by geometry, 

A! = 180° - a, a' = 180° - J. 

B = 180° - J, 6' = 180° - B 

C = 180° - (?, c' = 180° - C 
and applying the first equation of (4) to A'B^C\ 

cos a' = cos 6' cos </ + sin 6' sin <?' cos J.' 
or by PI. Trig. (64), 

— cos J. = (— COS B) (— cos C) + AnB sin C (— cos a) 

— cos -4 == cos jB cos (7 — sin jB sin (7 cos a 

Changing the signs of this, we have the first of the following group : 

cos -4. == — cos jB cos (7 + sin B sin <7 cos a 

cos jB = — cos (7 cos -4. + sin sin -4. cos 6 > (5) 

cos (7 = — cos -4. cos jB + sin -4 sin B cos c 

20 
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It is thus that, by means of the polar triangle, any formula of a 
spherical triangle may be immediately transformed into another, in 
which angles take the place of sides, and sides of angles. 

9. Several other important fundamental groups of formulae are 
obtained from the preceding with the greatest ease. 

The first of (4) multiplied by cos c is 

cos a cos (? = cos h cos* c? + sin 6 sin c cos c cos A 
and the second of (4) is the same as 

cos a cos c + sin a sin <? cos jB = cos b 
the difference of which is 

sin a sine cos jB = (1 — cos^c) cos 6 — sin 6 sine cos c cos A 
Since 1 — cos* c = sin*(?, this may be divided by sine, and gives 

sin a cos5 = sin e cos J — cos c sin 6 cos ^ 
whence sin 6 cos (7 = sin a cos e — cos a sin e cos jB > (6) 

sin e cos J. = sin 6 cos a — cos h sin a cos O 
If we interchange B and (7, and therefore also b and e, the group 



sin a cos (7 = sin 6 cos (J — cos 6 sin <? cos^ 
sin6 cos J. = sine? cos a — cos <? sin acos^ 
sin e cos jB = sina cos 6 — cos a sin b cos 



(7) 



10. If (6) and (7) are applied to the polar triangle, they give, 
after changing the signs of all the terms. 



and 



sin Bcosc = sin Acos 0+ cos A sin (7 cos 6 > (8) 

. (9) 



sin -4. cos 6 = sin (7 cos jB + cos (7 sin B cos a 
sin Bcosc = sin A cos 0+ cos J. sin cosb 
sin (7 cos a = sin jB cos ^ + cos jB sin A cos c 



sin^cose = sin jB cos 0+ cosSsin C cosa 
sin jB cos a = sin (7 cos^ + cos O sin A cos b 
sin (7 cos 6 = sin-4. cos B + cos A sin Bcosc ^ 
11. Dividing the first of (6) by the following derived from (3), 

sinasinjB . . 

; — ^ — - = sm 

smA 
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we find the first of the following group 

sin^ cot B = sine cotJ — cos<? cos J. 

sin jB cot (7= sin a cot <? — cos a cos 5 K (10) 

sin (7 cot J. = sin 6 cota — cos 6 cos (7 

and in the same way from (7), or. by interchanging the letters B and 
(7, h and c in (10), we find 



sin^ cot (7= sin J cot <? — cos6 cos -4 
sin jB cot -4. = sin c cot a — cos c cos B 
sin cot jB = sin a cot6 — cosa cos O 



(11) 



If (10) are applied to the polar triangle, we find (11), so that no 
new relations are elicited. 

12. The preceding formulae are sufficient to furnish a theoretical 
solution for every case of spherical triangles, but some transforma- 
tions are required to facilitate their application in practice. 

In the first of (4) substitute, by PI. Trig. (139), 

cos -4. = 1 — 2 sin^ J A 

we find, by PI. Trig. (39), 

cos a = cos (J — <?) — 2 sin 6 sin <? sin* J A (12) 

and we have similar expressions for cos b and cos <?. 
If we substitute in (4), by PI. Trig. (138), 

cos-4 =s — 1 + 2 cos* JJ. 

we find, by PI. Trig. (38), 

cos a = cos (6 + (?) + 2 sin h sin c cos' J A (13) 

and, of course, similar expressions for cos ( and cos c. 

13. Substituting in (5) 

cos a = 1 — 2 sin* J a = — 1 + 2 cos* \ a 

we find by the same process 

cos ^ = - cos(5 + (7) - 2 sin 5 sin (7 sin* J a (14) 

cos -4. = — cos (S — (7) + 2 sin jB sin cos* J a (15) 

which might have been obtained by applying (12) and (13) to the 
polar triangle. 
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14. If in (12) we substitute cos a = 1 — 2 sin* J a, cos (6 — c) =: 1 — 2 sin* J (5 — c), 
ve obtain the first of the following equations ; and the others are obtained bj a 
similar process from (12), (13), (14) and (15). 

sin* J a = sin* }(6 — c)+8in*sinc sin* } A (16) 

sin* J a = sin* J ( 6 + ^) — sin 6 sin c cos* J A (17) 

cos* i a ^ cos* J ( 5 — c ) — sin 5 sin e sin* J ^ (18) 

cos* J a = cos* J ( 6 + c ) + sin 6 sin c cos* J -4 (19) 

sin* iA= cos* J (jB+ (7)+ sin jB sin (7 sin* } a (20) 

sin* J ^ = cos* I (jB— C) — sin-B sin C cos* } a (21) 

cos*J^= sin* J(J5+C) — sin^j3in(7sin*}a (22) 

cos*}^ = sin* J (J8— C7)+ sin 5 sin C cos* J a (23) 

15. By PI. Trig, we haye 

1 =s cos* iA+ sin* } A 
cos A ^ cos* i A — sin* J A 
whence 

cos b cos e = cos 5 cos e cos* J^ ^ 4* ^^^^ b cos e sin* }^ A 
sin 5 sin c cos ^ = sin b sin e cos* J^ ^ — sin 6 sin e sin* ^ A 
the sum of which is, by (4), 

cos a =: cos (6 — c) cos* i A+ 008 (b-\- e) sin* } A (24) 

and substituting 1 — 2 sin* } a, &c., for cos a, &c. 

sin*}a = sin*}(6 — c)co8*M + 8in'H*+«)8m*M (25) 

cos* J a = cos* J (6 — c) cos* }^ + cos*} (6+ c) sin* } ^ (26) 

In the same manner we deduce from (5) 

cos^ss— cos(^ — C)sin*Ja — cos {B+ (7) cos*} a (27) 

sin*}ul = cos*}(^— (7)sin*}a+cos*}(^+ C7)co8*}a (28) 

cos*}^ = sin*} (B^C) sin*}«+ sin*}(J5+ C) cos*} a (29) 

It is hardly necessary to add that each of the equations (12 to 29) gives a group 
of three, by applying it successively to the three sides or three angles of the triangle. 

16. From (12) we find 

. ,- . cos(6 — (?) — cosa 

Bin* J ^ = ^ , / . 

2 sin 6 sm c 

If, in PL Trig. (108), we put 

2?= a, y = b — c 

whence 

h{x + l/)='i{a + b-c), j(a,-y) = J(a-J + <;) 

we find 

cos (6 — (?) — cos a = 2 sin J (a — J + c) sin J (a + 6 — c) 
which, substituted in the above equation, gives 

sin* 1 ^ = BinHa-b + cYini{a-h + c) 

^ Sin 6 Sin e? ^ ^ 
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Let s denote the half sum of the sides, that is, let 

a+b + c^28, i(a + } + (?) = « 

then 

a-J + e? = a + J + (?-2J = 2«-25==2(«-J) 
a + J — e? = a + J + (? — 2<?==2« — 2c = 2(« — e?) 
which substituted in (30) give 

• a 1 vi sin r« — 6) sin (« — c) 

sin' i -a = — ^ . / . — ^ ^ 

Bin sin (? 

whence also sin* J 5 = "° (« " «^) sja (» - '') 



sm {? sin a 

. ^ - ^ sin Ti 
sin 



2-. /7_. sin (s — fl) sin (s — 6) 
sin a sin b 



M31) 



17. From (13) we find 

cos»M= °'T?-^^"^'^ 
^ 2 sm sm <? 

and from PL Trig. (108), by making 

J{^ + y) = J(« + J+^), i(a:-y) = J(6 + c-a) 

we find 

cos a — cos (6 + (?) = 2 sin J (a + J + (?) sin J (6 + c — a) 
which, substituted above, gives 

cos'M = "°^^^'^^t^)^!°^^^ + ^-'^) (32) 

* Sin 6 sin e? V / 

Introducing, as in the preceding article, « = J (a + 6 + e?), 

. , . sin « sin (« — a) 

cos^i J. = . . \ ^ 

sm sm <? 



U^= sin 8 sin (g — 6) 



sm c sm a 



^ ^ ^ sm « sin (a — (?) 

cos' i (7= ; \ , ^ 

-* sin a sm 6 



(33) 



ym 
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18. The quotient of (31) divided by (33) gives 

„ , ^ sin (» — h) sin (s — c) 

tan^ i J. = ^ A-T—^ — r-^ 

^ sin a sin (« — a) 

sin (« — c) sin (« — a) 
tan^J5= sin«sin(«-6) 

tanH(7=. ^^^^!^^")f^^7^^ 

19. From (14) we find 

cos-A + cos(S+ 0) 

sin^ t ^ = er~' — W~' — 7i 

2 2 sin jB sin (7 

from which, by PI. Trig. (107), we deduce 

-cosi(^ +^+(7)cosi( ^+(7-^) .... 

sm* * a = ^^^ ; — p - r/ (35) 

^ sin^sinC/ ^ ^ 



and if* we put 



. 5- — cos/ScosfAy — -4) 

sm* J a = ; — ^ . ^ — ^ 

^ sm jB sin 

• 21 7. — cos/ScosfAy— jB) 
sm* J 6 = ^-7Y-.^i 

. 2- _ — cos A^ cos (S—O) 

sm * <? — ; j ; =; 

sm -d. sm jD 



(36) 



The first member of each of these equations being a square, the 
second member must be essentially positive, although its algebraic 
sign is negative ; in fact, since by geometry 28^ 180°, S^ 90°, 
cos S is negative, and — cos /Sis positive. 

20. From (16) we find 

cos J. + cos (B — 0) 
«<>«*« 2sm5 8m(7 



from which we deduce, by a process similar to the preceding, 



cosHa = -'^-^^^-^-!-^°"*;-^ + ^-^ (37) 
2 sm J5 sm (7 ^ ^ 
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^ sm B sm 

^ Sin (7 sm J. 

sin A sm £ 
21. From (36) and (38) 

tan»i a = - QOi S COS {S - A) 
*'^** cos (^-£) cos (^y- (7) 

tan» i 6 = -C 08'S'co8(aS'-^) 
* cos(5-(7)co8(*Sr-^) 

, _ — cosaS'cos(<S^— C) 
*^ **~cos(>8'-^)cos(.S'-5) 



(38) 



(39) 



We might have deduced (36), (38), (39), by applying (31), (33), 
(34) to the polar triangle. 

22. Napier's Anahgiet. Dividing the Ist of (34) by the 2d, we 
find 

tan^ J. _ sin (« — h) 
tan \B~ sm{a — a) 

Begarding this as a proportion, we have, by composition and division, 

(m) 



tan ^A + tan \ B ^ sin (« — 6) + sin (« — a) 
tan J -4 — tan \B "~ sin (« — J) — sin (s — a) 



In PI. Trig. (109), if we put a; = « — J, y==« — a, whence 

X — y = a — b 

we have 

sin (g — t) + 8in(8 — a) ^ tan^g 
sin (« — 6) — sin {s — a) "" tan J (a — 6) 

and by PI. Trig. (126), 

tan^ ^ + tan|.B _ sin| (J. + ^) 
tan J ^ — tan J ^ "' ^i^ {A — B) 



160 
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Therefore (w) becomes 

Bin i(A + B) _ tan^c 
Bmi{A- B) "■ tani(a- J) 

or sin J (J. + 5) : sin J (J. — 5) = tan J c : tan J (a — 6) 

which is the first of Napier's Analogies. 

23. Again, the product of the 1st and 2d of (34) gives 



. 1 . . 1 r. sin (« — (?) 
tan J J. tan J5 = ^i - 



sm9 

or 1 : tan J J. tan J 5 = sin « : sin (« — c) 

whence, by composition and division, 

1 — tan^Atan^^ __ &in8 — sin(g — g) 
1 +tanj JLtanJJ? "~ sin « + sin (« — c) 

By PI. Trig. (109), if 2: = «, y = « — <?, we have 

sing — sin(g— g) _ tan^c 
sin« + sin (« — g) "~ tan ^ (a + 6) 

and by PI. Trig. (127), 



1 — tan^J-tan^Jg cos 1{A+B) 
l + tanJJLtan^jB ""cos J(J. — jB) 



Therefore (w) becomes 

cos|(A+^) 
cosi(-4-5) 



tan^g 



(40) 



(n) 



(41) 



tan J (a + 6) 

or cos J(A +£):cosJ(J. — 5) =tan Jg: tanj(a +6) 

which is the second of Napier's Analogies. 

24. If (40) and (41) are applied to the polar triangle, we shall find 

cot J (7 



sin^(a + h) ^ 

sin J (a — 6) ~ tanJ(J. — J?) 
or sin J(a + 6):sinJ(a —6) = cotJ(7:tanJ(A— 5) 

cos ^{a + h) cot ^(7 

cos Ha - J) ■" tanJ(-4 + 5) 

or cos J(a + J):cosJ(a — 6) = cot J (7: tan J (J. + jB) 

which are the third and fourth of Napier's Analogies. 



(42) 



(43) 
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25. (?aiM«'« ZTieitrem. If 

J? = cos } c sin J ( JL + ^) P ^= cos } C cos J (a — b) 

g ss cos } c cos } ( JL 4- ^) Q = sin } (7 cos i{a+ b) 

r = sin J c sin J ( JL — jB) J2 = cos J C sin J (a — b) 

* s= sin } c cos } (JL — B) 5^ = sin } (7 sin J (a + d) 

then the products pX g^P X r^p X '* gX^y q X'* r X ', are reepeeiioely equal to the 
products PXQ,PXB,PXS,QXR,QXS,RX8, 

First, From (8) we have 

sin e (sin ^ ± sin jS) &= sin C7 (sin a ± sin 6) 

which, by PI. Trig. (105), (106) and (135), are reduced to 

sinjccos JcsinJ(JL4--B)co8} (A — B) =sin} Ccos} Csin J (a+ 6)cos} (a — b) 
sin } c cos } c cos J (-4 + -B) sin J ( JL — B) = sin J Ccos J Ccos}(a+ i) sin} (a — b) 

or 

ps = PS and qr = QB 

Second. From (6) and (7) 

sin c (cos B ± cos -4) = (1 qp cos C) sin (a dt 6) 

which, by PI. Trig, are reduced to 

sin } e cos } e cos } (^ -I- -^) ^^^ H-^ — ^) = sin } (7 sin } Csin } (a-f- &) cos } (a-\- b) 
sin } c cos} c sin} (-4 + -B) sin } (-4 — ^) = cos} Ccos } C sin } (a — b) cos } (a — b) 

or 

qs =B QS and pr ^ PR 

Third, From (8) and (9) 

(1 ± cos c) sin (JL db ^) =s sin (7 (cos d =t: cos a) 
which, by PI. Trig, are reduced to 

cos }c cos} csin} (JL+ ^) cos } (-4+ B) = sin } C cos} C cos } (a + ft) cos } (a — 6) 
sin } c sin } c sin } (-4 — jB) cos } (-4 — -B) = sin } (7 cos } (7 sin } (a + 6) sin } (a — b) 

or 

pqsssPQ ' and rs=aRS 

26. The notation of the preceding article being stiU employed^ the quantities p\ j*, r*, «•, 
ar« respectively equal to P*, C*i -^i 'S^"* 

We have 

pqXpr^PQxPR 



and 


qr^QR 






the quotient of which is 










p-^P- 


whence 


;=±p 


and in the same way 


q^^Q' 




? = ±e 




r^ = R' 




r = itJ2 




«» = 5« 




»=±S 


21 


o2 
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27. In these last equations, the positive sign must he used m aU the second members, or 
the negative sign in aU of them. For if we take 

the equations 

pq^ PQ, pr=:: PR, ps = PS 

being divided by this, giye 

? = +ft r^ + R, s^ + S 
and if we take 

the same equations, divided by this, give 

q=.^Q, T^—R, s = — S 

We have therefore the following, which are generally cited as Gausses Equatione, 

COB J (J sin J (-4 + J5) = cos ^ C coa ^ (a — b) 

COS J c cos J (-4 + J5) = sin ^ (7 cos ^ (^ + *) 

sin } e sin j^ (^ — J5) =s cos J C sin J (a — b) 

sin J c cos } (JL — B) = sin J C sin J (a + J) 
or 

cos } c sin J (^ + ■^) = — cos J C cos J (a — b) 

cos J c cos } (-4 + ^) ^ — sin J C cos J (a -f- *) 

sin } e sin } (^ — B) ^ — cos } (7 sin } (a — b) 

sin } c cos ^ (JL — B) = — sin J C sin } (a + *) 

If, however, we consider only those triangles whose parts are all less than 180^, the 

first of these groups, (44), is alone applicable, for we must then have pss ^P; since 

cos i c, sin HA'\'B), cos } C, cos i(a — b) are then all positive quantities. The use 

of (45) will be seen in the chapter on the solution of the general spherical triangle. 

Napier's Analogies, (40), (41), (42) and (43) can be deduced directly from (44). 

Additional FosMULJi. 

28. We shall here add some formulee which, though not so frequently used as the 
preceding, are either remarkable for their elegance and symmetry, or of importance 
in certain inquiries of astronomy and geodesy. 

29. The product of (30) and (32) gives 



(44) 



[ (46) 



sin^^ =sr 


•X om o Bin ^o tjbj Bin ^ a 


ZL 


DAU ^« 


— "; 


(46) 




sin* b sin* c 








Put 


sin » sin (« — fl) sin (s — 


*) 


8!ll(( 


-c) 


(47) 


then 


,_ ^ 2n 










sin A ~— ...» 
sin b sin e 




and in the same manner 


^in B — 








• (48) 




sin a sin e 




the quotient of which is 


din A Buxa 
sin B sin 6 











which is our first theorem, Art. 3. As (48) was obtained from (30) and (32), and 
these from (4) without the aid of (3), we may consider the whole fabric of spherical 
trigonometry as resting upon the fundamental formulse (4). 
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80. We hare also from (35) and (37) 

— 4 009 S coa (S — A) Qoa (S — B) COB (S — G) ,,^, 

sin« a = i . . p . , ^ ^ i (49) 

Bin* £ Bin* C ^ ^ 

and if 

iV* = — cos 8 cos {S — A) cos (^ — B) cos (8 •— C) (60) 

(51) 
(62) 



From (48) and (51), 





' 


Bin a 




sin B sin 






n 


= 


sin a 




sin 6 
sin^ 


» 


sin 
Bin 


e 


iV 


sin^ 


C 



(66) 



81. If we develop (47) and (50) by PI. Trig. (173) and (174) 

4 n* =1 — cos* a — cos* b — cos* c 4- ^ cos a cos b cos e (58) 

4iV* = 1 — cos* A — cos*5 — cos* C7 — 2 cos ^ cos B cos C (54) 

82. The following simple results are easily deduced from the equations (31 to 88). 

cos J -4 cos J -B sin « 

sin ^ C sin e 

cos J -4 sin J 5 sin (s — a) 

cos iC 8in c 

sin J -4 cos } jB sin (» — b) 

cos j^ (7 sin e 

sin } ^ sin } ^ sin (* — c) 

sin ^ (7 sin c 

sin } a sin } 6 — cos 8 

cos J c sin (7 

sin J a cos } 6 cos (S — A) 

sin J c sin C 

cos } a sin j^ 6 ^_ cos {8 — B) 
sin J c sin (7 

cos J a cos j^ 6 cos (iS^ — C) 

cos J c sin (7 

88. By means of (55) and (56) we can deduce expressiouB for the functions of 
«, « — a, ko., in terms of the angles, or of 8, 8 — A, &c., in terms of the sides. 
We have, from (51), 

. 2JV N 

sin -4 sin 5 2 sin J -4 cos J-4 sin J .B cos J ^ 

which, substituted in (55), ^yes 

sin » ^ zr—, , ^ . , ^ — ; r-= (67) 

2BinJX8in}j?smj^(7 ^ ^ 

sin (» — c) = 2cos}JLcoBi^^sin}t7 ^^^^ 

whence, by interchanging the letters, we have also sin (« — a) and sin (« — b). 



(66) 
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Again, we hare 

sin (» — c) ss sin « 008 c — cos « sin c 
whence 

sin * cos e — sin (* — e) 

C08« a= : i i 

sin e 
which, by (56), is reduced to 



cos^^cos^^cosc — sini^sm}^ ,-_. 

cos 8 = = -. — r-?> — (59) 

sin J C/ ^ ' 



and from the equation 

cos (« — e) ^ cos 8 cos e-|- sin « sin e 
we find, by substituting (55) and (59), 



— sin i -4 sin ijB cose 4- cos J -4 COS J 5 ,._. 

'(*-«) rinK ^^ 



34. To eliminate e from the second members of ,(59) and (60), we hare, by (5), 



cos C 4- cos ^ cos JS 

cos e := . ' . — 5 

siUwd sin^ 



whence 



, ^ , „ cos C 4- cos A cos B 

cos * -4 cos * 5 cos c = — ^ . ' , . — — — - 
^ ^ 4 sin }^ sin J -5 

.,..-„ cos C + COB -4 cos -B 

Bin * -4 sm ^ ^ cos e = — ^— ; — - — 

4 cos J ^ cos J 5 

which, substituted in (59) and (60), give 

cos -4 + cos ^ 4- cos C — 1 .„, . 

cos 8 = . . ' , ^ . 7^ . , ^ (61) 

4smJ^8inJj58in}C ^ ^ 

, . cos -4 + COB 5 — cos C + 1 ,--. 

cos (« — c) = — A \ A 1 D . 1 >, (62) 

^ ^ 4 cos } -4 cos J ^ sin J C ^ ' 

1 — sin'}^ — 8in*}5— sin'JC 

oos(._c) = ££!lM+i2?:Mil»?!M^ (64) 

^ ^ 2 cos J -4 cos J -B sm } (7 ^ ^ 



From the preceding, we easily deduce 



2N 



tan * = j-j =,—. j= = (65) 

COB A -{' COB B -f- C08 C — 1 ^ ' 

2JV 

tan (» — c) = :ri 5 ttt-t (66) 

^ ' cos -4 + cos 5 — cos (7 + 1 ^ '' 

cos c — tan J ^ tan } JB 

cot 8 = ~ — (67) 

sine ^ ^ 

cot i -4 cot } jB — cos c ,^^^ 

cot (>-c) *— gX (68) 
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36. The equations (67 to 68) appUed to the polar triangle, give 

-^"»^ = 2caaiacosVco8ic («9) 

cos (iSf— (7) =s --.; 5 /70\ 



2 sin ^ a sin ^ 6 cos ^ c 

sin ^y sEs ^^° } a Bin ^ & COB t7 + cos } a cos } 6 
oos^e 

gijj /^ ^\ __ cos } g cos }d cos (7+ sin } a sin } 6 

cos } c 

sin;^ = ^Q^ ^ + cos ^+ cos c + 1 
4 cos ^ a cos ^ 6 cos ^ e 

_^ cos^ ia+ cos* j^ & + cos* je — l 
2 cos ^ a cos i b QOBi e 

«^» (.<y _ ^) ., 1 - cos a ~ cos 6 + cos c 
4 sin ^ a sin ^ 6 cos ^ c 

_ sin* } a + sin* ^ 6 + cos* ^ c — 1 
2 sin J a sin ^ 6 cos } 6 

-cot5'.- 2" 



cos a + COS 6 + COS c 4" 1 



. „ cos C 4" cot J a cot J b 

sin C 



(71) 
(72) 

(73) 

(74) 
(75) 



cot (S-0) = , ^^—n (76) 

1 — COS a — cos 4- cos e ^ ' 



(77) 



tan (5- C) = ??i.^-t>° i«^? i» (78) 

sin C7 ^ ' 

86. From (73) we find 

1 — sin 5 = ^ cos } a cos j 6 cos } c — cos* ja — cos* jb— cos* } c + 1 
2 cos } a cos ^ 6 cos ^ c 

1 4- sin iS = ^ cos } a cos } 6 cos } c + cos*^ a+ cos* ib+ cos* } c— 1 

2 cos ^ a cos ^ 6 cos ^ c 

the numerators of which may be reduced by PI. Trig. (173) and (174), by making 
a5 = }a, y = }ft, z = Jc, whence« = i(a + 54-c) = J*, » — x=} (* — a), &c. : 
therefore, 

1 — siui^ = 2 sin } g sin } (a— a) Bin} (a — b) sin j (* -- c) 
cos^a cos} 6 cos}c 

1 4- sin iS = ^ cos } a cos } (*— a) cos }(* — ^) cos } (s — c) 
cos } a cos } 6 cos } c 

The product of these equations reproduces (69) ; their quotient is, by PI. Trig. (154), 

tan* (45° — } .S) = tan } « tan } (» — a) tan } (a — b) tan } (« — c) (79) 
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37. To deduce the formulas of plane triangles from those of spherical triangles. 

The analogy of many of the preceding formulsB with those of plane trit^ngles is 

sufficiently obvious. We can, in fact, deduce the plane formulsB from those of this 

chapter, by regarding the plane triangle as described upon a sphere whose radius is in- 

finite, the triangle being an infinitely smaU portion of the sphere. The quantities a, b and 

e, must, in this case, express the absolute lengths of the sides ; and the angles which 

a b c 
they subtend at the center of the sphere, expressed in arc, will be — , — , —,r be- 

a b e 
ing the radius of the sphere. When r is very large, -— , — , -— , are very small, and we 

a a 

may express the values of sin — , cos — , &c. approximately, by one or two terms of 

their expansions in series, PI. Trig. (405) and (406), and if their values be substi- 
tuted in our spherical formulae, we shall obtain approximate relations between the 
sides and angles of the triangle. If we then make r infinite we shall obtain exact 
relations between the sides and angles of a plane triangle. 
Thus we have 

a a a* a* 

sin A r r 2.8 r* ' 2.3 r* ' 



sin^ -.6 — * 6» ,. "• b* ,. 

and making r infinite, we find the formula of PI. Trig. 

sin -4 a 

Bin B b 
In the same manner 

8---C0S-C0S- l__ + &c.-(l____+_«&c.) 



^T'^V (7-W-+*^')(7-2J?-+^«-) 





+ 


(^ 


b* 


.i R'r, 


5« 


\r 


2.8 r- 
2r' 


+ &C. 



COS A ! 



2 6c— --1— &c. 

8 r 

and making r infinite, we have the formula of PI. Trig. 

cos A = — '——- 

2 be 

FormulsB that involve only the sines or tangents of the sides may be reduced im- 
mediately to the plane formulse by substituting a, 6, &c., for sin a, tan a, &c. Thus, 
(31 to 34) give the corresponding formulae of PL Trig, by omitting the symbol sin. ; 
and (40), (41), by omitting the symbol tan. 
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CHAPTER 11. 

SOLUTION OF SPHERICAL RIGHT TRIANGLES. 

88. When one of the angles of a spherical triangle is a right 
angle, the general formulae of the preceding chapter assume forms 
that are remarkably analogous to the relations established for the 
solution of plane right triangles, and equally simple in their appli- 
cation. 

39. Let (7=90^ Fig. 6. From (3) we 
have 



Fig. 6. 



sin J.: 



sma 
sine; 



sin Q 




but since (7= 90°, sin (7=1; therefore, 

sin a 



sin -4. = - 



sine 



and, in the same manner. 



sin 5 = 



sini 
sine? 



(80) 



that is, the sine of either oblique angle of a spherical right triangle 
is eqvMl to the quotient of the sine of the opposite side divided by the 
sine of the hypotenuse. Compare PL Trig. (1). 
40. From (7), we find 



cos J.' 



sin6 cose — sina cos C 



cos i sin e 
but if (7= 90°, cos (7= 0; therefore, 

sin b cos c 



cos -4. = 



cos 6 sin (? 



tan b cot c 



or 



cos J. 



tan b 
tan c 



COSjBsss 



tang 
tan c 



(81) 
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that is, the cosine of either angle is equal to the tangent of the adja- 
cent sidCy divided hy the tangent of the hypotenuse. Compare 
PI. Trig. (1). 

41. From (10), we have, 

. sin 6 cot a — cos h cos C 

cot A = : — 7= 

sm O 

which, when G «= 90°, becomes 

cot ^ = sin 6 cot a ss 

tana 

or, taking the reciprocals, 

A ^^^CL _ tan 6 ,-^. 

tan A = ;t— ^ tan B = -^-- (82) 

sm sin a ^ ^ 

that is, the tangent of either angle is equal to the tangent of the op- 
posite sidcj divided hy the sine of the adjacent side. Compare 
PI. Trig. (1). 

42. From (8), we find, 

. . sin (7 cos 5 + cos (7 sin 5 cos a 

sm A =» 7 

coso 

and if (7= 90°, 

. - cos J? , ^ COS A ,^^^ 

smJ. = r sm5 = (83) 

COS cos a ^ ^ 

that is, the cosine of either anglcy divided by the cosine of its opposite 
sidcy is equal to the sine of the other angle. In PI. Trig, we have 
sin A = cos B. 

43. From (4), we have, 

cos (? = cos a cos 6 + sin a sin h cos 

or, when (7=90°, 

cos (? = cos a cos b (84) 

that is, the cosine of the hypotenuse is equal to the product of the co- 
sines of the two sides. In PL Trig. <?^ = a* + b\ 

44. From (6), 

cos 0+ cos A cos B 



COBC ' 



sin^sinJ? 



or, when (7= 90°, 



cos A cos B 

cos c = - — :r~' — »■ = cot A cot B (86) 

sm ^ sm jd ^ ^ 
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that is, the cosine of the hypotenuse is equal to the product of the co- 
tangents of the two angles. In PL Trig., 1 » cot ^ cot B. 

45. No difficulty will be found in remembering the preceding for- 
mulae for spherical right triangles, if they are associated with the 
corresponding ones for plane triangles : thus. 



In plane right triangles. 



sin J.== — 
c 



cosA= — 
c 



sin £ = — 
c 



cos J? = — 
c 



tan J.: 



a 
T 



tanj?- 



a 



sin J. = cos B, sin jB = cos -4. 

c» = a» + 6» 
1 = cot A cot jB 



In spherical right triangles. 



. . sin a 

sinA = -^ — 

sm c 



cos J.= 
tan -4.= 



sin -4 = 



tan I 
tan c 

tana 
sin 6 

cos 5 
cos h 



sin 5 = 
cos 5 = 



sin 6 
sine 

tana 
tan c 



^ tan 6 

tan5==-. 

sm a 



sinJ? = 



cos -4 



cos a 



cos c = cos a cos b 
cose = cot A cot 5 



46. Napier's Rules. By putting these ten equations under a different form, Napier 
contrived to express them all in two rules, which, though artificial, are very gene- 
rally employed as aids to the memory. 

In these rules, the complements of the hypotenuse and of the two oblique angles 
are employed instead of the hypotenuse and tiie angles themselves. The right angle 
not entering into the formulsB, they express the relations of five parts, but in the 
rules the five parts considered are a, 6, co. e, co. A and co. B, Any one of these 
parts being called a middle part, the two immediately ac^acent may be called tuija- 
cent parte, and the remaining two, opposite parts. The right angle not being considered, 
the two sides including it are regarded as adjacent. The rules are : 

I. Tlie sine of the middle part is equal to the product of the tangents of the acffacent 
parts. 

II. The sine of the middle pari is equal to the product of the cosines of the opposite parts. 
The correctness of these rules will be shown by taking each of the five parts as 

middle part, and comparing the equations thus found with those already demon- 
strated. 

1st. Let CO. c be the middle part ; then co. A and co. B are the adjacent parts, 
a and d the opposite parts, and the rules give 



COB c ^ cot ^ cot B 
cos e = cos a cos b 



sin (co. c) ^ tan (co. A) tan (co, B) 
sin (co. c) b: cosxi cos d 

which are (85) and (84). 

2d. Let CO. A be the middle part ; then co. e and b are the adjacent parts, co. B 
and a the opposite parts, and the rules give 

sin (co. A) = tan (co. e) tan b or cos ^ = cot e tan b 

sin (co. A) = cos (co. B) cos a cos ^ =b sin JS cos a 
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In the same maimer, if co. B is taken as the middle part, 

sin (co. B) =a tan Tco. c) tan a or cos ^ = cot c tan a 

sin (co. B) rsst cos (co. A) cos h cos ^ = sin ^ cos b 

and these four equations are the same as (81) and (88). 

8d. Let a be the middle part ; then co. B and b are the iK^acent parts, co. A 
and CO. c the opposite parts, and the rules give, 

sin a =r tan (co. B) tan b or sin a =s cot B tan b 

sin a = cos (co. A) cos (co. c) sin a ^ sin A sin c 

In the same manner, if b is taken as the middle part, 

sin 6 ss tan (co. A) tan a or sin & == cot ^ tan a 

sin b s= cos (co. B) cos (co. e) sin 6 = sin B sin c 

and these four equations are the same as (80) and (82). 

tt appears, therefore, that these rules include all the ten equations previously 
proved ; and they include no others, since we have taken each part successively as 
the middle part. 

In the application of these rules, it is unnecessary to use the notation co. A, co. B, 
00. e, since we may write down at once sin A for cos (co. A)y &c.* 

47. In order to solve a spherical right triangle, two parts must 
be given, and from the equations of Art. 45, that equation must be 
selected which expresses the relation between these two parts and 
the required part. 

When Napier's Rules are employed, it is only necessary to determine which of the 
three parts — the two given and the one required — ^is to be taken as the middle part. 
« These three parts are either all adjacent to each other, in which case the middle 
one is taken as the middle part, and the other two are adjacent parts; or one is 
separated from the other two, and then the part which stands by itself is the mid- 
dle part, and the other two are opposite parts."! 

48. In order to distinguish the functions of parts less than 90° 
from those greater than 90°, it will be necessary carefully to observe 
their algebraic signs, according to PI. Trig. Art. 40. But when a 
required part is determined by its sine, since the sine of an angle 
and of its supplement are the same, there will be two angles, both 
of which may be regarded as solutions, except when this ambiguity 
is removed by either of the following principles. 

* If we employ as the five parts, the hypotenuse, the two angles, and the comple- 
ments of the two sides including the right angle, these parts will be the complements 
of those used in Napier's Rules, and we shall have 

Mauduit's Rulss. — I. The cosine of the middle part is equal to the product of the co- 
tangents of the adjacent parts, 

II. The cosine of the middle part is equal to the product of the sines of the opposite parts. 

With a little attention at the commencement, however, and by observing the ana- 
logy exhibited in Art. 45, the student will find that he will have little use for either 
of these artificial rules. 

f Peirce's Spherical Trigonometry. 
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49. In a right spherical triangle^ an angle and its opposite side 
are always in the same quadrant^ that iSy either both less or both 
greater than 90°. For, by (83), 

cos B 



sin J. 



cos 6 



in which, since sin A is always positive, (-4. < 180°), cos B and 
cos b must have the same sign; that is, B and b must be either both 
less or both greater than 90°. 

50. When the two sides including the right angle are in the same 
quadrant, the hypotenuse is less than 90°, and when the two sides 
are in different quadrants, the hypotenuse is greater than 90°. 
For, by (84), 

COS <? = COS a cos b 

in which, if a and b are in the same quadrant, cos a and cos b have 
like signs, and cos c is positive, that is, c < 90° ; but if a and b 
are in different quadrants, cos a and cos b have different signs, and 
cos c is negative, that is, c > 90°. 

We proceed now to the solution of the several cases. 

61. Case I. Griven the hypotenuse and one angle, or c and A, 
Fig. 6. 

To find a. The relation among the three 
parts, €, A, and a, (as in PL Trig, with the 
same data), is given by the sine of A ; and 
by Art. 45, 

. . sin a 

sin A = -; — 

^inc 

from which we find* 

sin a =» sin (? sin A (86) 

There will be two values of a corresponding to the same sine, but, 
by Art. 49, the true value is that which is in the same quadrant 
as A. 

To find b. The relation among the three parts, c, A, and b, (as 
in PL Trig, with the same data), is given by the cosine of -4., or, 

. tan J 

cos A = T— — 

tan c 

from whichf tan b = tan e cos A (87) 

* This equation would be found by Napier's Rules, taking a as the middle part, 
f We find the same result by Napier's Rules, taking co. -4 as the middle part. 




172 SPHERICAL TRIGONOMETRY. 

To find B. We have, by (85),* 

* cos (? = cot A cot B 

cos c 

from which cot B — . = cos c tan A (88) 

cot -4. ^ ^ 

The quadrants in which h and B are to be taken, will be deter- 
mined by means of the signs of tan b and cot B, according to PL 
Trig. Art. 40. 

Check. To guard against numerical errors, it is often expedient 
to compute the same quantity by two different and independent 
methods. In many cases^ however, we may test the accuracy of 
several operations by a single formula, which may be called the 
check. In the present instance, when the three parts, a, i, and By 
have been found, we should have, by (82), the relation 

sin a = tan b cot B 
60 that if the work is correct, we shall find • 

log sin a «= log tan b + log cot B 

Examples. 

1. Given c = 110° 46' 20", A = 80° 10' 30", to solve the triangle. 

By (86). By (87). By (88). 

c, log sin 9-9708106 log tan - 04210061 log cos - 9-5498045 

A, log sin 9.9935833 log cos + 9-2320794 log tan + 0.7615038 

log sin a 9.9643939 logtan6- 9-6530855 log cot B - 0.3113083 

log tan 6 - 9-6530855 

Check, log sin a + 9-96439-38 

Ans. a = 67° 6'52".7, b = 155°46'42".7, B = 153° 58'^4".5 

2. Given c = 120°, A = 120° ; solve the triangle. 

Ans. a = 131° 24' 34".7 b = 40° 53' 36".2 B = 49° 6' 23".8 
62. When e =s 90*>, and -4 = 90®, we have 

^0 

tan b ss-rr tan J5 = -^ 

60 that b and B are both indeterminate ; that is, there is an indefinite number of 
triangles which satisfy the given values of e and A ; but since 

cos B ^ cos b sin A ^ cos b 
we always have B =sb; and since 

sin a ^ sin c sin ^ = 1 
we have a = 90°, and all the parts of the triangle are equal to 90°, except b and B. 
If only e is given s= 90°, all the parts of the triangle are equal to 90°, except A 
and a ; and we have ^ = a. 

* Or by Napier's Rules, taking co. e as the middle part. 
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53. Case II. Given the hypotenuse and a side^ or c and a. 
To find A. We have by (80), 

. . sina . ,_.-- 

sm A = -. = cosec c sm a (89) 



Sine? 



To find B. By (81), 

COS B = : — ^ = cot c tan a (90) 

tanc ^ ^ 

To find b. By (84), 

cos <? = COS a cos 6 

cos ^ 

from which cos 6 = = cos e sec a (91) 

cos a ^ ^ 

C%ecA:. We have between Ay B, aiyl 6, the relation 

cos -B =s sin J. cos h 

Examples. 

1. Given e = 140°, a = 20° ; solve the triangle. 

By (89). By (90). By (9i). 

(?,log cosec 0.1919325 log cot - 0-0761865 log cos - 9-8842540 
a, log sin 9-5340517 log tan + 9-5610659 log sec + 0-0270142 

log sin A 9-7259842 log cos B - 9-6372524 log cos b - 9-9112682 

log sin ^ + 9-7259842 

Check, log cos B - 9-6372524 

Ana. A^ 32° 8'48"-l 

£ = 115°42'23"-8 

6 = 144°36'28M 

2. Given c = 101° 16' 16''.7, b ^ 115° 42' 38"-5 ; find A. 

Ana. ^ = 65°32'56M 

54. When a = e ss 90<>, sin ^ s= 1, A = 9^, and 

COa Bss-rr- COS 6 aa= -jr- COS JS ss COS 6 

80 that Bssb, but both are indeterminate as in Art. 62. 

p2 
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55. Case III. Given one angle and its opposite side, or A and a» 
We shall have 



8in^: 



sma 
sine; 



whence sin c = cosec A sin a 



(92) 



tan J. = 



tan a 



sinb 



sin 5 = cot ^ tan a 



(93) 



sinjB: 



cos J. 
cos a 



sin jB = cos A sec a (94) 

Chech sin 6 = sin c sin B 



In this case, there are always two solutions, all the required parts 
being determined by their sines, and the ambiguity not being removed 
by either Art. 49 or Art. 50. This also appears from Fig. 7. 

If AB and AC he produced to meet in A\ ABA' and 
AOA' are semicircumferences and A = A'; the triangles 
ABO and A' BO both contain the given parts A and a, 
but (?', V and B* are respectively the supplements of <?, 
I and B. It must not be inferred that in every case all 
the required parts are less than 90° in one triangle, and 
greater than 90° in the other ; but the proper values for 
each triangle must be selected by Arts. 49 and 50. 




Examples. 



1. Given A = 100°, a = 112° ; solve the triangle. 
Ans. c= 70°18'10".2 ) f c = 109°41'49''.8 

6 = 154° r26".5 f or ^ 6= 25°52'33".5 
5 = 152° 23' r.3 J I 5= 27°36'58".T 



2. Given A = 80°, a = 68° ; solve the triangle. 

Ans. ^= 70°18'10''.2 1 ( c = 109°4r49''.8 



b 
B 




or 



{iz 



154° 7'26"-5 
162° 23' 1".3 



3. Given B = 150°, 6 = 160° ; solve the triangle. 

Ans. c = 136°50'23".3 ■) r <,= 43° 9'36".7 

a= 39° 4'50".7 [" or < a = 140° 55' 9".3 

JL= 6T° 9'42".7 J i. ^ = 112° 50' 17"-3 



SOLUTION OP SPHERICAL RIGHT TRIANGLES. 175 

56. Case IY. Given one angle and its adjacent aide, or A and b. 
We shall find the required parts by the equations 

cos -B = sin A cos b (95) 

tan a = tan A sin b (96) 

cot c = cos -4. cot b (97) 

Chech cos B = tan a cot c 

Examples. 

1. Given A = 80° 10' 30", b = 155° 46' 42''.7 ; solve the triangle. 

Ans. -B = 153°58'24''.5 
a= 67° 6'52".6 
(? = 110°46'20".0 

2. Given B = 152° 23' 1".3, a = 112° 0' 0" ; solve the triangle. 

Ans. A = 100° 

> = 154° r26".5 
(?= 70°18'10".2 

57. Case Y. Given the two sideSj a and b. 
We find the required parts by the equations 

cos <? = cos a cos b (98) 

cot -4. = cot a sin 5 (99) 

cot -B = sin a cot b (100) 

Cfhech cos c = cot-4.cot-B 

Example. 

Given a = 116% 6 « 16° ; solve the triangle. 

Ans. (?=114°55'20M 
A= 97°39'24M 
5= 17°4r89".9 

58. Case VI. GHven the two angles^ A and B. 
The required parts are found by the formulae 

cos (? = cot A cot B (101) 

cos a = cos -4 cosec B (102) 

cos b = cosec A cos S (10^) 
Check, cos c = cos a cos i 
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Example. 
Given A « 60° 47' 24".3, B = 57° 16' 20".2; solve the triangle. 

Ans. c = 68° 56' 28".9 
a = 54° 32' 32".l 
b = 51° 43' 3B".l 

Additional Foemul^ foe the Solution of Sphbbioal Right Triangles. 

69. As in plane trigonometry, cases occur in which particular solutions of greater 
accuracy than the ordinary ones are required. (PI. Trig. Art. 112.) 

60. From (89) we find 

1 — sin -4 sin e — sin a 
1 + sin Jl sin c -f- sin a 

which by PI. Trig. (164) and (109) is reduced to 

-(««-M)=:^^S^J 004) 

which will give a more accurate result than (89), when A is nearly 90®. 

61. From (91) we find 

1 — cos 6 cos a — cos c 
1 + cos b cos a + cos c 

or tan* } 6 asa tan i (<? + «) tan } (c — a) 0-^^) 

which may be employed instead of (91) when 6 is small, or nearly 180°. 

62. From (90) we find 

1 — cos J? tan c — tan a 
1 -f- cos ^ tan c + tan a 

tan-i^=.?!^(i^ (106) 

^ Sin {c + a) ^ ' 

which may be employed instead of (90) when B is small, or nearly 180°. 
68. By similar transformations the formula (101), (102) and (103) become 

tan-}c = =^2ij^±^ (107) 

^ cos {A — £) ^ ^ 

tan' i a = tan [J (A + B) — 46°] tan [46° + J (^ — B)] (108) 

tan' J 6 = tan [J (^ + 5) — 46°] tan [46° — J (^ — B)} (109) 

We have also, by (14), 

.J — cos (^ + JB) — cos C 

^"^ * * == 2 sin Jl sin ^ 

which, when C = 90°, becomes 



,1^^ --cos(^ + ^) 
2 sin ^ sin ^ 



(110) 



and from (16), in the same manner. 



cos''ie ''"'M-\ (111) 

^ 2 Sin -4 Sin ^ ^ ' 
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of which (110) may be nsed when e is small, and (111) when e is nearly ISO^, in- 
stead of (101). 

64. The equations (92), (93), and (94), of Case HI. give 

tan-(460-}5) = ?^|^J (113) 

taii*(46«— }jB) = tanJ(^ — a)tan}(^4-fl) , (114) 

The roots of these equations haying the double sign, we may take the angles 
45^ — J c, etc. either with the positive or negative sign, whence the two solutions 
of the problem, as in Art. 55. 

65. Some of the solutions may be adapted for computation by the table of natu- 
ral sines. Thus from (86), (95), and (98), 

sin a =: } [cos (c — A) — cos (c -J- -4)] (1^^) 

cos5 = } [sin (b+ A)^ sin (6 — ^)] (116) 

cos c s=s } [cos (a -}- 6) -f- cos (a — b)1 (117) 

66. The following relations are occasionally useful : 

From (83) we hate 

cos a sin A cos -4 sin 2 ^ 

(118) 

(119) 





cos 6 


sin £ cos B sin 2 i^ 


From (80) and (83), 


sin^ 


sin A cos A sin 2 ^ 




sine 


sin a cos a sin 2 a 


From (80) and (84), 








sin^ 
cos b 


sin a cos a sin 2 a 
sin c cos c sin 2 c 



(120) 

67. Various relations may be deduced from the general formul» of the preceding 
chapter by making C = 90°. The following are easily obtained : 

sin (c — a) ss cos c tan b tan } ^ ss cos a sin b tan ^ B 

sin (c 4- a) ^ cos e tan 5 cot j^ ^ ss cos a sin 6 cot } ^ 

cos {e — a) SI cos 6 -f* sin a sin 6 tan \ B 

cos (c -f- a) ^ cos 6 — sin a sin 6 cot } i? 

sin (a — b) = 2 sin c sin J (-4 -f- 5) sin \ {A — B) 

sin (a 4- ^) = 2 sin c cos J (-4 -|- -5) cos J (-4 — B) 

. ^ cos ^ a cos ^ 6 ^ sin ^ a sin 1 6 
sin iSr S3 ? — = — ? — cos 5' = ^ — I — ^- 

COS } C COS J c 

tan iSf = — cot J fl cot } 6 (121) 

QUADRAITTAL AND ISOSCSLES TBIAKGLES. 

68. The polar triangle of the right triangle is a quadrantal triangle, one side (the 
side opposite the angle (J) being equal to 90°. The solution of such triangles is as 
simple as that of right triangles, the formulse for the purpose being obtained from 
the preceding, by the process of Art. 8. It is unnecessary to produce them here, as 
quadrantal triangles are generally avoided in practice, and when unavoidable are 
readily solved by means of the polar triangle. 

An isosceles triangle is easily solved by dividing it into two right triangles by a 
perpendicular from the angle included by the equal sides. 
23 
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CHAPTER in. 

SOLUTION OP SPHERICAL OBLIQUE TRL^GLES.. 

69. In the solution of spherical oblique triangles, a required part 
may sometimes be found by its sme, in which case there will be two 
values of that part, answering to the conditions, unless the proper 
value can be determined by other considerations. In certain cases, 
the true value can be selected by applying one or more of the fol- 
lowing principles, some of which are demonstrated in geometry. We 
still consider only those triangles each of whose parts is less than 180^. 
I. The greater Me is opposite the greater angle^ and conversely. 
II. Each side is less than the sum of the other two. 

III. The sum of the sides is less than 360°. 

IV. The sum of the angles is greater than 180°. 

V. Each angle is greater than the difference between 180° and 
the sum of the other two angles. 

For, by IV., A + B+ 0> 180° 

whence, A > 180° -{B+ 0) 

But i{B+ 0> 180°, we have, in the polar 
triangle, A'B'C\ Fig. 8, by II., 

180°-^<180°-5 + 180°- (7 
-J.<180°-(jB+(7) 
A>{B+ (7)-180° 

VI. A side which differs more from 90° than another side, is in 
the same quadrant as its opposite angle. 
For, by (4), we have 

. cos a — cos J cose 
cos A = . , .^ 

in which the denominator is always positive. If, then, a differs 
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more from 90^ than b or than c, we have, (neglecting the signs for 
a moment), 

cos a > cos 6 or > cos c 

and still more cos a > cos 6 cos c 

Hence cos a being numerically greater than cos h cos c^ the sign of 
the whole numerator, and therefore the sign of cosjI, is the same 
as that of cos a; that is, A and a are in the same quadrant. 
* Vn. An angle which diffevB more from 90° than another angUy 
is in the same quadrant as its opposite side. For, by (6), 

cos J. +C0S jBcos O 
cos a ^ : — n~' — ty 

in which, if A differs^more from 90° than B, or than (7, cos A deter- 
mines the sign of the whole fraction, and therefore the sign of cos a. 

VIII. In every spherical triangle there are at least two sides which 
are in the same quadrants as their opposite angles respectively. This 
follows from VI. and VII. 

IX. The sum of two sides is greater than, equal to, or less than^ 
180°, according as the sum of the two opposite angles is greater than^ 
equal to, or less thanj 180°. In other words, the half sum of two 
sides is in the same quadrant as the half sum of the opposite angles. 
For, by (41), 

tan J (a + 6) cos J (^ + B)^ tan J(? cos J {A - B) 

the second member of which is always positive, so that tan J (« -*- 5) 
and cos i{A + B) must have the same sign. 

70. Case I. Q^iven two sides and the in- pig.g. 

eluded angle, or 6, c and A. (Fig. 9.) 

First Solution; when the third side and 
one of the remaining angles are required. 

To find a. The relation between the given 
parts J, Cy A and the required part a is ex- 
pressed by the first equation of (4), 

posa = cos<j cos> + sin <? sin J cos J. (m) 

by which a may be found by computing separately the two terms of 
the second member and adding their values to form the natural co- 
sine of a ; but we should thus be required to use, besides the table 
of log. sines, also the table of logarithms of numbers, and the table 
of natural sines and cosines. To adapt it for logarithmic computa- 
tion by the table of log. sines exclusively, we employ the process of 
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PL Trig., Arts. 174, 176. Thus, let ft be a number and $ an aux- 
iliary angle such that 

ftsincp = sin6cosul 



1 



ft cos <p = cos 6 ^ ^ ^ 

then (m) becomes 

cos a = ft (cos <? cos cp + sin (? sin cp) 

= ft cos {c — cp) [m^ 

so that ft and <p being found from {m) we may find a by {my But we 

may eliminate ft by dividing the first equation of (m) by the second, 

cos u 

and substituting in m' the value of ft = , whence we have, for 

cos cp 

finding a, « 

tan<p =tan6 cosil 



cos (c — cp) cos b 

cos a = — ^ 

cos<p 



(122) 



which are the formulae commonly employed.* 

To find B. The relation between 6, c, A and jB, is, by the first 
equation of (10), 

^ sine cot 6 — cos <? cos -4. 
cot B = : — -i (N) 

This may be adapted for logarithms by the process above em- 
ployed, but to assimilate it to (m) we multiply the numerator and 
denominator of the second member by sin &, whence 

cot JB = ®^^ ^ ^^^ J — cos e? sin h cos A 
sin b sin A 



which by {rri) becomes 



^ ft sin (c — $) 
cot^= , y, V (w) 



sin b sin A 



or substitutmg the value of ft = — ; , the formulae for find- 

71 *^ sin<p ' 

ing B are ^ 

tan ^ = tan b cos A 

^^^^^sin^^j-$)^o^ 1.(123) 

sin<p 



* We might have assumed A: sin # = cos 6, A cos ^ = sin b cos -4, which would 
have reduced (m) to cos a = A; sin (c + 4). In this way aU the solutions that follow 
may be varied. 
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In the use of these foriiml»y as indeed of all that follow, the 
signs of all the functions must be carefully observedy according to 
PL Trig. Arts. 37 and 40. 

We may take cp between and 180°, less or greater than 90°, 
according as the sign of its tangent is positive or negative ; or we 
may take it numerically less than 90° in all cases, but positive or 
negative according to the sign of its tangent, (PI. Trig. Arts. 37 
and 174). 

Check. The quotient of (n) divided by {wf) is 

cot B tan (<? — (p) 
cos a ~ sin 6 sin J. 

which multiplied by the following, from (3), 

sin a sin £ = sin i sin A 

gives tan a cos -B = tan {c — $) (124) 

by which the values of a and J8, found by (122) and (123), may be 
verified. 

71. If a and O were required, the solution would evidently be 
similar, only interchanging b and c, B and C. By the fundamental 
formulae we should have 



cos a = cos J cos <? + sin > sin c cos A 
sin h cos c — cos h sin c cos A 



cot (7 = 



sin c sin A 



(0) 



and denoting the auxiliary angle in this case by ;^, the logarithmic 
solution would be 



tan ^ = tan c cos A 

cos (h — ^ cos c 

cos a s= ^^ 

cos;^ 

^^^^^sin^Jj-^»co^ 
sin;^ 

Chech, tan a cos (7 = tan (6 — x) 

Q 



(125) 
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Examples. 

1. Given b = 120° 30' 80", c = 70° 20' 20", A = 50° 10' 10" ; 
find a and B. 

By (122). 
b = 120° 30' 30" log tan b - 0-2297071 
A = 50° 10' lOr log cos A + 9.8065322 

<p = 132° 36' 44".2* log tan <p - 0-0362393 
<?= 70°20'20".0 
c^(p=^ 62°16'24".2 

By (122). By (123). By (124). 

log cos (c — p) 4- 9-6676893 log sin (c — • ^) — 9-9470304 log tan (c — p) — 0-2793410 
ar CO log cos p — 0-1693898 ar co log sin 9 + 0-1331505 
log cos b — 9-7055761 log cot A + 9-9212038 



log cos a 4. 9-5426552 
a = 69'*34'55"-9 



log cot ^—0-0013847 
5 = 135«>5'28"-8 



log tan fl + 0-4291648 

log cos J5— 9-8501762 

Cheek. —0-2793410 



2. Given 6 = 120° 30' 30", c 
find a and (7. 



'70° 20' 20", ^ = 50° 10' 10"; 

Ans. a«69°34'65".9 
(7= 50° 30' 8"4 

3. Given b = 99° 40' 48", c = 100° 49' 30", A = 65° 33' 10" ; 
find a and B. 

Ans. a = 64°23'15".0 
S = 95°38' 4".0 

c = 100° 49' 30", A = 65° 33' 10" ; 



4. Given 6 = 99° 40' 48", 
find a and (7. 



5. Given J = 98° 2' 20", 
find a and C. 



Ans, 

: 80° 35' 40", 
Ans. 



a = 64° 23' 15".0 
(7=97°26'29".l 

^ = 10° 16' 30"; 



a = 20° 13' 30".l 
(7=30°35'56".7 
72. If B, and a were all required, we might find a and by 
(125), and then B by Art. 3, which gives 

sin a : sin 6 = sin -4. : sin B 
sin ( sin A 



or 



sin -B = 



sma 



*We may also take p = — 47® 23' 15"-8, whence c—^ = 117*> 43' S5"-8, which 
will giye the same yalues of a and B as found in the text. 
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Of the two values of B less than 180° given by this formula, the 
proper one may generally be selected by the principles of Art. 69. 
There are cases, however, in which all the conditions there given are 
satisfied by both values of £,* and on this* account it is preferable, 
in general, to combine (123) and (125), or to employ the following 
solution, when the three unknown parts are all to be found. 

73. Case L Given 6, c and A. Second Solution ; when the two 
remaining angles are required, or when the three unknown parts are 
all required. 

We have, by Napier's Analogies, (42) and (43), 

sin \{h + c): sin J (6 ^ (?) = cot J J. : tan J (J8 — (7) 

cos J (6 + c) : cos J (6 •—<?) = cot 1^ -4 : tan \(B+ O) 
whence 

tanH5-(7)-;^i|^]cotM M 

which determine |^ (-B — (7) and J (-B + (7) ; then the half difference 
added to the half sum gives the greater angle, and the half differ- 
ence subtracted from the half sum gives the less angle. 

If c > 6, we may write (? — 6, (7 — 5, in the place of 6 — (?, jB — (7. 

We may now find a by either of Napier's Analogies, (40), (41), 
which givef 

*^°^^° ti(^-C^) ^'^°nft-^) (128) 

*"^^^= coI|(^-^j ^'>°HS + ^) (129) 

* By Art. 69, VI., if h differs more from 90® than c, B is in the same quadrant 
as 6, and aU ambiguity is removed. If e differs more from 90® than 6, we may find 
a and B by (122) and (123), and then C hj the formula 

. ^ sin c sin A 

sin C = '. 

sin a 

C being taken in the same quadrant as c. 
f We may also find a from any one of Gauss's Equations (44), which become, in 

the present case, 

cos J a sin } (JB + ^) = ^^^s J -4 cos J (6 — c) 
cos J a cos J (jB -}- (7) = sin J -4 cos J (6 + c) 
sin } a sin J (5 — C) = cos J -4. sin J (6 — c) 
sin J a cos J (jB — C) ss Bm i A sin J (6 + c) 
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Examples. 

1. Given b = 120° 30' 30", c = 70° 20' 20", A = 60° 10' 10"; 
find B, and a. We have 

J (J + c) = 95° 25' 25" 

J (6 - c) = 25° 5' 6" 

IA = 25° 5' 5" 

By (126). By (127). 

ar CO log sin i{b + c) + 0-0019477 ar co log cos i (6 + c) - 1-0244829 

logsin Ub-c) + 9-6273228 log cos J (6 - <?) + 9-9569757 

log cot J ^ + 0-3296529 log cot J ^ + 0-3296529 



log tan i{B-Cr) + 9-9589234 
j(5-C)= 42°17'40"-0 
^ = 135° 5'28".6 

By (128). 



log tan i{£+ 0)- 1-3111115 
}(5 + C) = 92°47'48".6 
0= 60° 30' 8".6 

By (129). 



arco log sin J(5-C)-f 0-1720232 arcologcos J(5-C)+0-1309465 



log sin 1(5+ C)+ 9-9994824 
logtani(6-c)+9-6703471 

logtanj a + 9-8418527 
Ja = 34°47'28"-1 



logco8|(5+ 0)~ 8-6883710 
logtani(6 + c)- 1-0225352 

log tan Ja + 9-8418527 



^n». 5 = 135° 6'28"-6 
C = 50° 30' 8"-6 
a = 69° 34' 56"-2 
2. Given b = 99° 40' 48", e = 100° 49' 30", A = 65° 33' 10" ; 
find Bf C and a. 

^n«. 5 = 95°38' 4"-0 
= 97° 26' 29"-l 
a = 64° 23' 15"-1 

74. It may be remarked with regard to (128) and (129) that, when b and c (and 
consequently B and C) are nearly equalj a small error in the previous determina- 
tion of the small angle } (jB — C) may produce a large one in log sin J (B — (7), and 
consequently in log tan J a found by (128). In that case, therefore, (1 29) must be pre- 
ferred. 

In like manner, if J(i + 0» ^^^ consequently i{S -{- C), are nearly equal to 
90**, (129) will become inaccurate, and then (128) is to be preferred. 

Formula (128) would fail entirely if B = C, and formula (129) would fail if 
J (JS 4" C!) = ^°) since the second members in these cases would assume the inde- 
terminate form -T-. 

75. Case I. Given 6, c and A. Third Solution. When the 
third side is alone required, the computation by (122) is inmost cases 
as convenient as any other ; but there are various other methods 
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derived from the formulae of the preceding chapter, which have been 
employed with advantage in particular applications. Among the 
most convenient are the following, from (12) and (13) : 

cos a =s cos (6 — c?) — 2 sin h sin c sin' J A (130) 

cos a = cos (6 + c) + 2 sin 6 sin c cos* } A (131) 

The computation of these requires the use of natural cosines and 
numbers, the signs of which must be carefully observed. 



EXAMPLK. 




Given b = 99° 40' 48", c - 100° 49' 


30", A -65° 33' 10"; 


nnd a. 

By (180).* 

J A « 32° 46' 35" log Bin» J A = 
j_<.=,_lo 8' 42" 


2 log sin i A 9-4669752 

log sin * 9-9922023 

log sine 9-9937722 

log 2 0-3010800 


- 2 sin J Bin <; 8in» J A - - 0-5675181 
nat cos (J — c) = + 0-9998003 


log 9-7689797 


nat COB a = + 0-4322822 


a -64° 28' 16" 


By (181). 
} ui =. 32° 46' 85" log co8» J A - 
i + c = 200° 30' 18" 


2 log COB M d-8498748 

log sin b 9-9922023 

log sine 9-9937722 

log 2 0-3010300 


+ 2 Bin J sin c cob* i ^ = + 1-3689240 
nat cos (6 + c) = - 0-9366416 


log 0-1368798 


nat COB a =- + 0-4322824 


a - 64° 23' 15" 



76. In Art 14, we have deduced seyeral formnlss by which } a may be computed. 
We may adapt (17) and (18) for logarithmic computation, as follows : 



sin* SI sin 6 sin e cos^ } A 
sin* J a ss sin* i {b + c) — sin* ^ 

= sin [} (6 +<^) + fl sin [}(*+«)-« 



(132) 



sin* as sin 5 sin e sin* ^A 1 

cos*Ja=acos*J(6 — c) — sin*0 I (133) 

==cos [}(6 — c)+0]cos [}(ft — c) — ^] J 
of which (182) is to be preferred when J a < 45®, and (133) when } a > 46*>. 

* The computation of (130) is facilitated by .the use of a special table (giyen in 
many treatises on nayigation), from which, with the argument A, is taken the loga- 
rithm of 2 sin* J ^ = versin A, [PI. Trig. (4) and (139)]. 
24 q2 
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7*7. Case II. Q^iven two angles and the 
included aide, or J., and 6. (Fig. 9). 

First Solution ; when the third angle and 
one of the remaining sides are required. 
^s To find B. The relation between Ay (7, b 
and By is, by (5), 

cos jB = — cos cos A + sin sin A cos b (m) 

which is adapted for logarithms by the method employed in the pre- 
ceding case. Thus, let 

A sin 9-= cos J. 




Acos9- = sin J. cos J 

then (m) becomes 

cosjB = A (sin OcosB-— cos ObivlB) 
= A sin((7-&) 

or, eliminating h = . ^ 9 the formulae for finding B are 

cot 9- = tan ^ cos 5 

sinS- 

To find a. Prom the third equation of (10), we find, 
sin OcotA + cos (7 cos 6 



1 



cota = 



sini 
sin CC09A + cos OsiuA cos 6 



which, by (w), becomes 



cot a 



sin A sin & 



A cos ((7— 9-) 
sin A sin 6 



(,«) 



(mO 



(134) 



(n) 



V • X. T sin J. COS J , n « ,. 

or, elimmating A = — —3; — j we have, for finding a, 

cot 9* = tan A cos J 

^^^^_cos(C;^-^)^cotJ \ (135) 

cos9- 

As in the preceding case, we may either take 9* always between 
and 180°, less or greater than 90° according as its tangent is posi- 
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tive or negative ; or we may take 9* numerically less than 90*^ in all 
cases, positive or negative, according to the sign of its tangent. 
(PL Trig. Art. 174.) 

Check. The quotient of (n) by {mt) is 

cot a ^ cot {C — 9-) 
cos-B "" sin -4. sin 6 

which, multiplied by 

sinB sin a = sin J. sin i ^ 
gives 

tan 5 cos a = cot ((7 - B) (136) 

by which the values of B and a, found by (134) and (185), may be 
verified. 

78. If B and c were required, the solution would be similar, only 
interchanging a and c, A and O. By the fundamental formulae, we 
should have, 

cos jB = — cos AcosO + sin J. sin Ocosb 

sin AcosO+ cos A sin cos b 



cot (? = • 



sin (7 sin 6 



(0) 



and denoting the auxiliary angle by ^, the logarithmic solution 
would be 

cot^= tan (7 cos 6 

sin {A — ^) cos 



cosB ' 



cote = 



sin^ 
cos {A — ^) cot b 



(13T) 



cos^' 
Chech tan B eoac = cot (A — ^) 
Examples. 
1. Given A = 135° 6' 28".8, 0= 60° 30'8".4, ft = 69° 84'55".9; 
find B and a. 

By (134). 
^= 135° 5'28"-8 log tan^- 9-9986164 

h = 69° 34' 55"-9 log cos b + 9-5426553 

& = 109° 10' 31".0* log cot 9- - 9.5412707 

=' 60° 30' 8".4 
(7-9-=-- 58°40'22".6 



« We may also take* = — 70" 49- 29"0, whence C— 3- = 121» W 87"-4, which 
will eTidently pye the same reralts as those obtained in the text. 
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By (134). By (185). By (186). 

log8m(C--a-) — 9-9316664 logcos(C— 3-) + 9-7169386 logcot(C—a-)— 9-7848722 

ar CO log sin 3- +0-0247897 ar co log cos 3-— 0-4835187 log tan ^4-0-0787962 

logcos ^—9-8601762 log cot b + 9-7608362 log cos a —9-7066767 

log cos ^+9-8066323 log cot a— 9-7702926 Cheek. —9-7843719 

B= 60«10'10"-0 a=120«30'29"-9 

Ans.B^ 50°10'10"-0 
a=120°30'29"-9 

2. Given A = 135° 5'28"-8, (7=»50°30'8'M, 6«69°34'55"-9; 
find B and c. 

An8.B^ 50°10'10"-0 
c= 70°20'20''-0 

3. Given A = 65° 33' 10", (7= 95° 38' 4", 6 = 100° 49' 30"; 
find B and a. 

An8.B^ 97° 26' 29" 
a= 64° 23' 15" 

4. Given A =? 97° 26' 29", O = 95° 38' 4", b = 64° 23' 15" ; 
find B and a. 

An8.B-=^ 65° 33' 10" 
a = 100° 49' 30' 

79. If a, and B were all required, we might find B and c by 
(137), and then a by Art. 3, which gives, 

Bin B : sin A = sin 5 : sin a 

sin ^ sin 6 . 

sm a = — I — ^ — (138) 

sin-B ^ ' 

Of the two values of a given by this equation, the proper X)ne is to 
be selected, if possible, by the principles of Art. 69.* But as cases 
occur in which all the conditions there given are satisfied by both 
values of a, it is preferable, in general, to combine (135) and (137), 
or to employ the following solution when the three unknown parts 
are all to be found. 



* By Art. 69, VII., when A differs more from 90° than C7, a must be taken in the 
same quadrant with A, and aU ambiguity is removed. If, then, by A we always 
denote that angle which differs more from 90° than the other given angle, we may 
always solve this oase by means of (1 87) and (188), without meeting with any diffi- 
culty in determining the quadrant in which a is to be taken. 



SOLUTION OF SPHERICAL OBLIQUE TELINGLES. 



189 



80. Case IL Given Ay (7 and 6. Second Solvtion; when the two 
remaining sides, or when the three unknown parts are all required. 
We have, by Napier's Analogies, (40) and (41), 

sin J (J. + (7) : sin J (4 — (7) = tan J J : tan J (a — (?) 

cos \(A+ 0) : cos J (J. — (7) = tan J > : tan J (a + c) 
vhence 



tanH«-e?) = '|5lM^)tani> 
^^ ' sin J (J. + (7) ^ 

X 1 i^ . V cos J (J. — (7) 

tan J (a + (?) = ^ ; . , ^C tan J h 

*^ . ' cos J (J. + (7) 



(189) 



which determine J (« — <?) and J (a + (?) ; then the half difference 
added to the half sum gives the greater side, and the half difference 
subtracted from the half sum gives the less side. If (7> -4, we may 
write (7— -4., (? — a in the place of J. — (7, a •— (?. 

We may now find B by either of Napier's Analogies, (42) and 
(43), which give* 

cot J 5 = ^'^\^^^^\ tan \{A^G) (140) 

"'-^ J (a — (?) ^ ' ^ ' 



smi 



coti5-52iil^)tanH^+^) 
* cos J (a — (?) ^ ^ ^ 



(141) 



Examples. 

1. Given ^ = 136° 5' 28".6, C = 50° 30' 8"-6, h = 69° 34' 56".2 ; 
find a, c and B. 

We have J (^ + C) = 92° 47' 48".6 

J(A-C) = 42°17'40".0 

JJ = 34°47'28".l 
Then, by (139), 

ar CO log %\n\ (A+ C)+ 0.0005176 ar colog co8j(^+ (7)-1.3116286 
log sinj \a- (7)+ 9-8279768 log cos J(^- C)+9.8690535 



log tan} J +9-8418527 

log tani (a - c) + 9-6703471 

}(o-c)- 25° 5' 6"-0 

a = 120°30'30"-0 



log tan} 6 +9-8418527 

logtan}(a + c) -1-0225348 

}(a + c) = 95°25'25"-0 

c = 70°20'20"-0 



* We may also find B by any one of Gauss's Equations, (44), interchanging B 
and C, 6 and c. 
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By (140). By (141). 

ar CO log sin J( a - c) + 0-8726772 ar colog cos J( a — c) + 0-0430243 

logBinK« + c) + 9-9980523 log cosJ( a + c)- 8-9765171 

logtmi{A-0)+ 9-9589234 log taiiJ(A+ (7) -1-3111110 

Iogcot}£ + 0-3296529 *log cot J 5 -f 0-3296524 

JS = 25°5'5"-0 

Ant. a = 120° 30' 30" 

<?= 70° 20' 20" 

5= 50° 10' 10" 

2. Given A = 95° 38' 4", (7 = 97° 26' 29", 5 = 64° 23' 15"; 
find a, e and B. 

Ans. a= 99° 40' 48" 

c = 100° 49' 30" 

5= 65° 33' 10" 

81. Case II. Given A, C and 5. Third Solution. When the 
third angle B is alone required, the computation by (134) is in most 
cases as convenient as any other, but there are other methods (cor- 
responding to those given in Art. 75 for finding a) which may occa- 
sionally be serviceable. By (14) and (15) we have 

cos 5 = — cos (J. + (7) — 2 sin A sin Csin* J 5 (142) 

cos 5 = - cos (J. - (7) + 2 sin A sin (7cos» J h (143) 

the computation of which is similar to that of (130) and (131). 

Example. 

Given A = 95° 38' 4", (7 = 97° 26' 29", h = 64° 23' 15" ; 
find 5. 

By (142). 

JJ= 32°ir37"-5 logsin*J6 = 21ogsinJJ 9-4531022 

A+C= 193° 4' 33" log sin A 9-9978967 

log sin C 9-9963268 

log 2 0-3010300 

- 2 sin ^ sin Csin» J 6 = - 0-5602162 log 9-7483557 
- nat cos (4 + (7) = + 0-9740715 

nat cos B = + 0-4138553 B = 65° 33' 9"-9 

* For the reasons given in Art. 74, (141) is, in this example, not so accorate 
as (140). 
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(146) 



82. In Art. 14, BOToral formiiln are giyen, bj which } B may be coxnpated. By 
(21) and (22) we have 

sin* J 5 =a cos* } (^ — (7) — sin 4 sin C cos* } b 
cos* J -5 = sin* J (4 + (7) — sin 4 sin C sin* \ h 
which may be adapted for logarithms, thus : 

sin* as sin ^ sin (7 cos* } 6 1 

8in*J-B = cos*J(^ — ^ — si^** [ (144) 

= cos [} (^ - C) + 0] cos [J (^ _ (7) - ri J 

sin* ^ ss sin ^ sin (7 sin* } 6 

cos* J 5 =s sin* J (^ + ^) — sitt' 

= sin [} {A+C) + fl sin [} (^ + C) -^] 

of which (144) is to be preferred when } -5 < 46®, and (146) when \B> 46®. 

83. Case II. might hare been reduced to Case I. by means of the polar triangle, 
Art. 8 ; for there^will be known in the polar triangle, two sides and an angle oppo- 
site one of them, being the supplements of the given angles and side of the pro- 
posed triangle. The polar triangle being solred, therefore, by Case I., and its two 
remaining angles and third side found, the supplements of these parts would be the 
two sides and third angle required in the proposed triangle. It is easily seen, also, 
that all the formulas abore given for this case might have been obtained by these 
considerations. 

84. Case HI. Q-iven two sides and an 
angle opposite one of them ; or a, 6, and A. 
Fig. 9. 

First SolutioUj in which each required 
part is deduced directly from fundamental 
formulae independently of the other two parts. 



Fig. 9. 




To find c. We have, by (4),* 

cos c cos 6 + sin (J sin 6 cos J. «= cos a 
to solve which, let 

Ar sin ^ = sin b cos A 

Ar cos ^ = cos I 
then (m) becomes 

h cos (c — ^) = cos a 

or putting c — ^ = ^', 

h cos ^' = cos a 



(M) 



1 



(mO 



* This formula has been already employed and adapted for logarithms in Case 1; 
but, for the sake of clearness, it is repeated. The student will remark that a sim- 
ple transposition of (122) gives (146). It will also be observed that the given angle 
and the given side adjacent to it, in each of the first four cases, are denoted by A 
and 5, in order that the auxiliaries ^ and ^ may have the same values throughout. 
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The auxiliary (p will be fully determined by (m), being taken be- 
tween and 180°, and always positive (PI. Trig. Art. 174) ; but, as 
the cosine of an angle is also the cosine of the negative of that 
angle [PI. Trig. (56)], we may take cp' in {rnf) either with the posi- 
tive or the negative sign, so that <? = $ db $'• There will thus be 
two values of c answering to the same data, both of which will be ad- 
missible, except when (p + cp' exceeds 180°, in which case the only solu- 
tion is c = (p — (p' ; and except when cp' exceeds ^ (which would make 
c negative), in which case the only solution is c = (p + <p'. 

Therefore, eliminating h^ we have for finding (?, 



tan ^ = tan I cos A 

, cos COS a 

cos $ = j; 

^ COS h 

<j = (p db cp' 
To find 0. We have by (10), 

cos (7 COS 6 + sin CcoiA = sin h cot a 
or, multiplying by sin -4., 



(146) 



cos (7 sin ^ cos 6 + sin (7 cos J. = sin A sin 


h cot a 


w 


to solve which, let 






A sin 9" = cos A 

A cos 9" = sin J. cos h 


1 


(n) 


then (n) becomes 






A cos ((7 — 9") = sin -4. sin h cot a 






or putting (7 — 9- = y, 






A cos 9^ = sin A sin h cot a 

(7=& + y 




(nO 



Here 9- will be fully determined, while 9^ found by its cosine may 
be either positive or negative, so that we shall have in general two 
values of (7 «= 9" d= 9"', corresponding respectively to the two values 
of c ; but, as before, values greater than 180°, and negative values, 
being excluded, there will in certain cases be but one solution. 

Eliminating A = ^ — , we have, then, for finding (7, 
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cot 9* == tan J. COS 6 

COB 9"' =a cos Q- tan 6 cot a > (147) 

To find B. We have several methods : 1st, directly by (3), 

. ^ 8in.Asin 6 

sm -B = 1 (148) 

sin a ^ ^ 

which gives two values of B^ supplements of each other, correspond- 
ing respectively to the two values of c and C. We shall presently 
see how to determine which are the corresponding values of c, 
O and B. 

2d. In (123), <p has the same value as in (146), and therefore put- 
ting in (123), c — ^ = ^', we have 

sin 0' cot A. 
cotB^ : V^ (149) 

sm <p ^ ' 

which gives two values of B by the positive and negative values 
of (p'. 

3d. By (124), 

cos B « tan ^' cot a (150) 

which also gives two values of B by the positive and negative values 
ofcp'. 

4th. In (184), d- has the same value as in (147), and therefore put- 
ting in (134), (7 - 9- = y, 

sin y c os A 

cos B = -. — ^: — (151) 

sin 3- ^ ^ 

which gives two values of By as before* 
5th. By (136), 

cot B = tan y cos a (152) 

which gives two values of B, as before. 

The formula (149) shows that when cp' is positive, cot B and cot A 
have the same sign, that is, B and A are in the same quadrant ; and 
that, when ^' is negative, cot B and cot A have different signs, that 
is, B and A are in different quadrants. A like result follows from 
(151), with reference to 9-'. Hence, that value of B which is in the 
same quadrant as Ay belongs to the triangle in which c = ^ + $', 
(7 s=s 9" + 9*' ; and that value of B which is in a different quadrant 
from Ay belongs to the triangle in which c = ^ — ^', (7= 9- — y. 
This precept enables us to employ (148) without ambiguity. In the 
25 a 
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use of (149), (150), (151) and (152), it is only necessary carefully to 
observe the signs of the several terms. 

Ohechs. Of the various formulaB above given for finding By one or 
more may be employed for the purpose of verification. When c and O 
have been found, the most simple check is the following, from (3), 

^=?l^ (153) 

smc sina ^ ' 

which, indeed, might have been employed to find (7, after c was 
found, and reciprocally, but for the ambiguity attaching to the sines. 

85. According to Art. 69, VI., if h differs more from 90° than a, 
B must be in the same quadrant as 5, and, since but one of the two 
values of B can satisfy this condition, there will be but one solution. 
In that case e and C will each be found to have but one admissible 
value. 

86. The problem will be altogether impossible, when a differs more 
from 90° than 6, and is yet not in the same quadrant with A. In 
such case, we should find that (p + (p' > 180°, and »p — ^' < ; 
^ + y>180°, &-y<o. 

•The problem will also be impossible, when sin -4. sin 6 > sin a, since, 
by (148), we shall then have sin -B > 1. 

Examples. 
1. Given a =40° 16', h = 47° 44', A = 52° 30'; find B. 

By (148). 
a = 40° 16' ar colog sin a 0-1895350 

h = 47° 44' log sin h 9-8692449 

A= 52° 30' log sin J. 9-8994667 

5= 65° 16' 35" log sin 5 9-9582466 

or 5 = 114° 43' 25" 

2. With the same data, find c and B. 

By (146.) 

a= 40° 16' logcosa+9.8825499 

6= 47° 44' log tan h +0.0414996 ar co log cos 6+0-1722547 

A^ 52° 30' log cos ^+9.7844471 

(p= 33° 48'51".4 log tan cp+9.8259467 log cos (;>+ 9-9195204 

<p'=d=19° 30' 29".0 log cos (p'+ 9-9743250 

c,= 53°19'20"-4 

(?= 14°18'22"-4 
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By (149). Chech. (150). 

(p = 83° 48'51M arcolog sin<p+ 0-2545328 log cot a+0.0720848 



<p'- 


± 19°30'29".0 


log 8in<p'±9.5236676 logtan({)'±9.5493427 


A = 


52° 30' 0" 


logcotiH-9-8849805 ±9-6214276 




65«>16'34"-9\ 
114°43'25"-1 / 


log coLB±9-6631809 log co85±9-6214275 




A<M. e = 


63° 19' 20"4 1 f <? = 14° 18' 22"-4 




B = 


65° 16' 34"-9 j ^"^ 1 5 = 114° 43' 25"-l 


8. 


Given a — 120°, 


b = 70°, A - 130° ; find and £. 
By (147). 


a — 


120° 


log cot a— 9-7614394 


h = 


70° 


log cos b +9.5340517 log tan b +0.4389341 


A^ 


130° 


log tan^— 0-0761865 


^- 


112°10'33".6 


log cot S- -9.6102382 log cos ^-9-5768627 


^' = 


± 53°13'13".8 


log cos 9-'+ 9-7772-362 


c.= 


165°23'47"-4 




Ci= 


58°57'19".8 





By (151). Check. (152). 

d' = 112°10'33".6 arcolog8in^+0-0333755 log cos a-9-6989700 
y-± 63°13'13".8 log8in9-'±9-90360301ogtan9-'±0.1263669 
A= 130° 0' 0" logco8^-9-8080676 :t:9^8263369 

B= 56°13'22".5 J logcos5q=9.7450460 log cot 5^:9-8253369 



^a 



Am. C = 165° 23' 47".4 \ f C = 58° 57' 19"-8 

B = 123° 46' 37".6 j *"" \ 5 = 56° 13' 22"-6 

4. Giyen a - 70°, b - 120°, A = 130°; find O. 

By (147). 
a = 70° 15g cot a + 9-6610669 

b — 120° log cos 6 - 9-6989700 log tan b — 0-2385606 

4= 130° log tan^- 0-0761865 

3- = 69° 12' 37"-0 log cot 9- + 9-7751565 log cos 3- + 9-7091756 
y = ± 108° 49' 35"-l log cos W - 9-5088021 

O = 168° 2' 12"-1, taking B-' ■with the positive sign only, since 
its negative value would render negative. 
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«. c-153°38'42"4) f c = 
C = 160* r24".4 y or < (7 = 
5= 42°37'17"-5) I 5 = 



5. Given a «=» 99° 40' 48", J = 64° 23' 15", ^ •= 95° 38' 4" ; find 
e, and £. 

^rw. c = 100° 49' 30" 
0= 97° 26' 29" 
5= 65° 83' 10" 

6. Giyen a = 40° 5' 25".6, J = 118° 22' 7".3, A = 29° 42' 33".8 ; 
find e, O and B. 

Am. c=-153°38'42"4) f c = 90° 5'41".0 

50° 18' 55"-2 
137°22'42".5 

7. Given a = 69° 34' 56", b = 120° 80' 30", . ^ = 50° 10' 10" ; 
find c and O. 

Ans. (j = 70° 20' 20' 
(7= 50° 30' 8"4 

8. Given a - 120° 30' 30", b = 69° 34' 56", A = 50° 10' 10" ; 
find e and 0. 

Ans. Impossible. 

9. Given a -= 40°, h = 60°, ^ = 50° ; solve the triangle. 

Ans. Impossible. 

87. Case III. Given a, b and A. Second Solution. We find 
B by the formula 

sin A sin b 



sin 5 = 



sm a 



(154) 



and then by Napier's Analogies, (41) and (48), 

^ * cos \{A-\-B) ^ ,, ... 

cotJ(7=^H^i(l^JtanJ(^ + 5) 
* cos J (a — 6) '^ ' 

or by (40) and (42), 

^ sin J ( a + J ) , -jv 

cot i C7 = . ^ ; =^ tan J (J. — 5) 

^ sinj(a— o) *^ -^ 

in which we employ STiccessively the two values of jB, and obtain 
two solutions, except when for one of these values the second mem- 
bers become negative, for \ c and J C being less than 90°, their 
tangents must be positive. 



(165) 
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We leave it to the student to applj these formulae to the preceding 
examples. 

88. To determine hy irupeetion of the data a, b and A, whether there are two solutions, 
or but one. 

1st. It has already been seen, Art. 85, that when b differs more from 90^ than a, 
B must be in the same quadrant as b, and there can be but one solution. It remains 
to show, 

2d. That when a differs more from 90® than b, there will necessarily be two solu- 
tions. We have, by the first of (4), 

cos a — cos b cos e 

sin e =s r— 7 :i 

sin b cos A 

Two solutions exist so long as both values of e are positiye, and less than 180®, that 
is, so long as sin c is positiye. Now when a differs more from 90® than 6, we have, 
(neglecting the signs for a moment), 

COB a > cos b > COB b cos e 

therefore the numerator of the above value of sin e has the sign of cos a. But by 
Art. 69, YI., a and A are in the same quadrant, and cos a and cos A have the same 
sign ; consequently also, the numerator and denominator have the same sign, and 
the value of the fraction, or of sin e, is positive, as was to be proved.^ 

Hence, there is but one solution when the side opposite the given angle differs less from 90® 
than the other given side, and two solutions when the side opposite the given angle differs 
more from 90® than the other given side. 

89. Case IV. Given two angles and a side opposite one of them^ 
or A, B and h. (Fig. 9). 

First Solution^ in which each required Fig.». , c 

part is deduced directly from the fundamen- 
tal formulae. 

To find c. We have, by (10), 

sin c cot 6 — cos(? cos J. = sin -4. cot B 
or multiplying by sin 6, 

sin c cos 6 — cos c sin 6 cos -4. = sin A cot B sin b (m) 

to solve which we take 

A sin ^ = sin b cos A 
A cos ^ = cos b 




1 



(m) 



* The same proposition may be otherwise proved thus. By the equations (m) 
and (m') Art. 84, we have 

cos 5 , . cos a - sin 6 . 

cos ^ = — ; — cos <p ^ — ; — « = — — cos A 

k k sm 

from the third of which we see that k has the sign of cos A ; if then a differs more 
from 90® than 6, that is, if cos a and cos A have the same sign, cos ^' is positive, 
and ^' < 90®. Also since, (neglecting signs), cos a > cos b, we have oos ^' > cos f, 
or ^' differs more from 90® than ^. Hence f < ^ and ^' < 180® — ^, or ^ — 0' > 
and ip+ <p' < 180®, or both values of e are between and 180®. 

b2 



} 



(mO 



(156) 
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then, putting c — • ^ == cp', (m) becomes 

Jc sin cp' = sin A cot B sin b 

r = (p + (p' 

or eliminating A, we have, for finding <?, 
tan cp = tan b cos A 

sin (p' = sin <p tan -4. cot B 

c = cp + (p' 

Here cp' being determined by its sine, will have two values, sup- 
plements of each other, which being successively added to cp, give 
two values of c. 

When the second member of the formula 

sin cp' = sin cp tan A cot B 

is negative, sin cp', and therefore cp' is negative, and the two supple- 
mental values of cp' must be successively subtracted from ^. There 
will be two solutions, then, except when one of the values of c ex- 
ceeds 180°, or when one of them is negative. 
To find a We have, by (5), 

sin sin Acosb — cos (7 cos J. = cos B 
whence, if we put • 

A sin 9- = cos A 
A cos 3 = sin A cos 6 
and also (7 — 9- = 9-', we have 

h sin 9-' = cos B 
(7 == ^ + y 
Eliminating A, we have 

cot 9" = tan A cos b 
sin 9- cos B 






w 



(n) 



(»') 



sin 9-' 



cos A 



( (15T) 



As 9-' is also determined by its sine, it will have two supplemental 
values, which will both be added to or loth subtracted from (7, (ac- 
cording to the sign of sin 9-',) thus giving two values of (7, except 
when one of them exceeds 180*^, or when one of them is negative. 
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To find a. We have several methods : 1st, directly by (3), 
which gives 

sin 6 sin J. ,^^^^ 

sin a = — -. — ^— (158) 

2d. By (146), where (p and cp' have the same values as in this case, 

cos cp' cos h 
^^^ ^ = cos (p (1^9) 

3d. By (150), 

cot a = cot cp' cos B (^^0) 

4th. By (147), where 9- and y have the same values as in this 
case, 

cos 9^ cot 6 .^_^. 

5th. By (152), 

cos a = cot 9-' cot B (162) 

Each of the last four formulae gives two supplemental values of 
a by the two values of ^' or 9-', employed in the second members. 
From (156) we have 

cos A ^ tan ^ cot ( 

which with (159) gives 

cos a sin b 

TTr~T = cos ^' X „• ^ 

COS A ^ sm^ 

The sign of the second member of this equation depends upon 
that of cos (p', since sin b and sin ^ are always positive. Hence 
when cos ^^ is positive, cos a and cos A must have like signs ; and 
when cos ^' is negative, cos a and cos A mibt have different signs. 
A like result follows from the first of (157) and (161) with reference 
to 9-'. Hence, th(U value of a whieJi is in the same quadrant with 
A belongs to the triangle in which cp' < 90°, 9-'< 90° ; and that value 
of a which is in a different quadrant from A belongs to the triangle 
in t(;Aw?A cp'>90°, 9-'>90°. This precept enables us to employ 
(158) without ambiguity. In the use of (159), (160), (161), and (162), 
it is only necessary to observe the algebraic signs of the several terms. 

Checks. Of the various formulae above given for finding a, one or 
more may be employed for the purpose of verification. When c and 
have been found, however, the most simple check is 
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Bin (7 _^ sin J? 
sin c sin b 



(163) 



which might have been employed for finding after c was found, or 
reciprocally, but for the ambiguity attaching to the sines. 

90. According to Art. 69, VII., if A differs more from 90° than 
B^ a must be in the same quadrant with A. But since the two 
values of a are supplements of each other, only one of them can 
satisfy this condition, and there will then be but one solution. In 
such case c and will each be found to have but one admissible 
value. 

91. The problem will be impossible when B differs more from 90° 
than A, and yet is not in the same quadrant with b. In such case 
we should find both values of c (and both values of 0) to be greater 
than 180°, or both negative. 

The problem will also be impossible when sin 6 sin J. > sin -B, 
since by (158) we shall then have sin a > 1. 

Examples. 

1. Given A = 132° 16', B = 139° 44', b « 127° 30'; find a. 

By (158). . 

B = 139° 44' 0" ar co log sin B 04895350 

A = 132° 16' 0" log sin A 9-8692449 

b = 127° 30' 0" log sin b 9-8994667 

a = 65° 16' 35".l log sin a 9.9582466 

or a = 114° 43' 24".9 

2. With the same data, find O and a. 

By (157). 

JB== 139° 44' 0" log cos 5-9.8825499 

A^ 132° 16' 0"logtan^-0.0414996arcologcosJL-0.1722547 

J= 127° 30' 0" log cos 6-9.7844471 

9-= 56° 11' 8".6 log cot9-+ 9.8259467 log sin 3-+9.9195204 

^CtiotZlr'o] log«iny+9.9743250 

(7.= 126°40'39".6 
C= 165°41'37".6 
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By (161). Cheek. (162). 

9- = 56° 11' 8".6 ar CO log cos 9-+ 0-2545328 log cot 5- 0.0720848 
9-',= 70°29'31".0 ) , ^, „ ,„„„«^« , 

y =109° 30'29".0 J ^S cosy±9.5236676 log cot y±9-5493427 

5*=127°30' 0" logcotJ-9.8849805 ==9.6214275 

a =114° 43' 25" 1 ) " 

a == 65° 16' 34"!9 J ^®^ ''®* a=F9-6631809 log cos a=F9-6214275 

Am. C=126°40'39".6 \ f C=165°4r37".6 
a = 114°43'25".l/"'^t a= 65°16'34".9 
8. Given ^ = 110°, 5 = 60°, i = 50°; find c and a. 

By (156). 
■^ = 60° log cot-B+ 9.9614394 

A = 110° logcos4-9.5340517 logtan^-0.4389341 

h = 50° logtanJ +0-0761865 

■p = 157°49'26".4 logtan(p-9-6102382 logsin<p+9.5768627 

<p'=_ 36°46'46"-2\ , . , TIZT^Tr; 

(P'l=-143°1313".8/ ■ logsm(p'~9-7772362 

c, - 121° 2'40"-2 1 
e, = 14°36'12"-6/ 

By (159). Check. (160). 
<p = 157°49'26"-4 arcologcos<f>— 0-0333755 log cos5+ 9-6989700 

t\ =-143°1313''.8 } log«O8^'±9-9036030 log cot(p'=F04263669 
b = 50° 0' 0" logcos 6 +9-8080675 q:9-8258369 

«' = ^56°13'22''-5 } ^°^*'°' '^ =f9-7450460 log cot a=F9-8253369 

Ans. c = 121° 2'40"-2\ / tr = 14° 36' 12"-6 

a = 123° 46' 37"-5 / *"" t « = 56° 13' 22"-5 
4. Given A = 60°, £ = 110°, J = 50° ; find e. 

Ans. c = 11° 57' 47"-9 

6. Given A = 115° 36' 45", B = 80° 19' 12", 5 =• 84° 21' 56" ; 
find a, e and C. 

Ana. a = 114° 26' 50" 
c= 82° 33' 31" 
C= 79° 10' 80" 

6. GivenJ.=-61°37'52".7, 5 = 139°54'34".4, J=150°17'26".2; 
find a, e and C. 

Ans. a= 42°37'17".5 ") ( a = 137° 22' 42".6 

e = 129° 
C= 89° 

26 



>37'17".5 1 I" a = 137°22'42".6 

'41' 4".8 J^ or ^ c= 19°58'85".6 
'54'19".0 J ( (7= 26°21'17".6 
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7. Given A = 70°, B = 120°, 6 = 80° ; solve the triangle. 

Ans. Impossible. 

8. Given A = 60°, B = 40°, 6 «= 60° ; solve the triangle. 

Ans. Impossible. 

92. Case IV. Given -4., B and 6. Second JSoltUion. We find a 
by the formula 

sin (sin J. 



sin a • 



sinB 



and then by Napier's Analogies we find c and (7, precisely as in 
Case III., Art. 87, employing successively, in (154) or (155), the 
two values of a given by the preceding equation. There will be but 
one solution, if one of these values renders the second members of 
(154) or (155) negative. 

The student should apply this method to the preceding examples. 

98. To determine by inspection of the data A, B and b, whether there are two solutions 
or biU one. , 

1st. It has already been seen, Art. 90, that when A differs more from 90° than B, 
a must be in the same quadrant with Aj and there can be but one solution. It 
remains to show that, 

2d. When B differs more from 90^^ than A, there will necessarily be two solutions. 
We have, by (6), 

. ^ cos 5 4- cos A cos C 

sin C = 

sin A cos b 

Two solutions exist so long as both values of C are less than 180®, and both positive, 
that is, so long as sin C is positive. Now when B differs more from 90° than A, we 
have, (neglecting signs for a moment), 

cos B> COB A> cos A cos C 

therefore the numerator of the value of sin C has the sign of cos B. But by 
Art. 69, yn., B and b are in the same quadrant, consequently the numerator and 
denominator have the same sign, and the value of the fraction, or of sin C is always 
positive, as was to be proved.* 

Hence, there is but one solution wJien the angle opposite the given side differs less from 
90° than the other given angle; and two solutions when the angle opposite the given side 
differs more from 90° than the other given angle. 

94. Case IY. might have been reduced to Case III. by means of the polar triangle 
of Art. 8. For there will be known in the polar triangle two sides and an angle 
opposite one of them, being the supplements of the given angles and side of the 
proposed triangle. The polar triangle being solved, therefore, by Case III., and its 
two remaining angles and third side found, the supplements of these parts will be 
the required sides and third angle of the proposed triangle. 

* It may be shown that both values of C will be admissible, by a process of rea- 
soning similar to that employed in the note on page 197, applied to the equations 
of Art. 89. 




tanJ^=J( 
tanJJ5 



sin s sin (« — 6) 
^ V sm « sm (« — <?) ^^ 



(164) 
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95. Case V. Gfiven the three Bides, or a, b ^•^' 

and c. (Fig. 9.) We have three methods 
for computing the half angles : 

1st. By the sines, from (31), remembering 
that 

s^i{a + h+c) 

^ . ^ V sm sin c / 

^ N \ sm c sm a / 

2 ^ ^/ \^ sm a sm 6 / 

2d. By the cosines, from (38), ^ 

/ / sin « sin (s — a)\ 
"o^i^-JC sinisinc ) 

^ N \ sm c sm a / 

/ / sin « sin (« — (?) \ 

cosi (7=J ( ; ' I ) 

^ >/ \ sm a sm / 

3d. By the tangents, from (34), 

% — V) sin (g — • g) \ 
in « sin (« — a) ^ 

/ / '^^^ ( g — g) sin (a — a) \ 
^ \ sin « sin f « — 6^) / 



(165) 



(166) 



When only one of the angles is required, the simplest method will 
be by (165), but if the required angle is less than 90°, it will be 
found more accurately by (164), for then \A<i 45°, and the sine 
varies more rapidly than the cosine. And, for a similar reason, if 
the angle is greater than 90°, we should prefer (165). By (166) we 
always have an accurate result, although the formula is not quite so 
simple. 

When the three angles are required, (166) will require the least 
labor, since sin a, sin (, and sin c, are not then required. 



6 = 


50° 






c = 


60° 






2« = 


210° 






8 = 


105° 






« — a = 


6° 






M = 


69° 


7' 52" 


•7 


^ = 


138°: 


15' 46" 


4 



204 SPHERICAL TBIGONOMETBT. 

No ambiguity can arise in these solutions, since the half angles 
must be less than 90° ; they require therefore no attention to the 
algebraic signs. 

Examples. 

1. Given fl = 100°, I = 50°, <? = 60° ; find A. 
a =100° 

logcosec 0-1157460 
logcosec 0-t)624694 

log sin 9-9849438 

log sin 8-9402960 

2)9-1034552 

log cos 9-5517276 



2. With the same data, find all the angles. 

By (166). 

«==105° l.cosec 0-0150562 1. cosec 0-0150562 Lcosec 0-0150562 

»-a= 5° 1. cosec 1-0597040 1. sin 8-9402960 1. sin 8-9402960 

«_j= 55° Lain 9-9133645 Lcosec 0-0866355 1. sin 9-9133645 

a-c x= 45° 1. sin 9-8494850 1. sin 9-8494850 1. cosec 0-1505150 

2)0-8376097 2)8-8914727 ' 2)9-0192317 

1. tan 0-4188049 1. tan 9-4457364 1. tan 9-5096159 

}^= 69° 7'52"-7 J5=15°35'37"-0JC=17°54'59".1 

Ant. ^ = 138° 15'45"-4 5=31°iri4"-0 C= 35° 49'58"-2 

8. Given a = 10°, 6 = 7°, c = 4°; find the angles. 

^n«. ^ = 128°44'45"'l 
5= 33°iri2"'0 
C= 18°15'31"-1 

96. The method by (166), may be put under the following conTonient form. Let 



(167) 



which are similar to the formulae of PL Trig. Art. 146, and are computed in the same 
manner. 





P_J(»in(. 


— a) sin (« — 
sin» 


b) sin 


(*- 


-j>) 








then 






















tan J ^ = 


P 

' sin (* — ay 


tan 


}i? = 


P 




tan 


}C= 


sin 


P 


■«) 


sin (* . 


-by 
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97. Casb Y. Giyen a, b and e. Second Solution. If the whole angle is required 
directly,* we have 

. cos a — cos b cos e 

008-4= .— r-v 

sin b sin e 

which may be adapted for logarithms by an auxiliary thus : 



Or thus, 



008 # = OOSicOSC 




„.._ 2 Sin }(#+«) rini(#- 


a) 


fcin 6 sin c 


• 


cos b cos e 


' 


sin a 


^ sin (0 — a) 

COB A »a -j — . \^ ^ „. ■ 





Hg.». 



■ (168) 



(169) 



98. Case VI. Qiven the three angle%^ or 
A^ B and C. (Fig. 9). We have three methods 
of finding the half sides : 
1st. By the sines, (36). 
2d. By the cosines, (38). 
3d. By the tangents, (39). 
The computations are conducted precisely in the same form as those 
of the preceding case. 

Example. 

Given A = 120°, B = 130°, (7 = 80° ; find c. 

An«. e? = 41°44'14".6 

09. The formulsB (89) may be arranged for convenient use in the same manner as 
the corresponding formulas of the preceding case, Art. 96. 

100. Cask VI. Given A, B and (7. Second Solution, We have, by (5), 

cos A 4- cos B cos C 

cos a == . ' . ^ 

sm B sm G 




which may be adapted for logarithms by an auxiliary, thus : 
cos = cos 5 cos G 
^ 2 cos H^ + ^) cos H^ — ^) 



sin ^ sin (7 



or, 



cos B cos G 

tan0 ^ . — . — 

sin Jl 

cos (A — ) 
cos a s=s -; — p\ ^ — '—• 
sin B sin G cos ^ 



(170) 



(171) 



* See Note at the end of this chapter, p. 211, for the method of computing many 
of the general formulsB of spherical trigonometry directly, without the aid of aux- 
iliary angles. 

S 
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Solution of Oblique Spherical Tbianoleb bt Means of a Pebpendiculab. 

101. All the cases of oblique spherical triangles may be solyed by diyiding the 
triangle into two right triangles by a perpendicular from one of the vertices to the 
opposite side, and soMng these partial triangles by the methods of the preceding 
ohapter. Bowditch has given two rules, based upon Napier's Rules, (Art. 46), by 
which the application of this method is facilitated. 

102. BowditcKs Sides for Oblique Trianglea. " If in a 
^•10- c spherical triangle, (Fig. 10), two right triangles are 

formed by a perpendicular let fall from one of its ver- 
tices upon ^e opposite side ; and if, in the two right 
triangles, the middle parts are so taken that the perpen- 
S^ dicular is an adjacent part in both of them ; then 

The tinet of the middle parte in the two triangles are pro- 
portional to the tangents of the adjacent parts. 
But if the perpendicular is an opposite part in both the triangles, then 
The sines of the middle parts are proportional to the cosines of the opposite parts. 
To prove which rules, let M denote the middle part in one of the right triangles, 
A an adjacent part, and an opposite part. Also, let m denote the middle part ia 
the other triangle, a an adjacent part, and o an opposite part ; and let j? denote the 
perpendicular. 

First, li the perpendicular is an ac^acent part in both triangles, we have, by 
Napier's Rules, (Art. 46,) 

sin M sst tan A tan/> 
sin f» ss tan a tan^ 
whence 

sin M tan A tan p tan A 
sin m tan a tan p tan a 

or sin if : sin m ^ tan A : tan a 

Secondly. If the perpendicular is an opposite part in both triangles, we liave, by 
Napier's Rules 

sin if s= cos cosp 



whence 



sin f» s= cos COBp 

sin M cos coBp aos 
sin m *"" cos o coap cos o 

or sin if : sin m ^ cos : cos o" * 

"We proceed to solve the six cases of spherical triangles with the aid of a perpen- 
dicular. It will be seen, however, that Bowditch's Rules are applicable but in the 
first four cases. 

* Peirce's Spherical Trigonometry, Art. 44. 
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103. Cask I. Giren b, c and A. Let the perpendicular C P, Fig. 10, be drawn 
from C, (that is, in such a manner as to put two given parts in one of the right 
triangles). Then the right triangle A C P gives, by Napier's Rules, if we put 

tan =3 tan h cos A (172) 

then taking co. h and co. a as middle parts in the two triangles, A P zs^ <^ and 
BPs=. c — 0* are the opposite parts, whence, by Bowditch's Rules, 

cos ^ : cos (e — 0) =s cos 6 : cos a 
whence 

C08(C — ^)C08 6 ' ,^»_, 

cos a = ^^ ^ (178) 

COS ^ ^ ' 

Again, taking A P and PB &8 middle parts, co. A and co. B are acyacent parts, 
whence, by Bowditch's Rules, 

sin : sin (c — ^) a=s cot A : eot B 

whence 

gin (e — 4) cot A 
cot B = —^ — .^ (174) 

sin ^ \- ^ 

and the formulae (172), (173), (174), agree entirely with (122) and (123). 
The triangle BOP gives as a check 

tan a cos ^ s= tan (e — 0) (176) 

which agrees with (124). 

By drawing the perpendicular from Bf we may in the same manner obtain the 
formula (125). 

The angle may be found by the proportion 

sin a : sin e as sin Jl : sin C 

or if C has been found by means of a perpendicular from B, B may be found by a 
similar proportion, as in Art. 72 ; and the quadrant in which the angle is to be taken 
must be determined by the principles of Art. 69. 

104. Case II. Given A, C and b. Let the perpendicular be drawn as before, 
Pig. 10, and let 

JICP = 3, -B(7P=C — ^t 

then, by Napier's Rules, 

cot 3 ss tan Jl cos 6 (176) 

and by Bowditch's Rules, taking co. A and co. B as middle parts, and therefore 
00. A CP and co, B CP as opposite parts, 

sin ^ : sin (C7 — ^) = cos ^ : cos i? 

whence 

_ sin ((7 — ») cos -4 • .^^^. 

- cos ^ ss ^ — .—/ (177) 

sin^ ^ ^ 



* IS AP should exceed A J?, (that is, if the perpendicular should fall without 
the triangle), B P would be equal to AP — AB se ^ — c, and the solution could 
be modified accordingly. But the true results will always be obtained by regarding 
^ P as negative ; that is, by still taking BP=sc — and attending to the signs of 
all the terms as already exemplified, p. 182. 

t If A'CP> ACB, B G P ^ C—A OP will become negative, but the truo 
results are still found by attending to the signs, as already shown, p. 187. 
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Again, taking oo. A CP And oo. B CPas middle parts, and therefore co. b and co. a 
as adjacent parts, Bowditoh's Rules give 

COB ^ : cos (C — ^) = cot 5 : cot a 
whence 

cos (C — ») cot b 



cot a =s 



cos 3 



(178) 



(179) 



and (176), (177), (178), agree entirely with (134) and (135). 
The triangle BCP gives 

tan 5 cos a = cot (O — ^) 

which agrees with (136). 

By drawing the perpendicalar from A, we may in the same manner obtain the 
formnlsB (137). 

The side c may be found from the proportion 

sin Jl : sin (7 as sin a : sin e 

and Art. 69 ; or e being found by means of a perpendicular from A, we may find a 
by a similar proportion. 

105. Cass III. Given a, b and A. Let the per- 
pendicular be drawn from (7, Fig 10, as in the preced- 
ing cases, and let A P ss <!>, B Pisstft' ; then, by Na- 
pier's Rules, 

tan s=3 tan 5 cos Jl (180) 

and, by Bowditch's Rules, 
cos b : cos a -. 



Vig.lO. 




; cos : cos 0' 



whence 



and then 



cos <p' : 



COS cos a 
cos b 



(181) 



In Art. 84, we have found, from analytical considerations, that this case admits 
of two solutions, and that the general expression for e is 

c = ± 0' (182) 

In fact, let us attempt to construct the triangle with the data a, b and A, Having 
constructed A equal to the given angle, and b equal to the ac^acent side, Fig. 11, let 
Fig. 11. ^ a small circle be described about C7 as a 

pole, with a (circular) radius a=B a ; this cir- 
cle intersects the great circle AB in two 
points, B and B*, and both triangles, ACB 
and ACB contain the same data a, b and A. 
If the perpendicular CP is drawn, we have 
BP Bs B'Pf so that in one of the triangles, 
the side e s AB «= AP + PB =z ip + <l>', 
and in the other, e = AB ss AP — B'P =ss — ^. If both points of intersection, 
B and B', fall on the same side of A, and within 180® of -4, both solutions will be 
admissible. 
To find C, let ACP = ^y and BCP = y, then by Napier's Rules, 




cot ^ SB tan A cos 6 



(183) 
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and by Bowditoh's Rules, 

cot 6 : cot a :b cos 9 : cob ^ 
whence 

cos ^ ss cos 3 tan b cot a (184) 

and since in Fig. 11, 

C » ACB =z ACP + BCP = ^ + y, or C7 =s ACB' = ACP — JTCP = 3 — y, 

we have 

C7 = 3 ± y (185) 

and the formulsB (180), (181), (182), (183), (184), (186), agree entirely with (146) 
and (147). 
After e was found, we might have found C from the proportion 

sin a : sin e ss sin A : Bin O 0-^^) 

and B is found from the proportion 

sin a : sin & ss sin u4 : sin ^ (187) 

The two values of B determined by (187), are both admissible when chas two yalues 
as aboYC. It is also evident, from Fig. 11, that the two values of B are supplemental. 
To determine the corresponding values of e and B, we observe that, by Art. 49, the 
perpendicular CP is in the same quadrant with A and with CBP and CBP, and 
therefore CB'A is in a different quadrant from A. Hence, that value of B which is in 
the same quadrant as A corresponds to the value o/ c ss ^ -j- 0', and that value of B 
which is in a different quadrant from A corresponds to the value of e =n^ — ^'; which 
agrees with what is shown in Art. 84. 

In computing (186), the two values of e must be employed successively, and the 
formula computed twice. At each computation we shall have two values of C found 
from the sine, one of which must be selected by Art. 69. But as the application of 
the principles of Art. 69 is tedious and embarrassing, it is better to find C by (184) 
and (185). 

The formulae (149), (150), (151), (152), for finding B, may easily be deluced by 
Napier's and Bowditch's Rules. 

106. Case IV. Given A, B and b. Let the perpendicular be drawn as before. 
Fig. 10, and let AP =s ^, BP ss 0', then as before, 

tan s=s tan b cos A (1B8) 

and by Bowditch's Rules, 

cot ^ : cot ^ =s sin : sin 0^ 
whence 

sin ^' = sin ^ tan ^ cot ^ \ 

which agree with (156). But 0' having two supplemental values determined by the 
sine, e has two values, as already explained in Art. 89. 

To show the same geometrically, let BP, Kg. 12. 

Fig. 12, be the acute value of 0', and about 
C as a pole, let a small circle be described 
passing through B, and intersecting the 
great circle AB again in B'\ Let B"C be 
drawn, and produced to meet AB again in 
B*f forming the lune B'B', Then we have 

^ =« -B " =: CBA 
27 s2 
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Fig. 12. so that in both triangles, ACB and ACS', 

the yalue of the angle opposite the side h 
is the same, that is, both triangles contain 
the same data, A, B and ft. Now 
180° » S'E s=s B'F + EP s=BP+ B'P, 
so that BP and BP are supplements of 
each other. 
In the triangle ACB we have 

and in the triangle AGB we haye 

and hence the two yalues of c are found by giying ^ its acute and obtuse yalues 
successiyely, as already shown analytically. 

By Art. 49, CP must be in the same quadrant with A ; hence, if ^ is in the same 
quadrant with A^ P falls between A and B^ as in the figure, and for the same reason, 
between A and Bf. But if A and B were in different quadrants, both points, 
B and jS', might fall between A and P, The two yalues of c would then be found 
by the formula 

c = ^ — ^' 

^ taking, successiyely, its acute and obtuse yalues. In that case, tan A and cot B 
would haye opposite signs in (189), sin ^' would be negatiye, which would make ^* 
negatiye, so that the true results will be obtained, without reference to a diagram, 
by attending to the signs of the seyeral terms, as already fully exemplified, p. 201. 
To find Cy let ACP ^s^^y BCP = y, then we haye, as befoce, 

cot 3 = tan ul cos h (190) 

and by Bowditch's Rules 

cos ul : cos jS ^ sin ^ : sin ^ 
whence 

... sin ^ cos B I 

'"'^ ^^TZ— I (191) 

c = d + y J 

which agree with (157). It is eyident from Fig. 12, that BCP and BCPy are sup- 
plemental, and that the remarks aboye made with reference to ^' apply also to ^, 
After c was found, we might haye found C by the proportion 

sin ft : sin e ss sin ^ : sin C (l^'^) 

and a is found by the proportion 

sin ^ : sin ^ =s sin ft : sin a (193) 

The two yalues of a found by (193) are both admissible when c has two yalues. 
From Art. 50, it follows that when BP is acute, a must be in the same quadrant 
. with CPy that is, (Art. 49), in the same quadrant with A ; and when BP is obtuse, 
a must be in a different quadrant from A. That is, that value of a which is in the same 
quadrant with A, belongs to the triangle in which ^' < 90°, and that value of a which is in 
a different quadrant from A, belongs to the triangle in which tp' > 90° ; which agrees with 
Art. 89. 

The formulae (159), (160), (161), and (162), for finding a may easily be deduced 
by Napier's and Bowditch's Rules. 
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107. CasiV. Oiyen a, 6 and e. The perpendicular Hg.i8. 
cannot be drawn, in this case, so that two of the given 
parts shall be in one triangle ; neyertheless the case can 
be solyed by means of a perpendicular. Let the perp. 
be drawn from any angle, as (7, Fig. 18, and as before, 
put AF as 0, ^P ss f ; then by Bowditch's Rules, 

cos^ : cos ^* =B cos & : cos a 

cos 0' — cos ^ 

whence -r-\ r = i ; 

cos ^' 4" ^^B ^ cos a -|- cos h 

or, by PL Trig. (110), 

tan}(0 + ^')tan}(^— ^')stan}(ft + a)tan}(6— a) 

whence, since ^ -f~ ^' ^ ^» 

tan } (^ •— 0') ss tan } (6 + a) tan } (ft — a) cot \ e 

which determine } (^ — <p') and } (0 + ^) whence ^ and 0'. The angles A and B 
are then determined by Napier's Rales. 

108. Case VI. Given A, B and C, In Fig. 13, let ulC7P = ^, BCF « y ; then, 
by Bowditch's Rules, 

sin 3 : sin y ^ cos Jl : cos ^ 
whence 

sin ^ — sin d' cos A — cos B 



} (IM) 



sin 3 + sin y cos -4 + cos B 
or, by PI. Trig. (109) and (110), 



^*|^ = tan}(i»+^)tan}(^-^) 



whence, since 9 -{- y ^t C, 

tan J (» — y) = tan } (5 + ^) tan } (5 — ul) tan } C | ,jgg. 

}(^ + y) = }C J 

which determine } (^ — ^') and } (^ + ^') and therefore*^ and y. The sides a and b 
are then found by Napier's Rules. 

Note bbfebbed to on page 205. 
Computation of Spherical FormvkB by the Gauuian Table. 
In Dovmes^a Tablet (already referred to, p. 43) will be found an improved ar- 
rangement of the Gaussian Table for computing the logarithm of the sum or differ- 
ence of two quantities, when the logarithms of these quantities are given. 

If p and g are the two numbers whose logarithms are given, p being the greater 
number, (or \ogp the greater logarithm), we have, in the first place 



j'+? = ?(i + f)=/'(i + |-) 



If, then, we put a: = -^, we have 
9 



logz ss logp — log J 
log {p+q)^ log q + log (1 + x) 

log (P+9)= ^ogp+ log (l + — I 
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Downey's Table XXVIII., with the argument log z, the difference of the given logar- 
ithms, giyes log (1 -f- s;), which being added to log q, the leas logarithm, gives the 
required log. sum, or log (p -f- ?)• Table XXIX., with the argument log z, gives 

log ( 1 -| ) which, being added to log j?, the greater logarithm, gives the required 

log. sum. Either table may, in general, be employed, but one or the other may be 
found more convenient in a particular application, and therefore both are given. 
Again, we have 



'(■-f) 



80 that, putting, as before, z =b ~, we have 

log a; =slogi> — logg 
log (p — q)^ logp + log (l — — ) 

Bownes's Table XXX., with the argument, log z, gives log f 1 j which, being 

added to the greater logarithm, gives the required log. difference, or log (p — q). 

With these tables, then, we may readily compute any of the preceding formulm 
which contain two terms in the second member, without the aid of auxiliary angles. 

Examples. 

1. Given b = 120«> 30' 30", e = 70«> 20' 20", A = 50<> 10' 10" ; find a, (Same 
as Ex. 1. p. 182). 
The formula is 

008 a =s cos 5 cos 4- sin 6 sin c cos A 

which will be thus computed : 

log cos b — 9-70657 
log cos c + 9-52693 

log q 2- 9-23260 

log sin b + 9-93529 
log sin c 4- 9-97391 
log cos ^ + 9-80654 

logp + 9-71574 

log;> — • log y = log z — 0-48824 

The terms p and q have opposite signs, and although, by the formula, they are to be 
added (algebraically), an arithmetical difference is required. By marking the signs 
of all the quantities, as above, we shall always know whether a sum or difference 
is required by the sign before log z. In this case this sign being negative, we are 
to find a difference, and therefore, by Table XXX., we take 

log ^1 — i.^ 9-82694 

logp + 9-71574 

log cos a + 9-54268 
a =69«34'52" 
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2. With the same data, find B. The formula is 

sin e cot b — cos c cos A 



OOt^s 

which must here be put under the form 

sin e cot h 



sin A 



eot^: 



fiin^ 



- eos c oot A 



and is thus computed: 



log sin c + 9-97891 
log cot h — 9-77029 
ar CO log sin^ + 0-11467 

log p — 9-86887 

log (— cos c) — 9-52693 
log cotJl + 9*92121 

log q — 9-44814 

logp — log g = log X + 0-41078 

where the sign before log z being positiye, the tables for log. sum must be used. By 
Table XXVIIL, we have 



(which is to be added to the less log.) 
or, by Table XXIX., we have 

(which is to be added to the greater log.) 



log (1 + x) 0-55326 
logy —9-44814 
log oot B — 0-00139 



log (l + i.) 0-14252 

log p — 9-85887 

log cot 5 — 0-00139 
B = 135® 6' 31" 



In these isolated examples, the labor of computation is very little less than with 
the use of an auxiliary angle, as on p. 182; but the Gaussian Table has greatly the 
advantage when the same formula is to be repeatedly computed with successive 
values of one of the data while the others remain constant. Thus, in the first of 
the preceding examples, if successive values of a are to be found corresponding to 
successive values of A, while h and e are constant, log q will be constant, and log x 
will take successive values, corresponding to those of log cos A, so that after the 
first value of a is found the succeeding ones are rapidly obtained. On the other hand, 
as the auxiliary in the formulse (122), depends upon Ay the whole process would 
have to be repeated in finding each value of a. 

For other forms of the Gaussian Table, see the original table, (to five places of 
decimals), by Gauss, published in Zach's MonatUche Correspondem, Nov. 1812 ; Mat- 
thiessen's, (to seven places), Altona, 1817 ; in Vega's Sammlung matkematiacher Ta- 
feluy (five places), Leipzig, 1840 ; Zech, (seven places), Leipzig, 1849 ; Shortrede's 
Collection of Tables, (seven places), Edinburgh, 1849 ; Gray's Tables for the Compu- 
tation of Life Contingmciesy (six places), London, 1849 ; Schumacher's Hiilfetafeln, 
new ed. (four places). 
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CHAPTER IV. 



SOLUTION OP THE GENERAL SPHERICAL TRIANGLE. 



109. We have thus far, following the nsnal coarse, ooneidered those spherical 
triangles only whose sides and angles are less than 180®. In the applicationB of this 
subject in astronomy, however, it is often necessary to consider triangles whose 
sides or angles exceed 180®. (For example, the right ascension of a heavenly body, 
admitting of all values from 0° to 860®, may be one part of such a triangle). We 
may, it is true, in such cases, always substitute another triangle whose parts are the 
supplements to 180® or 360® of those of the proposed triangle; but this mode, 
although very generally regarded as the simplest, is not really so in the cases 
alluded to. The construction of figures for discovering the supplemental triangles 
is often embarrassing and liable to mistake, while the solutions, when obtained, are 
mostly deficient in generality, and can only be regarded as solutions of the particular 
cases of a general problem. But if we proceed by a method that is as applicable 
when the parts of the triangle exceed as when they are less than 180®, we may in- 
vestigate a problem under the simplest supposition of the values of these parts, and 
rely upon the generality of the method to cover all the particular cases. 

110. We shall first endeavor, in an elementary manner, to give the student a con- 
ception of the nature of the general spherical triangle. 

gig. 14. 

Lei A'BO, Fig. 14, be any spherical triangle whose parts 
are all less than 180® ; then the remainder or complement 
of the sphere is also a spherical triangle whose sides are 
a, b and c, and whose angles are 860® — A, 360® -— B, 
and 360® — C. We shall distinguish these triangles from 
each other by means of accents, writing the letters toithin 
the triangle to which they respectively belong, as in 
Fig. 14. The sides are common, but when referred to as 

sides of A'B'Cf they will be denoted by a', b' and c'. 

Again, one of the sides may exceed 180®, as the side a of the triangle ABO, 
Fig. 16. In this triangle, it is evident that we must have A > 180®, so long as B, 
C, b and c are each < 180®. In the triangle A'B'C we have A' < 180®, while 
B > 180®, C > 180®. 

Iig.16 






If we next suppose two of the sides to exceed 180®, as a and b, Fig 16, these sides 
intersecting in two points whose distance is 180®, the figure ceases to present the 
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triangle as an enclosed surface, bnt it will presently appear that sucli triangles are 
Bolyed by the same general methods that apply in other cases. To form a just con- 
ception of the triangle in this case, we may conceiye Fig. 16 to be obtained from 
Fig. 15 by carrying the point A along the arc CA produced until it crosses the side a ; 
the points A and B may then be joined either by an arc less than 180°, as in Fig. 16, 
or by its supplement to 860°, as in Fig. 17, in 
which last case every side exceeds 180°. In 
these figures, to avoid confusion, the point A 
is not placed in its true position according to 
perspective. 

In each figure we have two triangles, whose 
sides are common, and whose angles are sup- 
plements to 860°. It will be easy to trace the 
two triangles signified by ABC and A'B'C\ by 
remarking that the letters in each case are all 
on the same side of the perimeter of the triangle. 

We may go farther, and suppose the arc joining A and Bio be a circumference 
+ the arc AB^ or any number of circumferences + AB ; and similarly the angles 
may be supposed to be altogether unlimited ; but since the relative positions of any 
three points of the sphere must be fully determined by arcs and angles less than 
860°, nothing is gained by passing beyond this limit. 

111. All the formtdod of Chapter I. are applicable to the general spherical triangle. 

This proposition might be considered as established by the principle of PI. Trig. 
Art. 49, but it is also very easily established by a continuation of the process of 
Spher. Trig. Art. 6, where the fundamental equation was shown to apply to all 
triangles whose parts are less than 180°. 

It was proved in Art. 29, that all the equations of Chap. I. may be deduced from 
the fundamental one, 

cos a ^ cos h cos e -|- sm 6 sin c cos A (m) 

We have then only to prove the generality of this single equation. 

1st. Let all the sides be <180, but A' >180°, Fig. 14. The formula being true for 
the triangle ABC, we have 

cos a = cos 6 cos c + sin 6 sin c cos (860° — A') 

or in the triangle A'BC\ by PI. Trig. (76), 

cos a' sss cos b' cos <f -j- sin b' sin & cos A' 

2d. Let a>180°. Fig. 16, and produce a to complete the great circle. The triangles 
ABC and A'BC are respectively the difference and sum of a hemisphere and the 
triangle Aik, all of whose parts are < 180°. In the triangle A!ik we have, in terms 
of the parts of ABC, 

cos (360° — a) =B cos h cos c + sin 6 sin c cos (860° — A) 

and in terms of the parts of A'EC\ 

cos (860° — a') =s cos V cos c' + sin V sin (?' cos A 

both of which reduce to the form (m). But it is here necessary to show that the 
formula may also be applied to each of the other angles : thus the triangle A!ik 
gives 

cos b = cos (360° — a) cos e + sin (360° — a) sin c cos (180° — B) 
cos V ss cos (360° — a') cos c'+ sin (360° — a') sin c'cos \b — 180°) 

both of which reduce to the form (m). 
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8d. Let a> 180®, 6>180®, Fig. 18; these arcs intersect at /, and the triangle 
-4' 5' i gives 

Fig. 18. c 




cos (a -- 180*') = cos (b — 180®) cos c + sin (6 — 180°) sin c cos (360° — A) 
cos (a!^ 180°) s= cos (V — 180°) cos c' + sin (6' — 180°) sin c' cos A' 
which reduce to the form (m) ; and in the same way the formula applies to the an- 
gle B, We have also 

COS c =s COS {a — 180°) cos {h — 180°) + sin (a — 180°) sin (6 — 180°) cos * 
and since cos t = cos C =r cos (860° — C) = cos C, this also reduces to the form 
(m) for both ABCB.nd.A' B^ C. 

4th. Let a > 180°, b > 180°, c > 180°, Fig. 19 ; -the side c being produced to 
complete the circle, the triangle ikl gives 




cos (a — J80°) ^ cos (6 — 180°) cos (360°— c) + sin {h— 180°) sin (360° — c) cos I 

and since cos I = cos (180° — -4) = — cos^ = cos (A! — 180°) == — cos A'^ this 
reduces to the form (m) for both ABC and A' B' C ; and in the same way the for- 
mula applies to the angle B, We have also 

cos (360° — c) = cos (fl — 180°) cos (6 — 180°) -f sin (a — 180°) sin (6 — 180°) cos i, 
and since cos t = cos C' = cos C, thi^ reduces to the form (m) for both ABC 
and A' B C, 

The cases in which the angles or sides exceed 860° are included in the preceding, 
in consequence of PI. Trig. Art. 46. 

112. The preceding demonstration, though tedious, has the advantage of giving a 
definite conception of the figures which our formulas represent. But perhaps the 
most satisfactory (as it is the most elegant) method, is to rest the demonstra- 
tion of our fundamental equations themselves upon the principles of analytical 
geometry, and, for the sake of those who are acquainted with that subject, we add 
the following investigation : 

Any point of the sphere may be referred by rectangular co-ordinates to three 
planes passing through the centre of the sphere at right angles to each other. Let 
be the centre of the sphere. Fig. 20, and AB C 2k spherical triangle upon its 
surface. Let one of the co-ordinate planes, as X T, coincide with the great cir- 
cle .i^, and let the axis of X pass through B. U CPht drawn perpendicular 
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to the plane XF, and CP* and PF to the axis OX, the co-ordinates of the 
point C are 

X ^ OF, y = PF, z^CP 

Fig. 20. Fig. 21. 





the valnes of which {OC being taken =s 1) are 

X as COS a' 

y =s sin a cos B 
2 =s sin a sin i? 

If now the axis of X be made to pass through A, Fig. 21, without changing 
the position of the plane X F we shall have for if, y', st', the co-ordinates of Preferred 
to the new axes, 

a/ =s cos 6 

y' =s — sin b cos A 

g' ^ sin 5 sin ^ 

The axis of z being unchanged, the relations between z', y', and x, y, are expressed 
simply by the formula for the transformation of co-ordinates in a plane ; the in- 
clination of the new axes to the first is here expressed by c, and the formulsd of 
transformation are therefore 

X ss x' cos c — y' sin e 

y ssx x' sm e -{• y* cos c 
z = z' 

substituting the ralues of the co-ordinates, we have at once the three follo¥ring 

fundamental equations : 

cos a =: cos c cos b -{- sin e sin b cos A 1 

sin a cos ^ sss sin c cos 6 — cos c sin 6 cos A i (n) 

sin a sin ^ ^ sin ft sin ul J 

which are identical with (4), (6); and (8). 

113. Having established the complete generality of our fundamental equations, 
we may now employ for the solution of the general triangle any of those deduced 
from them in Chap. I. • 

As a single trigonometric function is not sufficient to determine an unlimited 
angle or arc, (PI. Trig. Art. 53), it becomes necessary in most cases to deduce ex- 
pressions for both the sine and cosine of the required part. 

It will be found that all the six eases of the general triangle admit of two solutions, 
but that they all become determinate, when, in addition to the other data, the sign of 
the sine or cosine of one of the required parts is given. In the practical applications in 
astronomy, it mostly happens that the conditions of the problem supply this sign. 
28 T 
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114. Cask I. Giyen h, c and A. First Solution; when one of the remaining an- 
gles, as B, and the third side a are required. The relations between the given and 
required parts are 

cos a ^ 008 c cos b -{- Bine sin b cos A 
sin a cos ^ sss sin e cos b — cos e sin 6 cos A - 0-^) 

sin a sin ^ ^ sin 6 sin ^ 

The signs of the second members will be known from their computed numerical 
ralues; the sign of cos a is therefore known. If the sign of sin a is also 
giyen, the quadrant in which a must be taken will be known ; the second and third 
equations will determine the sign of the sine and cosine of B, and therefore the 
quadrant in which B is to be taken. 

In like manner, if the sign of either cos B or sin ^is given, that of sin a becomes 
known, and the problem is determinate. K no conditions are atttached to the re- 
quired parts, there must be two solutions. 

The numerical solution will be conducted as follows : The ralues of the second 
members (or simply their logarithms) are to be separately computed, and their 
signs carefully noted; then the quotient of the 8d by the 2d (or the difference 
of their logs.) will give tan B, and hence B, which will be taken in the quadrant 
indicated by the signs of the sine and cosine. Then the Sd . divided by sin B, 
or the 2d by cos By will give sin a, which, agreeing wit^ the value from the 
1st equation, will serve to verify the correctness of the whole process. 

This solution may be adapted for logarithms by the methods employed in the pre- 
ceding chapter. 

1st. Let k and ^ be determined by the equations 

A; sin ^ a=s sin 5 cos A 
^ cos ^ = cos 6 



k being a positive number (PI. Trig. Art. 174) ; then 



COB a sst k cos (e — 0) 
sin a cos ^ =3 A; sin (c — 0) 
sin a sin ^ =: sin ft sin ^ 



(197) 



2d. Eliminating k, and taking ^ < 180°, (PL Trig. Art. 174), 

tan =s tan b cos A {<p< 180°) 

cos ft 

cos a zss cos (c — ^) 

cos ^ ^ '' 



sin a cos B 

sin a sin ^ as sin 5 sin ^ 



cosft . , 

sin (e — <p) 

cos ^ ^ 



(198) 



8d. 1/ the quadrant in which 9, is to be taken is given^ we may give the preceding 
equations the following form : 



tan as tan b cos A 
tan a cos B s=s tan (c — 0) 
sin^ \mlA 



tan aBin B i 



cos ( c — 0) 



(^<180o) 



(199) 
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4th. If both a and h are less than 180^, as not nnfrequently happens in the appli- 
cations of this problem, let 



h 
sin b 



sing 



then n end n are both positiye numbers {k being positiye) and (197) gives 

m sin as cos A 
m cos ^ cot b 
n sin ^ SB sin tan A 
n cos ^ s= sin (e — <p) 
cot a =s cot (c — 0) cos B 

Cheek, We find 



(200) 



sin (c — 


♦) 




sin a 


cos 


B 




t&nA 


sin^ 






Bind 


cos 


A 




taaB 


cos (c — 


_#) 


= 


cos a 










cos <p 


cos b 



(201) 



besides which we may employ, in connection with (200), the equation sin a sin ^ 
s= sin ft sin ^ ; or in connection with (197) or (198) the equation tan a cos ^ =s 
tan (c — 0). Or when (197) and (198) are employed, we may find a both by its 
sine and its cosine. 

115. The angle C may be found in the same manner as B, interchanging B and C7, 
b and e, in the preceding formula. But when B and C are both required, the Se- 
cond Solution to be given presently is preferable. 

Example. 

Given A = 261o 16' b =: 46<' 64', e » 188o 82', and a < ISO"*; to find a and B, 
We shall first employ (197). The first column of the follo¥ring computation, con- 
taining the symbols expressing the operations to be performed, should be prepared 
before opening the tables : 

A 2610 16' 
b 46° 64' 
e 188<' 82' 



log sin ^ 


— 9-9949852 


log cos A 


— 91818744 


log sin b 


+ 9-8662008 


log cos ft =s log ^ cos 


+ 9-8425548 


log sin ft cos ^ ss log A; sin 


— 9-0375752 


log tan 


— 9-1950204 


log cos 


4- 9-9947336 


log A: 


-1- 9-8478212 





3510 6'42"-6 


»C-0 


147° 26' 17"-4 



* As > c, we take c =s 138° 32' -f 360°, so that e — may be a positive angle ; 
but it would be equally convenient to take e — ^ « — 212° 88' 42"-6. 
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log sin (c — ^) +9-7309614 

log COB (c — ^) — 9-9257308 

log k COS (c — 0) ss log COS a — 9 •773551 5 

a 126°25'6"-6 

(1) log sin d sin ^ ss log sin a sin ^ — 9*8511360 

log & sin (c — 0) = log sin fl cos 5 + 9-5787726 

log tan ^ — 0-2723684 

B 298o6'26"-8 

log sin a + 9-9056351 

logging —9-9455009 

(1) Check, log sin a sin 5 —9-8511360 

If a were not limited, we should have two solutions, the second being 
a = 233° 34' 53"-4, B :=. 118° 6' 26"-8. 

We shall next give the computation by (200), which is applicable to this example, 
since both a and b are less than 180°. 

A 201° 16' 
b 45° 54' 

c 188° 82' 
log cos -4 = log J» sin ^ — 9-1818744 
log cot b 8s log m cos + 9-9868540 
log tan ^ — 9-1950204 

851° 5'42"-6 
c — 147°26'17"-4 

log tan A + 0-8135608 

log sin —91897534 

log tan ^ sin = log n sin B — 00083142 

log sin (c — ^) = log n cos ^ + 9-7309514 

log tan 5 —0-2728628 

B 298° 6' 26"-9 

log cos 5 +9-6781879 

logcot(c — 0) —0-1947789 

log cos B cot (c — 0) = log cot a — 9-8679168 

a 126°25'6"-7 

116. Casb I. Giyen b, e and A, Second Solution; when the two angles B and C, 
or when all the remaining parts are required. We have, by Gauss's Equations (44), 

cos J a sin J (5 + (7) = cos J (6 — c) cos J A 
cos J fl cos J (5 + C) = cos J (6 + c) sin J ^ 
sin J fl sin J (5 — C) = sin J (6 — c) cos J A 
sin } a cos J (-B — (7) s= sin J (6 + c) sin } ^ 
From the first two we deduce ^ (B -\- C) and cos ^ a, and from the second two 

J (J? — C) and sin J a, whence B, C and a. The problem becomes determinate, as 

beifore ; that is, when a is limited by one of the conditions 

a < 180°, or fl > 180° 
for then the signs of both cos \ a and sin } a will be known.* 

* By Art. 27, Gauss's Equations may also be taken with the negative sign when 
the triangle is unlimited, as in the group (45), but the same final results are ob- 
tained from either (44) or (45). See note at the end of this chapter, p. 227. 
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EXAJCPLB. 

Same as in Art. 115. a < 180<'. 





A 


261« 16' 




ft 


46° 64' 




e 


188° 82^ 




}(4-«) 
*(* + «) 


46° 19' 

92° 18' 

130° 88' 


logrf = 
log e as 
log/ = 
log^ = 


log COS J (ft — e) 
! log sin }(ft — c) 

logcos}(ft+ e) 

! log sin }(ft-i-«) 

log cos j -4 


+ 9-8892719 

— 9-8592893 

— 8-6874694 
+ 9-9996749 

— 9-8187250 




log sin M 


+ 9-8801803 



log d COS } ^ SB log cos } a sin } (^ + C7) — 9-6529969 

log / sin } -4 = log COS } a cos J (5 + ^) — 8-4676497 

log tan } (^ + C') + 1-1853472 

}(j?+ C) 266°15'68"-0 

log sin } (:B + C) — 9-9990771 
log cos I a + 9-6589198 

\a 68°12'88"-8 

log e cos } ^ = log sin } a sin } (^ — 6) + 9-6729643 

log ^ sin J -4 = log sin } a cos } (5 — C7) + 9-8798652 

log tan } (5 — (7) +9-7981091 

J(5_C) 81°50'28"-7 

C logsin}(5— C) +9-7222788 

VerificaUon. \ log sin } a + 9-9506855 

( } a 68° 12' 88"-3 

r5 = 298° 6'26"-7 

Ana, y C7=s234°25'29"-8 

/ a = 126° 25' 6"-6 



117. If a only is required, we may find it by one of the methods of Arts. 76 and 
76 ; and if the sign of sin a is given, the solution is determinate. If the sign of 
sin B or of sin C is given, we find that of sin a by inspecting the equation 

sin A sin ft sin A sin e 



sin -fl sin C 

118. Case II. Given A^ G and ft. Fint Solution; when the third angle B, and 
one of the remaining sides (as a) are required. 
The general relations between the given and required parts are 

cos J? =s — cos C cos ^ + sin (7 sin ^ cos ft ^ 

sin B cos a =s sin C cos ^ + cos (7 sin ^ cos ft V (203) 

sin J? sin a s= sin ^ sin ft J 

which are solved in the same manner as (196). The problem is determinate when 
the sign of either sin B^ cos a, or sin a is given. 

t2 
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Adapting (203) for logarithms, we find 
Ist. 



2d. 



*A; sin ^ ss= cos A 
A; cos ^ s= sin ^ cos 5 
cos^ss: *sin (0 — ^) 
tan B COB a ssi k cos {O — 9) 
sin ^ sin a s= sin ^ sin 6 

cot d = tan A cos b 
cos A 



(k positive) 



(204) 



(3 < 180°) 



COS^: 



■ Sin 5 



sin (0 — S) 



. n cos A .^ .. 

Bin ^ cos a ss - — 5- cos iC — ^) 
sin S ^ ' 

sin ^ sin a rs sin ^ sin 6 
8d. Whtn the quadrant in which B is. to be taken ie given : 
cot d SB tan A cos b 
tan j9 cos a ss cot {C — ^) 

tan ^ sin a : 



(206) 



(5 < 180°) 



tan b cos ^ 



sin(C— ^) 

4th. When A and B are both less than 180°, let 
k 



>- (206) 



sin B 



then p and q are positive numbers, and we have from (204), 

p sin^ ^ oot A 
j> cos ^ sss cos b 
q Bma ss tan b cos ^ 
^ cos a sss cos (C — ^) 
cot^sss tan {C — ^) cos a 
Cheeks, We have 



. (207) 



COfi 


(0- 
cos ^ 


Jl 


=» 


sin B cos 
sin A cos 


a 
1> 


= 


tan& 
tana 


sin 


(0- 
sinS 


Jl 




cos 5 

cos -4 






^ 



(208) 



* The same factor k is used here and in (197), although the auxiliaries ^ and ^ are 
different. To show that k has the same value in (197) and (204), let the squares of 
the equations 

^ sin as sin 6 cos ^ A; cos ^ :» cos b 

be added ; we find 

A^ (sin* ip + cos* ^) = ^ ss cos* b + sin* b cos* ^ as 1 — sin* b sin* A 

and in the same manner, from the equations 

ft sin ^ as cos A A; cos ^ as sin A cos b 

we find 

A* a= 1 — sin* b sin* A 

and therefore, in both cases, it =s ^ (1 — sin* b sin* A) 
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besides whicli we may employ, with (207), the equation sin J? sin a s= sin ^ sin d ; 
or with (204) and (206), the equation tan B cos a ss cot (C — d). Also, when 
(204) or (206) is employed, we may find B both by its sine and its cosine. 

These formulae are computed in the same manner as those of preceding case. 

119. Casb n. Given A, C and h. Second SohUUm ; when the two sides, a and c, 
or all the remaining parts, are required. We employ Gauss's Equations in the fol- 
lowing form : 



sin } ^ sin J (a -4- ^) =s cos } (^ — C) em^ b 
sin } ^ cos i (a-{- e) ss cos ^ (A-{' C) cos } b 
cos i B siii.i(a — c) =b sin j^ (^ — (7) sin } & 
cos } ^ cos I (a — c) = sin } (^ + ^) cos } b 



(209) 



which are solved in the same manner as (202). 

EZAMPLl. 

Given A = 121» 86' 19"-8, C7 = 42« 16' 13"-7, 6 = 40« 0' 10", and ^ > 180<». 

By (209). 

b 40« 0'10"-0 

A 12P86'19"-8 

C 42<»16'18"-7 

}(4— C) 89»40'88"-0 

i(A+C) 81»66'46"-7 

J 6 20« 0' 6"-0 

log d as log cos iiA-^C) + 9-8868088 

log « » log sin } (^ ~ C7) + 9-8061224 

log/ » log cos ilA+C) + 9-1478826 

log^ = log sin } (^ + C') + 9-9966776 

log sin i( d + 9-6840806 

log cos i( d + 9-9729820 

log d sin } d as log sin } ^ sin i{a+e) + 9-4208844 

log/ cos ^ d » log sin } ^ cos ila + e) + 9-1208146^ 

log tan I (a +c) +0-8000698 

i{a+e) 68»28'8"-8 

log sin i{a+e) + 9-9618626 
log sin }^ +9-4690818 

iB 162»62'28"-6 

♦log (— « sin } 6) = log (— cos } J5) sin } (« — «) — 9-8892080 
♦log (— ^ cos } ft) s= log (— COB } B) cos \{a-^e) — 9-9686696 

logtan^(a — c) +9-8706486 

i(a — c) 198«12'82"-9 

' a = 2560 36'86"-2 

fAnt. ■ c = 280oiO'80"-4 

B^ 326°44'67"-2 

* The sign of each of these factors is changed because B > 180®, and cos i Bis 
negative. 

f It was necessary to increase } (a + e) by 860°, to obtain e. The correspond- 
ing value of b would be 616<^ 86' 86" -2. See note at the end of this chapter, p. 227. 
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120. When B only is required, we may employ tlie methods of Arts. 81 and 82, 

which are determinate when the sign of sin B is given ; or when that of either sin a 

or sin c is given, since we may then find that of sin B by inspecting the equations 

. - sin ^ sin 5 sin C sin h 

Bin B = ; = : 

sin a sin e 

121. Casb lil. Given a, h and A, Fkit Solution; when the three remaining parts 
B, (7, and e are all required. 

We find B by the equation 

. _ sin A sin h 

sin 5 = , (210) 

sm a ^ ' 

which is determinate when the sign of cos B is given. 

Then, to find C7, we have 

— cos C QO%A -f- sin C sin^ cos h = cos B 

sin C cos ^ -|- cos (7 sin ^ cos 6 s: sin ^ cos a 

which have already been employed and adapted for logarithms in Art. 118. If we 

denote the auxiliary by ^, and put C — ^ = y, we find, from (204), 

A; sin ^ s= cos A {k positive) 

k cos 3 = sin ^ cos h 

Ajsin^sscos^ j. (211) 

k cos y = sin ^ cos a 

c = a + y 

To find tf, we have 

cos e cos 5 + sin c sin d cos ^ = cos a 

sin c cos 6 — cos e sin 6 cos ^ = sin a cos B 

which have already been employed and adapted for logarithms in Art. 113. If we 
denote the auxiliary by ^, and put c — =s 0', we find, from (197), 





A; sin a= sin & cos A 




(A positive) "j 




^ cos ^ B= cos h 








k sin 0' s: sin a cos B 






Chtekt, We have 


k cos <p' = cos a 
e ==« + ♦' 




' 


sin^ 
siny 


cos A cos » 
cos B cos y 


= 


tan a 
tan6 


sin^ 
sin^' 


tan B cos ^ 
"tan^ COB0' 


- 


COS b 
cos a 



. (212) 



(218) 



One of which maybe used as a check when either C7 or c has been alone computed.* 
When both C and e have been found, the obvious check is 

sinC^ = ?E£ (214) 

sin e sin a ^ ' 



* The following relations deserve a passing notice : 



sin cos y 



cos ^' sin ^ 



= sin 6 sin J? 



sin i>' cos 3 
cos sin y 



; sin a sin ^ 



tan <p tan <p' 



I sin* a sin* B = sin* b sin* A 



tan ^ tan ^ 

sin 2 ^ sin 2 y «n* b 

Bin23 8in2*' "" sin* a 
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EZAHPLX. 

Oiren a =: 126° 26' 6"-6, b *m 188° 82' 0", A = 261o 16' 0", and ooB^negatiTe. 



By (210), 



By (211), 



a 


1260 25' 6"-6 


b 


188«82' 0"0 


A 


261»16' 0"-0 


log sin a 


+ 9-9056351 


log sin b 


+ 9-8209788 


log em A 


— 9-9949852 


logsin^ 


— 9-9102789 


B 


284o25'29"-8 


log cos b 


— 9-8746796 


log sin ^ cos & SB log k cos 3 


+ 9-8696147 


log coB^ =B log A; sin d 


— 9-1818744 


log tan 9 


— 9-8117697 


» 


848°24'58"0 


log cos a 


— 9-7786616 


log sin ^ COB a = log k cos ^ 


+ 9-6838804 


log cos ^ SSI log * sin ^' 


— 9-7647620 


log tan y 


— 0-0809216 


y 


809°41'88"-7 


^ + y = c 


298« 6'26"-7 



By (212), log sin 6 cos ^ = log A; sin ^ — 9-0023682 

log cos 6 as log A COB ^ — 9-8746796 

log tan ^ + 9-1276787 

^ 187«88'81"-8 

log nn a cos ^ = log A; sin ^' — 9-6708871 

log cos a sss log k cos 4/ — 9-7786615 

log tan/ -h 9-8968866 

/ 218°16'28"-6 

+ /«c 46»68'59"-9 

log sin a —9-9465010 

log sin c + 9-8662006 



/*>«(8^) -0K)898004 

Cheek. logC^^^J^'i —0-0898001 
" Vsin a J 



In this example, both 3 -4~ ^' <^^ ^ + ^' exceed 860^, and consequently we have to 
deduct 360° from each of them. We might have avoided this, however, by taking 
»' = — 50« 18' 26"-8, / =» — 141° 44' 81"-4. 

122. Casb ni. Given a, b and A, Second Solution ; when C and c are required 
without finding B, 

We have only to eliminate B from the fourth equation of (211) by means of (210), 
and then (omitting the third equation) determine d' by its cosine, observing, however, 
to take it so that sin ^ shaU have the sign of cos B, which sign is supposed to be 
given. The formuliB for finding C thus become 
29 
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k ein ^ SSI COS A {k positiye) 

A cos ^ sss sin A cos b 
cos y as COS ^ cot a tan b 
(y < 180° with the sign of cos B) 



(216) 



To find e, we observe that sin (p' has the sign of sin a cos JB, so that we have the 

following formul» : 

^ sin ^ sr sin d cos ^ (k positive) 

k cos =s cos b 

cos cos a 

cos tp' = ^ — V (216) 

cos 6 /• \ / 

(0' < 180° with the sign of sin a cos B) 

CAmA;. The equation (214). 

123. Gasi IV. Given A, B and b, Firtt Solution; when the three remaining parts 
a, c and C are all required. 
We find a by the equation 



sina =: 



sin ^ sin 6 



sin B 



(217) 



which is determinate when the sign of cos a is given. The remainder of the solution 
is by (211) and (212). 

124. Case IV. Given Ay B and b. Second Solution; when e and C are required, 
without finding a. 
We easily find, from (211), 

A; sin ^ SB cos A {k positive) 

k cos ^ ss sin ^ cos b 
sin 9 cos B 



sina'ss! 



cos^ 



(A positive) 



(cos y and sin ^ cos a to have the same sign) 

And from (212), 

A; sin = sin d cos ^ 
k cos <p =s cos b 
sin 0' ss sin tan A cot B 
(cos 0' and cos «to have the same sign) 
c = ^ + *' 
Check. The equation (214) 
125. Case V. Given a, b and e. The formula 

cos a — cos 6 cos c 



(218) 



(219) 



cos ^ = 



sin 6 sin c 



(220) 



determines A when the sign of sin A is known. If the sign of sin ^ or of sin (7 is 
given, that of sin ^ becomes known by the equation 



sin A 



fmB 
sin 6 



sin C 
sin c 
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The formul» (81), (88), (84), may be used, each of which will become determi- 
nate when the sign of either sin ^, sin ^, or ain (7 is known. 
126. Casb YL Given A, B and (7. The formula 

COB A'\'Qo%B cos C ,„„- . 

cos a ss . ' . ^ (221) 

sin Jffsin C ^ ^ 

determines a when the sign of sin a is given. If the sign of sin d or of sin c is 
given, that of sin a becomes knovm by the equation 

sin a sin h sin e 



mi A sin ^ sin (7 

The formulae (86), (38), (89), may be used, each of which will be determinate 
when the sign of either sin a, sin 6, or sin e is knovm. 

NoTB UPON Gauss's Equations. 

In the unlimited spherical triangle, we may consider any part, as a, to have an 
infinite number of values, viz. a, a-\- 860®, a + 720°, &c., expressed generally by 
the formula a'\-2n7r,n being any whole number or zero ; and since 

sin a = sin (a -(* 2 n r) cos a s=s cos (a -|- 2 n r) 

all those equations of Chap. I. that involve only sin a and cos a will not be changed 
by the substitution of a -f~ ^ ^ "* ^'^^ ^* -^ similar substitution may be made for 
each of the parts, or for all of them, at the same time, so that there is an infinite 
series of triangles to which these equations are applicable. 

But the substitution of a + 860° for a, in Gauss's Equations, (202), will change 
the sign of all of them, since 

sin } (a + 860°) = ^ sin j( a cos } (a + 860°) ss — cos } a 

while the substitution of a -(- 720° for a will not change their sign, since 

sin } (a + 720°) s= sin } a cos } (^ + 720°) s cos } a 

In general, their sign is changed by the substitution of a -{- {^ n '\' 2) tt for a, and 
it is not changed by the substitution of a 4- ^ ^ ^* The same results follow like 
substitutions for each of the parts. It follows that these equations taken only with 
the positive sign, do not include all the triangles of the infinite series above spoken 
of, and that they are complete only when taken with the double sign, and expressed 
in two distinct groups, as (44) and (46) of Art. 27. 

Inpraeticey however, we may take them with the positive iign only; for they will then 
give at least one of the triangles of the series, from which aU the others, (and parti- 
cularly that whose parts are less than 860°), may be directly deduced by the appU- 
cation of 860°.* 

This will be illustrated by the example of Art. 119, p. 228 ; we there find 

J(a+c)ss: 68° 28' 8"-8 
^\a — e)^ 193° 12' 82"-9 
or rather, since } (a + sl^ould be greater than ^(a — e), 
} (a 4- c) = 423° 28' 8"-8 
J (a — c) =s 193° 12' 82"-9 

* Gauss (Theoria Motua Corp, Ccel, Art. 54) recommends the use of the positive 
sign only, observing that any side or angle may be diminished or increased by 860°, 
as the case may require, but confines himself to the statement of this practical pre- 
cept, without explaining the grounds upon which it rests. 
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whence 

a = 616° 86' 36".-2 

e == 230° W 80"-4 
which is the proper solution of the equations taken with the positive sign. If now 
we deduct 360^ from a, and take, as on p. 228, 

a = 256<» 35' 86"-6 
e = 230» Ky 80"-4 

we hare the solution that would have been obtained by taking the negative sign in 
all the equations ; for we now have 

i(a+e)z^ 243* 23' 8"-3 

i(a — c)= 13« 12' 82"-9 

which, differing from the former values by 180^, must change the sign of all the 
equations. 

I have given some Airther particulars respecting unlimited spherical triangles, 
and a fuller discussion of Gauss's Equations, in an essay which the reader will find 
in the Astronomical Journal, Vol. I., published at Cambridge, Mass. 
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CHAPTER V. 

AREA OF A SPHERICAL TRIANGLE. 

127. Given the three angles of a spherical triangUj to compute 
the area. 

This problem is solved in geometry, where it is proved that the 
surface of a spherical triangle is measured by the excess of the sum of 
its three angles over two right angles, by which is meant, that the area 
is as many times the area of the trirectangular triangle as there are 
right angles in the excess of the sum of the angles over two right angles. 

To express this analytically, let 

r = radius of the sphere 
T ^ surface of the tri-rectangular triangle 
= i surface of a sphere = J ;r r* 
2S^A+B+d 
K = area of the triangle ABO. 

Also, let the angles Aj B and (7 be expressed in the unit of Art. 11, 
that is, let J., J?, denote the arcs which measure the angles in a 
circle whose radius is unity. The right angle expressed in the same 

unit is -^, therefore the number of right angles in 2 aS' is 

2 'jc 
and we have, according to the above theorem of geometry, 

jr«=2'x(i^-2)=?^(25-^) 

or 2r=r*(2/S-^) (222) 

and if the radius of the sphere is taken = 1 

K^28-ic (223) 

128. In a plane triangle the sum of the angles is equal to ?r, 
and in a spherical triangle the sum exceeds k by K\ hence this 
quantity, K^ is commonly called the spherical excess. 

U 
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129. CHvm the three tides, to find the area. 
By (228), we have 

sin ^^ss sin (s-^y) = — cos /ST 

cos }^ss COB is—^J = sin 5f 

tan } ^ SB — cot £f 

in which we haye only to substitnte the yalues of cos 8, sin S, and cot S, given in 
Art 86, to obtain the required solntion. We find, [« « J (a + 6 + c)]. 



(224) 



. , y __ s/ [singsin (g — a) sin (g — h) sin {e — c)] 
2 cos } a cos I & cos } c 

, __ cos a + cos 6 4- cos c 4- 1 

COS * A xs . — ! ! 1_. 

4 COS } a cos J 6 cos } c 

cos* } g + cos* ^ ft + 008* }^ g — 1 

*"* 2 COS } a cos } 6 cos \ e 

The numerator of (226) being denoted by n, we find, 

^ , ^ 1 + cos a + cos 6 4- cos c 



(226) 



(226) 



(227) 



which is known as De Oua*8 formula. 
Again, from (228), we find 

tan* J -fi: = tan* (J 5-- 46«) =s tan* (46*> — iS) 
whence, by (79), 

tan i -BT = ^ [tan J » tan } (» — a) tan J (« — 6) tan } (* — c)] (228) 

which is LhuUlier'e formula. 

180. Owen two tides and the induded angle, (or a, h and (7), to find the area. 
We have, from (224), by (77), 



_x 1 w cot J a cot * 6 + COS (7 

cot i ir= 2 ' n 

* Sin (7 



tan^iT: 



tan } a tan } ft sin (7 
1 + tan } a tan } ft cos C7 



(229) 



.181. If we admit more than three parts of the triangle into the expression of K, 
we have, by (66) and (71), 



. , _ sm * a sm * ft . _ 

sm } iT sss 2 — — 2__ Bin (J 

* cos J c 



— cos } a cos } ft -f- Bill g sin A ft cos (7 

cos * Jl = 

cos } c 

the quotient of which gives (229). 



> (230) 
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182. Since there are always two triangles upon the surface of the sphere which 
have the same three sides, (Art. 110), the angles not being limited to yalues less than 
180^ the formnlso (226), (226), (227) should giye the areas of both of them, and 
their sum should be equal to the surface of the sphere s= 4 »•. In fact, by (226), 
sin i iT may be either positiTe or negatlTO, while by (226) the cosine is fully deter- 
mined, so that these formulso give two yalues of^K whose sum is 2 »•, and therefore 
two yalues of iT, whose sum is 4)r. 

It follows that (226) alone is not sufficiently determinate when the triangle is un- 
limited, since it giyes four solutions. The most conyenient formula is therefore 
(228), for we must always haye } J? < «■, and the double sign of the radical giyes 

the two yalues of i K, one less and the other greater than •^. 



232 SPHERICAL TRIGONOMETRY. 




CHAPTER VL 

DIFFERENCES AND DIFFERENTIALS OF SPHERICAL TRIANGLES. 

133. Two parts of a spherical triangle being constant, and a third 
receiving an increment, it is required to deduce the corresponding 
increments of the remaining three parts. As in plane triangles, 
(PI. Trig. Chap. XII.), this will be effected by a comparison of two 
triangles having two parts in common. The triangle formed from 
the given one by applying the increments to the variable parts will 
be distinguished as the derived triangle. 

We shall first consider the increments as finite differences^ and 
give them the positive sign, (PI. Trig. Art. 187). 

134. Case L A and o constant. The parts of 
ABOy Fig. 22, being J., <?, J8, (7, a, 6, those of the 
derived triangle ABO' are J., c, J? + a5, 0+ A(7, 
a + Aa, b + Ah; and the parts of the differential ^^ 
triangle BOO' are aya+ Aa,A6, 180° - (7, (7+ A(7 
and aB. We have, then, in BOO', by (3), 

sin a6 sin {a + Aa) sing 

sinA^'™ sin (7 sin((7+A(7) 

Also, in B00\ by (40), we have 

sin^(180Q-- 0+ 0+aO) UnjAb 

sin J(180° - (7- (7- A(7) **"tan J(a + Aa- a) 

whence 

tan^ Aa _ cos{0+iAO) r2Z2) 

tanjAJ cosjA(7 ^ ^ 

By (41) we find in a similar manner, 

tan i Ab tan (a + 1 Aa) .233^ 

sinjAC^"" sin((7+|A(7) ^ ^ 

By (42), 

sin^Aa _ sin (a + | Aa) /234\ 

tanjAB tan((7+jA(7) ^ ^ 



(231) 



trnjA(7^ 


cos(a + jAa) 


tanjAB 


cos i Aa 


By combining (232) and 


(233), 


tan J Aa 
tanjAa" 


tan {a+i Aa) 
tan ((7 +i AC) 
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By (43), 

(235) 

(236) 

As these formulae involve the increments in the second members, 
they are to be computed by successive approximations. (See 
PI. Trig. Art. 201). 

135. Case II. A and a constant. The given 
triangle being AB Oy Fig. 23, the parts of the 
derived triangle A' jB (7 are -4, a, J? + A jB, J + AS, 
(7 + A(7, <? + A(?. Although the figure appears to ^ 
show that the angle B is diminished, it is still proper 
to represent the angle A' B hj B + AjB, to preserve uniformity 
in the algebraic signs of the increments ; the essential signs being 
given by the equations of differences themselves. Hence we put 
the angle AB A' ^ ABO - A' B C ^ B - {B + aS) -^ - aB. 
Joining A A* we have mBAA' and QA A\ by (43), 

cos {c + l Ac) : cos J Ac = — cot J AJB : tan J {A'AB + AAB) 
cos (S + J A6) : cos J a6 = cot J A(7 : tan \ (A!AQ -V AA!Q) 

but since A is constant, or Jff J. (7 = 5 A' (7, we find that the fourth 
terms of these proportions are equal ; whence 

tan \ tJS _ _ cos (6 + ^ Aft) cos \ Ac .237\ 

tan \ A(7 cos (c + J Ac) cos \bJt> ^ ' 

In the polar triangle of J. J? (7, the constants 'are still an angle 
and its opposite side, and the preceding equation applied to this 
polar triangle (by Art. 8) gives 



A 



tan \ a6 cos {B -\-\ aJ 9) cos \ A(7 

tan \ Ac "" cos ((7+ J A(7) cos \ A-B 



(238) 



\\iABQ and A'B we have 



sin a sin J? = sin A sin h 

sin a sin {B + A-B) = sin A sin (6 + AJ) 

80 u2 
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the difference and sum of which give 

sin a cos (J? + J aJ5) sin J AjB = sin J. 'cos (J + J a6) sin J a6 
sin a sin (5 + J aJ5) cos J a5 = sin J. sin (6 + J AS) cos J a6 
from which, by division, we find 



tan I AS ^ tan (S + ^ AS) 
tan J aJ5 ■" tan(5+ J AjB) 

and in the same manner 



tan I A(? 



tan (g + i^ Ag) 
tan {0+ J AC/) 



tan J A(7 
The product of (237) and (239) gives 

sin J AS _ _ sin (S + | AS) cos | Ac 



tan J A(7 
whence also* 



cos ((? + J A(?) tan ( J5 + J AJB) 



sin J Ac sin (g + j^ Ag) cos \ AS 

tan JAJB "" "" cos (S + J AS) tan ((7+ J A(7) 



(239) 



(240) 



(241) 



(242) 



Fig. 24. 




fj 136. Case III. S and c constant. The given 

,^, triangle being ABOy Fig. 24, the parts of the 

derived triangle ABO* are S, g, a + Aa, B + a5, 

(7+ A(7, JL + ^A. Joining Q' we have mBOO\ 

by (42), 

sin(a + jAa):siniAa = cotjAB:tan}(J5(7C'-J?(7'(7) 
But observing that AC -=- AO, AOC ^ A 0% we have 

BOG' ^ AOO' - G 
BG'G ^AG'G+ G+ AG 
\{B00' - BG'G) ^ - {G + I AG) 

and the above proportion gives, therefore, 



sin I Aa ^ _ sin (a + ^ Aa) 
tanTAB cot((7+jA(7) 



(243) 



* The equations (239), (240), (241), and (242), contain each two factors less than 
the corresponding equations given by Cagnoli. 
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In the same manner we should find 

sin i Ag _ _ sin(g + ^Aa) .^^. 

tan J A(7 "~ cot(^ + J A^) ^^^^ 



The quotient of (243) and (244) gives 

tan ^ aJ? ^ tan (J? + } ^B) 

tan J A(7 tan {0 + i aO) • 

In ^ ^ (7 and ^ ^ 0\ by (4), we have 

cos a = cos 6 cos o + smb sin c cos A 
cos (a + Aa) = cos J cos c + sin J sin <? cos (-4. + aA) 

the difference of which gives 

sin J Aa _ sin 6 sin c sin {A + i aA) 
sin i bA *^ sin (a + J Aa) 

The quotient of (243) divided by (246) gives 

sin^ A^ ^ _ sin^ (g + ^ Aa) tan ((7 + ^ A(7) 
tan J AjB sin 6 sin c sin (-4. + J lA) 

and from (244) and (246), in the same manner, 

sin \ aA sin^ (« + i Aa) tan (J? + ^ AjB) 

tan \ a(7 ~ sin 6 sin c sin {A + \ lA) 



(245) 



(246) 



(247) 



(248) 



137. Case IV. J5 and Q constant. The equations of the pre- 
ceding case (243 to 248), applied to the polar triangle, give 



sin \ aA sin {A •\- \ aJ.) 
tan \ a6 cot (c + i Ac) 

sin \ bA sin (A -\- \ bA) 
tan J A<? "* cot (6 + J a6) 

tan i A6 _ tan (6 + j Aft) 
tan \ be tan (^ + J A(?) 

sin ^ A J. _ sin B sin (7 sin (g + \ Aa) 
sin J Aa sin {A + \ bA) 



(249) 
(250) 
(251) 
(252) 



(253) 
(254) 
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sin I Afl _ sin^ (^ + i A^) tan {c + j Ac) 
tan J a6 ~ sin -B sin sin (a + J Aa) 

sin^ AA ^ sin' (^ + ^ A^) tan (6 + j A5) 
tan ^ Ac sin -B sin (7 sin (a + J Aa) 

Finite Differences of Spherical Right Triangles. 

138. All the preceding equations are, of course, applicable to 
right triangles, or to quadrantal triangles, and in some cases they 
assume simpler forms. Thus in Case I., if the variable = 90°, 
(231) and (232) become 

sin a6 = sin (a + Aa) sin AjB 
tan J Aa = — tan J a5 tan J aC 

and similar modifications take place in other cases. 

139. When one of the constants is 90°, the preceding equations 
do not generally assume any simpler forms, but they may be trans- 
formed so as .to involve the same variables in both members^ irhich is 
generally desirable in their practical applications.* 

The method that we shall follow is so simple that it will be un- 
necessary to repeat it in every case. A single example will suflSce 
to explain it. 

Let (= 90°) and b be the constants ; to find the relation of Ac 
and A By we have between the two variables and the constant i, the 
equations 

sin -B = sin 6 cosec c 

sin {B + aB) = sin b cosec {c + Ac) 

the difference and sum of which, by PI. Trig. (105), (106), (131), 
and (132), are 

o / Ti . ". T>x . n T» 2 sin 6 COS ((? -I- i Ac) sin J Ac 

2 cos (B + ^ aB) sin i AjB = -. — \ , . ^ , ^ — 

Bmcsm{c + Ac) 

o • /7i . 1 x»\ 1 Ti 2 sin 6 sin ((? -I- i Ac) cos i Ac 

2 sm (B + i aB) cos i a5 = ; — -t—~ — —r^ — 

^ . sm c sm (c + Ac) 



* Cagnoli gives these equations reduced so as to involve the same variables in 
both members ; but in almost every instance his formulae involve two factors more 
than are necessary, and are far less simple and convenient than those here given. 
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and the quotient of these is 

tan J A-B ^ tan J Ae? 

tan(^ + JaJ?) tan((? + iAc) 

which gives the first equation of the following article. This process 
always eliminates the constant, and is applicable in every case. 

When the equation to be differenced involves cosines, we employ 
Pt Trig. (107) and (108); if tangents, (115) and (116); if cotan- 
gents, (122); if secants, (129) and (130). The results are as 
follows : 

140. Case L (7 = 90^ and I constant, 
tan J A e _ tan( (? + JA <? ) 



tan^ A c 
tan^Aa 

tan|Aa 



cot(g+j^Ag) 
'cot(a+jAa) 

tan(g+|Ag) 



tanjA^ tan(JB+jA5) 

sinAg sin(2 a+ A a ) 

sinAJ. "* sin(2JL+AZ) 

sinA{? sin(2<?+Ac) 

tanjA4°* cot(Z+|ZZ) tanp5 cot {B+l^B) 

141. Case II. Q = 90° and c constant, 

sm A^ sin {2 A + aA) tan J A a _ cot ( a + J A a ) 



sinAS 8in(2^+A5) 

tanjA^ tan(^ +\£^A) 



sinAjB ' 

tan^A a 
tan|AA ' 

sin A a 



sin(2£+AJB) 

tan(a+jAa) 
tan(A+jA^) 

sin(2a+Aa) 



tan|A6 ' 

tan^A h 
tanjAjB' 

sin A 5 



tan Ja5 cot {B+l^B) tan JaJ. 

142. Case III. = 90° and A constant. 



tan JA c 
tan^Aa 

tan^A c 
sinA-B 

sinA(? 
sin A 6 



tan( c + JA c ) 
tan(a+jAa) 

cot(g+|Ag) 
sin(2£+A£) 

sin(2g+Ag) 
sin (2 6 +A 6) 



sin A a 
tan^A6 ' 

tan|A( 
tan Ja5 ' 

tan^Aa 



cot(6+jA6) 

tan(6+|A6) 
tan(£+|A5) 

Bin(2 6+A6) 
■cot(JL+jAJ.) 

sin(2a+Aa) 
tan(6+jA6) 

cot(6+^A6) 
cot(£+iA5) 

cot(a+jAa) 



tanjAJB tan(£+jA5) 



255) 
256) 
257) 

258) 
259) 
260) 

261) 
26^) 
263) 



143. If a constant side Is 90°, the equations of finite difierences 
for the triangle may he obtained by applying the preceding equations 
to the polar triangle. 
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Differential Variations of Spherical Oblique Triangles. 

144. To obtain the differential variations, we have only to make 
the increments infinitely small in the equations of finite differences, 
observing the principles of PI. Trig. Art. 192. Or we may differ- 
entiate the equations of spherical triangles directly, employing the 
differentials of the trigonometric functions given in PL Trig. Art. 192. 
For example, A and c being constant, to find the relation of (2 a 
and dB^ we have 

sin J. sin c = sin a sin (7 
the differential of which is 

= sinadsin (7+ sin (7dsina 

= sin a cos Cd (7 + cos a sin (7d a 

da tan a 

dO t"^^ 

and to find the relation o{ da and d (, we have 

cos a = cos b cos c + sin 6 sin <? cos A 

— sin ac?a = — siabco&cdb + cos 5 sin e cos J. (2 ( 
da sin J cos c — cos 6 sin c cos A 



or by (7), 



db sin a 



da ri 

-— - = cos (7 
db 



results which agree with those found from (236) and (232), by making 
Aa, tJ> and A(7 infinitely small. By either method, then, the fol- 
lowing equations may be readily verified. 



145. Case I. A and c constant. 

d a tan a d b sin a 



dO"^ 


tan (7 


dB sin (7 


da 
db "■ 


cos Q 


d b tana 
dO sin (7 


da 


sin a 


dC 



dB~ tanC dB 



(264) 
(265) 
(266) 
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146. Case II. A and a constant. 



dB 
dO'" 


cos h 

COS 


d b 
d e 


coaB 
cos 


(267) 


d h 

dB' 


tan5 
taiLB 


do 
dO" 


tanc 
tanC 


(268) 


d b 


sin h 


do 
dB 


Bin<; 


(269) 


TO-' 


cos c tan j8 


cos 6 tan C 


147. Cask m. 


h and e constant. 




• 




da 
dB"' 


- sin atanC 


da 
dO'^- 


sin a tan B 


(270) 


dB 
dO'^ 


i«aB 
tan(? 


da 
dA- 


sin J sin (7 


(271) 


dA 


sin^ 


dA 

do- 


sin J. 
sin (7 cos B 


(272) 


dB-~ 


sin B cos C 


148. Cask IV. 


B and constant 


. 






dA 

d * = 


sin A tan e 


dA 

d - 


sin A tan b 


(273) 


dh 
do- 


tan h 
tan e 


dA 
d a~ 


sin jSsin c 


(274) 


d a 


sin a 


d a 
d 0- 


sin a 


(276) 


d h- 


sin haoio 


sin e cosb 



Differential Variations op Spherical Right Triangles. 

The preceding may also be used for right triangles; but it 
may be desirable to have the same variables in both members, as in 
the following formulae derived from those of Arts. 140, 141, and 
142: 



149. Case I. (7 = 90^ and b constant. 

d c tan c d c 

JB " "" tan ^ d~a 



tan c 


U.nB 


sin 2 a 


sin 2^ 


sin 2 c 



d a sin 2 a da 

dA 



d c ^ sin 2 c d A 

dA " 2 cot J. TB 



cot c 


cot a 


2 tan a 


^sin2jB 


tan A 


~cotB 



(276) 



TS ^TB ^^'^'^) 

(278) 



150. Case II. 


(7=90° 


and c constant. 




dA 
dB- 


sin 2 J. 
sin2£ 




da 

db ~ 


cot a 
cot b 


da 


tan a 




db 


tan b 


dA- 


tan^ 




dB'^ 


tan^ 


da 
dB = ' 


sin 2 a 
2cotB 




db 
dA-' 


sin 2 5 

"2 cot .A 


151. Case III. 


(7=90° 


and A constant. 




dc 

da ~ 


tan c 
tana 




da 

db - 


sin 2 a 
2 tan b 


de 
dB- 


2 cot c 
sin 2£ 




dh 
dB~ 


cot b 
cot B 


de 


sin 2 c 




da 


cot a 


dh - 


sin 2 6 




dB- 


tan jB 
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(279) 
(280) 
(281) 

(282) 
(283) 

(284) 

152. The differential variations are often employed for approxi- 
mate results, instead of the equations of finite differences, when the 
increments are very small. The remarks of PI. Trig. Art. 203, 
apply here also, but it is not necessary to introduce the radius in 
seconds, since all the parts of a spherical triangle are expressed 
in the same unit. 

PlEEEBENTIAL VARIATIONS OF SPHBfilOAL TkIANGLSS WHEN ALL THB PABTS AKE 

Vabiable. 
153. Let the equation 

cos a SB cos 5 cos c 4- sin 5 sin c cos A 
be differentiated, all the parts being variable ; we find 

mi ada sss (sin b cos c -— cos 6 sin c cos A)db 
* -I" i^^ ^ cos ^ — cos c sin 6 cos A) dc 

-|- sin 5 sin e sin Jl dA 
Dividing by sin a, this becomes, by (7) and (3), 

da =s cos Gdb + cos Bdc + sin b sin CdA (286) 

and in the same manner from the 2d and 3d equations of (4) we find 

db ^ cos AdC'\' cos Crfa + sin c sin J. dB (286) 

dc szs COB B da -}- cos A d b + em a mt £ dO (287) 

From these three equations, any three of the six differentials da, db^dc, dA, 
dB, dC, being given, the other three maybe determined by the usual processes of 
elimination. 

If any one of the parts be supposed constant, its differential will become zero, 
and these equations will assume simpler forms. If two of the parts be supposed 
constant, we can easily deduce all the equations of Arts. 145, 146, 147 and 148. 
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CHAPTER VIL - 

APPROXIMATE SOLUTION OF SPHERICAL TRIANGLES IN CERTAIN 

CASES. 

154. When some of the parts of the triangle are small, or nearly, 90°, or nearly 
180°, approximate solutions may be employed with advantage. These are generally 
found by means of series. 

165. In a spherical right triangle (the right angle being (7), given A and c, to find b. 
We have 

tan 6 =s cos ^ tan c (288) 

which is of the form in PI. Trig. (493), and may therefore be developed by (495) 
and (496) by putting z ^ bj y ss e, p =i cos A, whence 

P — 1 1 — COS^ x«i>i 

q = , , = — T— i :: =s — tan' J A 

^ jp+l 1 + cos^ ^ 

and (405) and (496) become 

b = c — tan*}^sin2c+ } tan* J^ sin 4c — &c. (289) 

6 = — c+cot*}^sin2c — }cot*J^sin4c+ &c. (290) 

If A is small, cos A is nearly equal to unity, and b exceeds c by a small quantity 
which is approximately found by one or more terms of the series (289). 

If A is nearly 180°, or cos A nearly =s — 'If * exceeds — c by a small quantity, 
which is found by (290). 

For examples of the mode of computation, see PI. Trig. Art. 255. 

156. Although these solutions are termed approximate, it must not be inferred that 
they are Uss accurate in practice than the direct solution of (288) by the tables ; for 
the logarithmic tables are themselves only approximate, and the neglect of the 
higher powers in such series as (289) and (290) may involve a less theoretical error 
than the similar neglect of the higher powers in the series by which the tables are 
computed. In the examples of PI. Trig. Art. 255, the thousandths of a second were 
found with accuracy, which could not have been effected by a direct solution with 
less than eight decimal places in the logarithms. 

These considerations lead to the frequent employment of approximate solutions 
in astronomy. 

157. If A and b are given, to find c, we have 

tan c ss sec ^ tan b 
which is reduced to PI. Trig. (493), by putting aj = c, y = J, /? s=s sec -4, 



^ sec^ — 1 1 — cos -4 ^ 

^ sec^+1 1 + cos^ tan ^^ 




B will be 




e = 5 + tan»} ^ sin 2 5 + } tan* M sin 45 + &o. 


(291) 


c = _ 6 — cot* } ^ sin 26 — } cot* } ul sin 46 — &c. 


(292) 
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168. Similar solutions apply to the equations of right triangles, 
tan a = sin b tan A 
cot JB =s cos e tan A 
the last being solved under the form 

tan (90° — B)=: cos c tan A 

We may also compute, in the same manner, the auxiliaries ^ and ^ in (122) ant 
(184), 80 frequently employed in the solutions of oblique triangles. 
159. In a right spherical triangle, given e and A, to find a, when A is nearly 90°. 
We have 

sin a = sin ^ sin c (293) 

from which we deduce 

tan } (c — fl) = tan« (46° — \A) tan \{e+a) (294) 

From this we may find c — a, which is supposed very small, by successive approxi- 
mations. For a first approximation, let a = cin the second member, and find thence 
the value of e — a and of a ; for a second approximation substitute in the second 
member the value of a just found ; and so on until two successive values agree as 
nearly as may be desired. 

Example. 

Given A = 89°, c = 87° ; find a. 

Here 45° — } -4 == 0° 30', and for the first approximation ^{0+ a) :=• 87°. 

log tan i{c-\' a) 1 -28060 
log tan* (46° — } ^) 
ar CO log sin V 
J (c — fl) = 299"-74 log } (c — a) 

a = 87° — 9' 59''-48 = 86° 60' 0"-62 



6-88172 
6-31443 
2-47676 





2d Approx. 


3d Appeox. 


4th Appeox. 


log tan } (c + a) 

tan- (450 -M) 
"^ Bin 1" 


86° 56' 0" 
1-26868 

1-19615 


86° 66' 8" 
1-26899 

1-19616 


86° 65' 8"-17 
1-26900 

1-19615 


log }(« — «) 

J(«-«) 

c — a 

a 


2-46483 
291"-63 
9' 43"-26 
86° 60' 16"-74 


2-46514 
291"-83 
9' 43"-66 
86° 60' 16"-34 


2-46615 
291"-84 
9' 43"-68 
86° 60' 16"-32 



The direct solution of (293) gives a = 86° 60' 16", but cannot give the fractions 
of a second without tables of more than seven figure logs. We have given this pro- 
blem, however, not so much on account of its particular utility, as for the purpose 
of introducing the method of approximation to which it leads, and which is often 
employed. 

The process here explained may obviously be applied to any equation of the form 



sin z ^ m sin y 



when m is nearly equal to unity. 
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160. In a ^herical oblique triangle, given two sides and the ineluded. angle, to find the 
other angles and side by series. 
If a, b and are the data, to find e, we haye 

cos c s=s COS a cos 5 + sui a sin 5 cos (7 

Snbstitaling half arcs, 

sin* } c =s sin* J a cos' } & + cos* } a sin* } b 

— 2 sin J a cos J 5 cos } a sin } 6 cos C 

which is of the form PI. Trig. (507), and may be developed by (608) by substituting 
sin } c for c, sin J a cos J b for a, and cos } a sin } 6 for b ; so that (508) becomes 

y ' ^ 1 1.1, ^^r^^^hO' ^ . /tan A a \* cos (7 , , "i ,.-_. 

log8m}c = logcos}asm}6~if|^^— |^cos(7+(^^^^^ &c.J (296) 

To find A and B, we have, 

^ ^ ' '' COS J (a + 6) '' 



tan H^ - -B) = ^^4tel| cot } (7 

^ ^ ' Sin J (a 4- *) 



whence 



tanc9oo-H^+^)3=( :::f:;riD *-i^ 

tant90o_H^-B)] = (Si^±^)tanJ. 
Comparing these equations with PI. Trig. (493), and developing by (495), we find 
«,o-i(^4-i^) = K-^sin.+ C^:y^--.o. (296) 

90o-J(^-^)=K + £|^Bin.+ (S^y^%&c. (297) 
If we develop by (496), we find 
«.-i(^ + i^)=-iC+C^)^C_C^3-^-+*c. (298) 

90o_K^-.) = -iC-(^) .in.-(^)*i!^^-*c. (299) 

from which a selection will be made in any particular case, according to the con- 
vergency of the series. The terms of the series are in arc, and must be reduced to 
seconds, by dividing by sin 1". 

This solution may be applied to the case where two angles and the included Side 
are the data, by means of the polar triangle. 

161. To express the area of a spherical triangle in series. 

Comparing (229) with PI. Trig. (500), and developing by (602), we find 

} iT = tan } a tan } 6 sin (7— J tan* } a tan* J 6 sin 2 C4. &c. (300) 
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162. Leoendbb's Thbobeh. If the tides of a epherkal triangle are very email com" 
pared with the radius of the sphere, and a plane triangle he formed whose sides are equal 
to those of the spherical triangle^ then each angle of the plane triangle is equal to the corre- 
sponding angle of the spherical triangle minus one-third of the spherical excess. 

Let a, b and e be the sides of the spherical triangle expressed in arc, the radius 
of the sphere being unity ; and let A', JS* and C be the angles of the plane triangle 
whose sides are fl, b and c. Then we have, in the spherical triangle, 
^ ^ A cos a — cos 6 cos c 

cos A ^ ; ; 

Bin 6 Bin c 
Substitute in the second member of this, the values of cos a, &o., in series, by 
PI. Trig. (405) and (406), neglecting only powers aboye the fourth, yis. 

COB a =ss 1 — J a»+ y'j a* 

cos 6 = 1 — } 6* + j»j 6* sin 6 = 6 — J 6" 

oosc=l — Jc»-(_jijc* sin c = c — i (^ 

we find 

Multiplying the numerator and denominator by 1 + i (^' + 0» ^^^ neglecting 
terms of a higher order than the fourth, as before, we have 

ft'* -f c» — a» a* + 6* + c* ~ 2 a«6* — 2 a*c" — 2 6»c* 

"^^^ ^ = 2Te ■»■ 246"^ 

which, by PI. Trig. (225) and (289), becomes 

cos A ^ cos A' — i be sin* A' 
Let A s= A' -\- X, then since x is small, we may put cos x := 1, so that, by 
PI. Trig. (38), 

cos A =s cos A' — X sin A' 
whence 

a; = ^ 6 c sin^ 

But i beam A sss area of the plane triangle =s very nearly area of the spherical 
triangle ^ K, whence 

x^^iK A' =^A — iK 

The same reasoning applies to each of the other angles, so that 

B = B^iK C = C — } K 

which proves the theorem, 

163. This theorem is applied in geodetical surveying, and is found to be suffi- 
ciently accurate for triangles whose sides are considerably ^eater than 1®. It is to 
be remembered that the sides are to be expressed in arc ; and if they are given in 
feet (for example), they must be reduced to arc by dividing by the radius in feet, 
or, which is equivalent, the area must be divided by the square of this radius. If 
then r := radius of the earth in units of any kind, a, b and c the sides of the tri- 
angle in units of the same kind, and k the area of the plane triangle, we shall have 
K in seconds, by the equation 

r» sin 1" 

Example. 
In a triangle upon the earth's surface, given b =s 183496-2 feet, c ^ 156122*1 feet, 
and A ss 48'' 4' 32"-35 ; to find the remaining parts. 
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We have k s= ^ b e sm A, and the mean value of r == 20887680 feet. Henco 

log 6 6-26363 

logc 5-19346 

log sin A 9-87169 

arcolog2f*smr' 0-37362 

K ^ 6"-04 log K 0-70230 

It is eyident that great accuracy in the yalue of r and of the other data is not 
required in computing K. We now have J jK" = l"-68, A' a 48® 4' 30"-67, and by 
solving tHe plane triangle with the data A', b and c, we find 

a zs 140680-0 feet B' « 76® 12' 22"-19 C » 65» 48' 7"-18 

Adding } iT to each of thesd angles, the angles of the spherical triangle are 

B =s 76° 12' 23"-87 C « 66° 48' 8"-81. 

For further details respecting geodetlcal triangles, and for the methods of solving 
spheroidal triangles, special works upon geodesy must be consulted, such as 
Puissant's, Delambre's, &c. ; also Grunert's Sphdroiditche Triffonometrie. 

164. 7h solve a spherical triangle when two of its sides are nearly 90°. 

If a and b are nearly 90°, c and C are nearly equal, and it will be expedient to 
compute the small quantity C — c by an approximate method. We have, by (25), 

sin* } c = sin* J (a + 6) sin* J C + sin* i{a — b) cos* J G 
and by PI. Trig. 

sin* } C= [sin* } (a + 6) + cos* } (« + *)] sin* } 
the difference of which equations is 

sin } (C7+ c) sin J ((7— c) = cos* }(«+*) sin* } O— sin*} (a — 6)cos*} 
Let 

o' = 90° — a J' = 90° — b 

a' and b' being very small : also, since G and c are nearly equal, put 

}((7+c) = (7 
then the above equation becomes 

sin C sin} ((7— c) = sin* } (a' + 6') sin* } C — sin* } (a' — 6') cos* } C 
Dividing by sin C = 2 sin } C cos } C, and substituting the arcs } (C — c), 
} (a' 4- 6'), } (a' — 6'), for their sines, we find 

C - c = sin 1" [ i^^y tan } C - (^^T ««* * ^] C^^^^) 

which is the required approximate formula for the case when a', b' and G are given 
to find c. 

If fl', 6' and e are given, to findC, we may exchange C for c in the second member, 
whence 

C-c-Bml"[(^t-Tt'"i''-(^)' «»**'] (""'^ 
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CHAPTER VIII. 

MISCELLANEOUS PROBLEMS OF SPHERICAL TRIGONOMETRY. 

166. In a gwm ^herieal triangle, to find the perpendieular Jrom one of the angles t^pon 
the opposite side. 

Fig. 26. Denoting the perpendicular upon the side c (Fig. 25) 

c by p, we have 

sin/? 8s sin i sin ^ (803; 

If the three sides or the three angles are giyen, we 
find by (48), or (51), and (803), 

^^^ Sm p 35 -: =B -:— ^ (304) 

"^ sin c sin C/ ^ ' 

in which n and N are given by (47) and (50). 

If we admit more than three parts of the triangle into the expression of p, we 
have, by (55), (66), and (308), 

2 sin J -4 sin J 5 . 2 cos } a cos J 6 „ ^„^_^ 

^^P = L. ^n sin * == ^ ^— cos S (805) 

cos ^ C7 sm J c ^ ' 

166. To find the radius of the drcU described about a given spherical triangle. 

Fig. ao. The radius here understood is the arc 0^ ss O^ %= 

Cy Fig. 26, drawn from the pole of the small circle 
ABC\xi either of the angles. Let 

OAB^ OBA^x 
then 0=^ OCA+OCB= OAG+ OBC 
— A-^x-^ B-^x 

X=zi{A+B—C):=:S—C 

putting S=si (A+B+ (7). 
The triangle A OB being isosceles, the perpei4icular 
O P bisects the side c, therefore if ^ !s J?, we have 

tan I e tan j^ c 




or, by (70), 



taniZss 



taniZ =s 



cos X COS {S — C) 
2 sin } a sin } 6 sin } e 



(306) 



(307)1 



By applying the principles of Art. 37, this will give the corresponding formulae ol 
PI. Trig. (285). 
167. From (69) and (70) we find 

cos (8 — C) =s — cos >S^ cot } a cot } b 
by which (306) is reduced to 

tan J2 =. tanjatanjiton^c ,,^^ 

— cos iS 
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Also, by the last equation of (66), (306) becomes 
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UnR 



sin ^ c 



cos J a cos } 5 sin (7 
for tan } c by (39), 

— cos S 



168. Substituting in ( 

/ —cos S \ 

tan i2 = v^ \^cos (S—A) cos (S^ £) cos (iSf— c) 



or, by (50), 



iKHR: 



- cos 8 



(810) 



169. Let the sides of the triangle ABG^ Fig. 27, be pro- 
duced to meet in A\ B^ and G* ; and denote the radii of 
the circles circumscribed about -4' J5 C7, BAC^ CAB by 
R\ R', R"* respectively. Then if 2 8' denote the sum of 
the angles of A* B C7, (^, B and C being the angles of 
ABC), 

2^'=2t — -B— (7+4 

>S"—4' = jr — }(-^ + ^+C)=!T — 5 

BO that (306) applied i^A'BC giyes 



and in like manner 



Fig. 27. 




tanJ?' **^*« 


tan } a 

— COSiS 


cos (-S' — A') " 


^ _„ tan } 6 

tan R" 8 ?-£. 

— cos iS 




tani2-= **^*S 

— cos iSr 





(311) 



tan i2" =s 



Substituting for tan } a, &c., by (89), or for cos 8 by (69), 

cos {8 — A) 2 sin } a cos } 5 cos J e 

tan JtC ^ i^;: ^ 

cos (8 — B) 2 cos ^ g sin ^ 6 cos } c 

N "" n 

„„, cos {8 — G) 2 cos } g cos } 6 sin } c 

N n 

170. Combining (310) wit!h (312), we find the relation 

cot R cot R' cot R" cot R!" = -Y* 

If this be multiplied successively by the squares of (810) and (812), we 

tan R cot R cot R" cot R" = cos' 8 
cot R tan J2' cot J?" cot R" sr cos" (^ — A) 
cot 22 cot R tan J?" cot 22"' =s cos* (>S — J5) 
cot*J2 cot R cot J2" tan R" = cos* (5^ — G) 



(312) 



(313) 
obtain 



(814) 
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171. Again, from (810) and (312) we find 

— tan i2 + tan i2' + tan iE"+ tan R" 
cos ^4- 008 (S^A) + COB (5 — ^)+ cos (^-- G) 

= N 

2 COS ^^ cos ^ (Jg+ (7)+ 2co8 }^ cos ^ (B— C) 

— _ ^ 



whence 

— tan 22 + tan R + tan R' + tan R" 
We shall find in a similar manner 

tan R — tan R + tan 5'^+ tan R" = 



4 cos ^ ^ cos } jg cos ^ (7 

4 cos } ^ sin } jg sin } (7 

' N 



4 sin J ^ cos } jB sin } C 
tan R + tan R — tan R" + tan R" = 2^ -^ 

4 sin ^ ^ sin \ B QOfi\C 

N 



tan 22 + tan 22' + tan 22" — tan 22'" = 
It is also easily shown that 
tan* 22 + tan* R + tan* R" + tan* 22" 



2 4- 2 cos ^ cos B cos 



(315) 



(316) 



(317) 



172. To find the radius of the circle inscribed in a gioen spherical triangle. 




In Fig. 28, being the pole of the required circle, 

draw OP, OP' and OF" to the points of contact, and join 

0-4, OB, We have OF' == OF" and the triangles 

,, A OF' and A OF" right-angled at P" and P"'; hence 

sin OF' sin OF" . ^ . j^,,, 

Bin OAF' = -T—Tn = .^^ a n = ^ ^^^ 
Bin AO Bin ^ O 

therefore -4 P" = OAF", (for we cannot have 

O^P" = jr — 0-4 F"), and the pole of the inscribed circle is consequently found 

by the same construction as inpUno, namely, by bisecting the angles of the triangle. 

If then we put «=}(«+ ^ + ^)» *^^ ** = ^""^"^ ""^ *^® inscribed circle, we 

^*^^ AF"^BF^CF ^AF"'\-a^s, AF" = s^a 

and the right triangle A F" gives 

tan r = sin (* — a) tan } -4 (318) 

corresponding with the formula of PI. Trig. (288). 
Substituting, in (318), the value of tan } A, 

/s in (s — a) sin (s — h) sin (s — c) \ 
8in« / 



tanr i 



■x- 



or 



tanr = 



Bin s 



Substituting, in (318), the value of sin (« — a) given by (58), 

N^ 

**^ '^ "~ 2 cos } 4 003 J -B cos } (7 

Also, by (51), we have JV =} sin J? sin sin a, which reduces (320) to 

sin } J? sin } C , 

tan r = , . Bm a , 

cos iA 



(819) 
(820) 

(821) 
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178. Let the radii of the circles inscribed in the three triangles A'BC, B'AC^ 
CAB of Fig. 27, be r', r" and r"'. Then if s' denote the half sum of the sides of 
A'BCy we have 

2/ = 2jr--5-*c4- « 

• / — a ss V — J(a+6+c)=Bjr — 9 

80 that (318) applied to the three triangles, giyes 

tan r^ sss sin « tan \ A 
tan r'' !s sin < tan ^ B 
tan r"' =s sin « tan J C 

Substituting in these the yalues of tan } A, &c., or of sin«, 



1 



(322) 



tan/ 
tanr" 



tanr"'! 





n 




= 








iV 








Bin 


{'- 


a) 


2 


cos 


M 


sin}^ 


sin 


} 







ft 












JV^ 








sin 


n 


b) 




2 


sin 


M 


cos}^ 


Bin 


J 






Also, by (321), 



sin (< — c) 2 sin } -4 sin J ^ cos J C7 



cos h B QOfi\ C . 

tan r' a= ? — ;— t-= — sin a 



tanr" 



cos \ A 

cos i C cos J -4 . , 

— ^ =-^2 — sin 6 

cos \ B 



X _,/# cos J ^ cos } -B . 

tan r"' ss ^ ___-.£ — gm <. 

cos i C7 



174. The product of (319) snd (328) gives 



tan r tan / tan r" tan r"' = -- = n* 



whence, as in Art. 170, 



cot r tan / tan r" tan r"' as fdn* « 
tan r cot r' tan r" tan r"' as sin* (* — a) 
tan r tan / cot r" tan r"' as sin* (» — h) 
tan r tan r* tan r" cot r"' ai sin* (* — c) 



(323) 



. (824) 



(826) 



(826) 



175. We find from (319) and (323), as in Art. 171, 

4 sin } a sin } 5 sin } e 



— cot r + cot / + CO* *^' + CO* ^" ' 



cot r — cot r' + cot r" + cot r"' 



cot r + cot r' — cot r" + cot r"' i 



cot r + cot r* + cot r" — cot r"' : 



cot* r + cot* / + cot* r" + cot* r'" : 



4 sin } a cos } b cos } c 



4 cos J a sin }^ 5 cos } e 



4 cos ^ o cos ^ 6 sin }^ c 



2 — 2 cos g cos b cos c 
n* 



(327) 
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!4Bin}^^8in}^jB8in}^C7 cos } a cos \ h cos } c 



176. Prom (309) and (321), we find 

tan r 
tan J2 ' 

Prom (307) and the first of (827), 

— cot r + cot f* + cot r" + cot r"' = 2 tan i? 

From (315) and (820), 

— tan /2 + tan R' + tan R" + tan R"' = 2 cot r 

and other similar relations are found by comparing (812) with (327), 
with (828). 

177. The following relations are also worth remarking. 
If ^ is the perpendicular from C upon c, 



(328) 

(329) 

(330) 
and (31C) 



tan R mip =s 
cot r sinj? sss 



2 sin } a sin } 6 
cos } c 

2 cos } ^ cos } jB 
sin J C7 



I 



(831) 



178. The pole of the circle inscribed in a spherical triangle is also the pole of the drcU 
circumseribed about the polar triangle ; and the radii of these circles are complements of each 
other. 

The arcs bisecting the angles of a giyen triangle will eyidently bisect the sides 
of the polar triangle, and will be perpendicular to those sides respectiyely; the 
common intersection of these arcs is therefore at once the pole of the circle in- 
scribed in the first and circumscribed about the second. 

Again, if we join the angular points of the polar triangle with this common pole, 
the arcs thus drawn, being produced to meet the sides of the first triangle, are 
perpendicular to those sides, and therefore pass through the points of contact of 
the inscribed circle. Each of these arcs ss 90°, and is at the same time the sum 
of the two radii of the circles in question. 

This latter property is also obyious from the analytical expressions of the two 
radii. By means of it, we might haye deduced all the formulsB for the inscribed 
from those for the circumscribed circle, or yice yersa. 

179. To find the arc joining the poles of the circles inscribed in, and circumscribed about 
a given spherical triangle.* 

Let be the pole of the circumscribed circle. 
Pig. 29, and (7 that of the inscribed circle. Put 
OO'sss 2>; then 
cosjD = cos-40cos AC + amAOsiii AC/ cob OAO 
By Art. 166, we haye OAB =: S—C, whence 
OACy ^S^C^iA^i{B^C) 



rig.29 




We haye also 



cos -^Cy = cos or cos AP ss cos r cos (« — a) 
sin (yP sin r 



sin A(y : 



'' sin (yAP mniA 



* Hymer*s Spherical Trigonometry 
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Therefore, 



cos D 



COB R%mr 
Substituting by (819), (307), and (44) 



/ XIX i> cos } (^ — CO 

=s cot r cos (8 — a) + tan R . \ . — ' 

^ ^ * sin * ^ 



cos D 
cos B sin r 



sin » cos (* — a) + 2 sin J 6 sin J c sin J (6 + c) 



sin a -f- sin 6 4~ sin c 
211 



whence, by (58), 

(cos D \» - 1 -f- sin a sin 5 -4~ sin a sin e -4~ sin 6 sin e — cos a cos b cos e 
cos M sin rj 2n* ~"~~ 

/sin « -4- ^ sin } a sin } 6 sin J cV 



by PI. Trig. (179), = /? 

=B (cotr + tan/2)* 
cos* 2> =s cos* (5 — r) + cos* ^B sin* r 
sin* D s sin* ( J2 — r) — cos* R sin* r 



)• 



(832) 



If the inscribed circle is inscribed in A'BC, Fig. 27, and its radius =i /, we 
have, by a similar process. 



sin*i>' = sin* (J2 + r') — cos* 22 sin* / 

180. To find the equilateral spherical triangle inscribed in a given circle. 
If R ssz radius of the given circle, and A ss one of the angles of the equilateral 
triangle, we have, by (310), and PI. Trig. Art. 76, 



tan*i2 I 



whence 



— cos f ^ 8 cos J ^ — 4 cos* J A 

cos* i A cos* } A 



(884) 



181. To find the equilateral spherical triangle circumscribed about a given circle. 

If r ^ radius of the given circle, and a as one of the sides of the triangle, we find 



'^i^-J{ ^+L^ir ) 



(835) 



182. Given the base and area of a spherical triangle^ to find the locus of the vertex, 

Fig. 30. Let a = the given base, and K = area of ABG, Fig. 80. 

Produced AB and ^C to meet in A', Let be the pole 
of the circle described about A'BC. The radius of this 
circle is given by the first equation of (311), which, by 
(224) becomes 




tan R' ss 



tan } a 



sin}^ 



(886) 



The second member of this equation, being constant for 
all the triangles of the same base a, and the same area K, 
shows that R is also constant, and consequently, that the 
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point A* is always found upon the circumference of the same small circle A'BC, 
But A and A being the extremities of the same diameter of the sphere, A is als« 
found upon a small circle, equal and parallel to the circle A'BC, 

The perpendicular distance {p') of from the base EC, is found by the equation 

COB R* 

cos p' = -- 

cos J a 

and the pole of the locus of ^ is in the same perpendicular, at a distance from 

BC ^ «• — p* ^:z p^ whence 

cos B' /„«^x 

"""i'^ — i^M^ («") 

The equations (886) and (837) determine the radius and position of the pole of the 
required locus, which may therefore be constructed. 

This elegant proposition is due to LexeU. 

183. To find the angle between the chords of two tides of a spherical triangle. 

Pig. 31. 




In Fig. 31, being the center of the circumscribed circle, the angle between the 
ohords of the sides AC and BC is half the spherical angle AOB. If, then, 

Ci sBs angle between the chords of a and h 
we have 

cos Cx == cos AOP = sin OAP cos AP 

or, by Art. 166, cos C^ = sin {S — C) cos } c (338) 

By (72) this becomes 

, cos Cj sss sin J a sin J 6 + cos a cos J J cos C (339) 

184. The preceding problem is employed for geodetioal triangles, in which C^ 
differs very little from (7, in which case it is expedient to compute the small differ- 
ence C — C7i =s z. We easily reduce (339) to the following : 

cos C, = cos \{a — b) cos*} C7— ' cos } (a+ h) sin* } C 

= cos*} (7 — 2sin* J(a— i) cos*} C7— sin*} C7+28in* J(a+ b) sin*} C7 
Subtracting cos C'^ cos* } O — sin* } C7, we haye, 

sin } ((7+ C) sin} (C— C,) = sin* \ (a+ b) sin*} C— sin*i (a— 6)cos*}C7 
or approximately, taking 

sin } (C7+ Cx) = sin C = 2 sin } C7cos } C7 
and sin } (C7— C,) = } a; sin 1" 

z being expressed in seconds, 

* = BiTr "''** ^'^ + *^ ^"^^ ^~ ^' ^^^ *(«-*) cot } C (340) 
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1»^ Xf a great evreU {DE, Fig. 82) hUect the base of a spherical triangle at right 
angles, any great circle (FO), perpendicular to it, divides the sides {AC, BC) into seg- 
ments whose sines are proportional; that is, 

sin FA : sin FC = sin GB : sin GO (341) 

Liet P be the pole of FD, {DP = 90«), and 
PGF any great circle drawn through P, and 
therefore perpendicular to DF, Then, since 

PJB + P^ = 2 P2> = 180° 
we have, by (3), 
sin F sin FA = sin Psin PA sb sin Psin PB 

^ sin G sin GB 
sin Psin FG = sin (? sin GO iT ^ 

whence, by division, the theorem (841). The arc FG is analogous to the parallel to 
the base in plane triangles. 

186. If two arcs of great circles, (AB, CD, Fig. 83), terminated by any circle, intersect, 
the products of the tangents of the semi-segments are equal to one another; that is, 

tan J^^ tan J^P = tan } CFttmiFD (842) 

Let P be the pole of the circle DACB, Join PF ^- ^' 

and draw the perpendiculars PF, PG, bisecting the 
arcs AB and CD, Then we have 

cosFE _ cosPJF __ cosPJg __ cos GF 
cos FB cobPB cos PD cos GD 

cos FF — cos FB cos GF — cos GD 

cos FF + cos FB "" cos GF + cos GD 

which, by PI. Trig. (110), gives (842). 

187. If three arcs be drawn from the angles of a spherical triangle through the same 
point, to meet the opposite sides, the products of the sines of the alternate segments of the sides 
will be equal. 

Thus, in Fig. 84, we shall have 

sin AB' sin CA' sin BC = sin OB" sin BA' sin A C (843) 

For we easily find 

sin^P^' ^-^ 

c 




sin AB' sin AP 



sin CB' 

sm C A' 
sin B~A' 

sin BC 



sin CP 

sin CP 
'' Bin BP 

sin BP 



sin CPB' 

sin CP A' 
' sin BPA' 

sin BPC 




sin^C" sin AP sin APC 

Multiplying these equations together, the product of the second members is unity, 
whence (343). • 

The same property is easily extended to the segments of the angles. 

188. It follows, that when three arcs are drawn from the three angles, so as to 
satisfy the condition (343), they must intersect in the same point. This occurs in 
the same cases as in plane triangles, that is, when the angles are bisected ; when the 
sides are bisected ; when the three arcs are drawn from the angles to the points of 

W 
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contact of. the inscribed circle ; and when the three arcs are the three perpendiculars 
upon the sides. 

The first three of these cases are obvious. To prove the last, if A\ B' and C\ 
Fig. 84, are right angles, we have 

cos ASf cos CA' cos BC _ cos AB cos CA cos BO ^ ^ 
cos CB' ' cos BA' ' rof^AO* *^ cos CB cos BA cos AC 
whence cos AB' cos CA' cos BC = cos CB' cos BA' cos AC 
and in the same manner we find 

tan AB' tan CA' tan BC = tan CB' tan BA' UmAC 
The product of these two equations gives the condition (348), and therefore the per- 
pendiculars intersect in the same point. 

189. To find the arc dravm from any angU of a spherical triangle to a given point in 
the opposite tide. 
In the triangle PA A", Fig. 86, let PA' be drawn; we have 

Fig. 85. 




(344) 



cos PA' sin A A" =: cos PA' sin (A A' + A' A'*) 

= cos PA' cos A' A" sin A A' + cos PA' cos A A' sin A' A" 
But in the triangles PA A', PA' A" we have, by (4), 

cos PA' cos AA'ss cos PA — sin PA' einAA' cos PA' A 
cos PA' cos A' A" = cos PA" + sin P-4' sin A' A" cos PA' A 
which substituted above give 

cos PA' sin A A" » cos P^ sin A'A" + cos P^" sin A A' 
which determines !P^', the sides PA and P-4" and the segments of the side -4-4" 
being given. 

190. Let three arcs PA, PA', PA", Fig. 35, passing through the same point P, 
be intersected by two others A A" and BB" whose intersection is §; we have seve- 
ral symmetrical relations among the parts of the figure which find their application 
in astronomy. 
Let the points A, A', A" be given in position by their distances from Q, and pnt 
A Q=z<t A B ^0 PB ^y 

A'Q^<t' A'B' = /g' PB' ^ y' 

A!iQ = <t" A"B" = /g' PE' z= y" 

By PI. Trig. (171), we have 

sin A sin {a! — at") -f- sin a' sin («" — ct) + sin «" sin (* — «') = 
and in Fig. 85, 



sin sin B 
sin Q 



sin B =ss 



sin y" sin B" 
8in>' 



whence 



and similarly 
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sin a! ; 



sin Q 

sin y" sin B' 
sin Q 



sin y 

siny6^ 
sin y' 

sin /3" sin y" sin ^' 
sin y sin Q 



which, substituted above, give 

sin/S sin /S* sin &" 

-r-^sin («' — «") + 1^ sin(*" — «) + ^^-AjBin (« — <*') = (345 

sm y ^ ' sin y ^ * si^L y ' \ / v 

Again, if we express (344) in the notation of this article, it becomes 

cos (/8+ y) sin (*'— *")+cos (/8'+ y') sin (*"—*) + cos (^5"+ y") sin (a-*')=!0 (346) 

which, added to (345), giyes 



sin(.fi+>) 



sin(flt'- 



' ' tan «/ ^ 



*)4 



BinC^HV).: 



tany 



sin(*-*')= 0(347) 



tauT' ^ ' tany 

191. If P is the pole of A Q, we have 

and (345) and (347) both give 

tan sin (*' — *") + tan yg' sin (a" — *) + tan )8" sin (* — a') = (348) 

192. To find the inclination of two acb'acent faces of a regular polyhedron, and the radii 
of the inscribed and circumscribed spheres. 

Let G and B, Fig. 36, be the centres of two adjacent faces whose common edge is 
AB;0 the centre of the Inscribed and circumscribed spheres. Draw D bi- 
secting ^^ at right angles; draw CD, ED, which wiU also evidently be per- 
pendicular ixi AB\ and put 

/ ^ inclination of the faces ^sz C D E 

R = radius of the circumscribed sphere = OA-ss. OB 

r =s radius of the inscribed sphere =s C ^ OE 

a sss one of the edges sss AB 

m ss number of faces that form a solid angle 

n SB number of sides of a face . c^ 

Suppose a sphere to be described about the centre 
with any radius, and cad the triangle formed upon its sur • 
face by the planes GOD, GO A, AO D; this triangle is 
right-angled at d and gives 

cos cad 



cos c (f ss 



sin ac£? 



But cos c <f ss cos GOD, and 



2 
ead=i\ angle of the planes OA Cand OAE 

2 m m 

acd^iAGB^l- '^JL:^^ 
^ 2 n n 
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therefore 



sin } / ^ 



Bin — 
n 



Then from the triangles CD^ AO D, ka,, we find 

r xsa-rr tan } / cot — 
2 ^ » 



f849) 



(350) 



f sss i2 COS a c ^ J2 cot a c rf cot c a rf =a 5 cot — cot — 

n m 






(351) 



193. To find the surface and volume of a regular polyhedron. 

Let fss number of faces of the polyhedron; 5 =s the surface, and Fss the 
volume ; then the area of each face (the notation of the preceding article being 
continued) is equal to 



} ^ jB X CD X n = fl* • -r cot — 
4 n 



whence 

and since F=sb S X i^, 



4 n 

F=a»-^tan}icot» — 
24 n 



(352) 



(363) 



194. To find the surface and volume of a parallelopipedf given the edges and their incU- 
nations to each other, 

Kg- 87. Let OP, Fig. 87, be a parallelepiped, 

whose edges OAssa, OB ss 5, C tsz c, 
and their inclinations BOCsssa,AOC=sfi, 
AOB r^y, are given. 
p The area of any face, as B C, is found bj 
the formula 6 e sin a, and thwefore foi 
the whole surface, we hare 
Si^2{bcBma-\'Acmi^-\-abmiy) (854) 
To find the volume, let C7jD be the alti- 
tude, then 
F=base^£X Ci> = a6sin>x OJ) 
Suppose a sphere to be described about 0, whose intersections with the planes 
BOC, AOC, AOB and DOC are B'G' = «, A'C ^ fi, A'B' = y, and CD. The 
triangle A'C'D* is right-angled at D', whence 

(7/> = « sin CD' = c sin /8 sin CA'B' 

orby(46),if«r = }(* + ^ + >'), 

2 e 
CD ss -. — y/ [sin a- sin («■ — «t) sin (<r — /g) sin («■ — >)] 

F= 2 aft c v^[sin «• sin (p- — a) sin («• — 0) sin («■ — >)] (356) 

THE END. 
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